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JUKTOPIBI COMKECTEHIIPY KE3IHJIE
COMJEYII CETMEHTALOMAJIAY

Angarna

Celisieyni cerMeHTalMsIay — COMJIey CUTHAIIapbIH OeuiiekTepre 06y mpoleci, 0J1 JUKTOPJIbI COMKECTEHIIPY
JKOHE ceilyiey/li TaHy KyHelepiHiH MaHbI3IbI acleKTici. By mporiece coiiey/iH 0acTanyblH jKOHE asKTaIybIH 97
aHBIKTAayFa MYMKIHJIIK Oepilr, )KYHCeHIH THIMIUIITIH apTThipaabl. CerMeHTanusuIay Ke31iH/Ie AaybICTHIK OCICCHITIK
nerekropiapsid (VAD) maiifanaHy MaHBI3IbI peJl aTKapajbl, OUTKEHI OJlap COilyiey MEH THIHBIIITHIK apachlHIaFbl
IIeKapanappl aHBIKTayFa KOMEeKTecedi. Analiaa, cerMeHTanusIIay OapbIChIH/A KU1 K€3IECETiH KaTeIIKTep — KaIFaH
OH YKOHE YKaJIFaH TePic HOTIIKEIEP, oJap )KYHEeHiH Kalbl JoNAiriHe Tepic acep ereai. OcbiFan OalIaHbICTHL, PTYpPIIi
TOCUIIEp MEH ONICTep apKbUIbI KaTesdikTepii azaiiTy KakeT. DOHABIK IIyabl a3aiTy, TEPEeH OKBITY MOJIENbACPIH
KOJIZIaHy, COHJIali-aK JepeKTep/Ii ayrMEHTAlUsIay CeKULIl Iapajap CerMEHTANUsIAY CalachlH endyip KakcapTa
ananpl. CHekTpaiipl Tanaay 9icTepi MEH epeKINeNiKTepiH Maijganany ceisiey MeH (OHABIK Iy apachIHIarbl
afBIPMALIBUIBIKTEL AHKBIH aXKbIpaTyFa MYMKIHAIK Oepeni. Byi 3epTreyaiH MakcaTbl — CerMEHTAlUsIIAY TPOLECIH
OHTaMIaHABIPY KOHE KATeNIKTEPAiH BIKTUMAIIBIKTAPEIH TANAy, COMICYl TaHy KYHeIepiHiH THIMIUIITIH apTTHIpY.
Hotmxecinne, 0yi1 xKyMBIC coiifieyi TaHy CalaChIHAAFBI JKaHa 3epTTEyep MEH d3ipiieMenep YUIiH HeTi3 Oomaibl.
Makanazna JUKTOPIbl aHBIKTAy VIIIH aybl3lla COWIICYiH CerMeHTalMsuiay Moacelieci KapacTbipbliraH. JKymbicta
CErMEHTTEY/IIH MYMKIH KpUTCPHUIICPI CUTIATTAIIFaH — ABIOBICTHIK COIICY/IIH CalaIbIK XKOHE CaHIbIK CHIIATTaMalaphl,
MBICAIIBI, COMIICY KiIipiCTepi MEH MHTOHAIMSCHI, COHJIali-aK oJlap/IbIH aKyCTHKAIIBIK KOPPEISIUSCHL. by caparbira
HAKTBl CETMEHTTIK OipiikTepai (OybIHIap, co3mep JKoHe T.0.) aHBIKTAyFa, OJapIblH KYPBUIBIMBIH jKa3yFa, HEri3ri
Oenrinepai Oemim kepceTyre MYMKiHIIK Oeperi.

Tipek ce3mep: ceiiliey CHTHANBI, CETMEHTANUANAY, TaybIC TICH COMIEY, COiiey CHTHANBIHBIH Tipek (par-
MEHTTEpi, COMKECTEHIPY 9IiCi.
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Kipicne

Ceilnieyiini TaHy — COMICYIIIHI CO3 TipKeCi apKbUIBI TaHY YIIIH KOJAAHBUIATBHIH Mporecc. by
ayaro HeMece OeifHe Ky KaTTap/Ibl i3/1€y CUSKTHI KeH KOJIAHBUIATHIH Maii1abl OMOMETPHSITBIK Kypadl.
Ceineymiini TaHya €Ki mporeaypa 0ackIM, arar aiTKaHIa CeTMEHTTEY KoHe KikTey. CerMeHTTey
JKOHE JKIKTEY YIIIIH KOJITAaHBUIATHIH KaHa aJTOPUTMACP/I 931piiey HeMece eCKUIepiH KaKcapTy YIIiH
3epTTeysep MeH d3ipaemenep xanracyna [1].

Ceilsiey1iHi aHbIKTay Ke31H/€ A3CTYPIIl CyObEKTUBTI 9IICTEP KOJMAAHBUIA/IbI: €CTY apKbLIbI TAaHY
MOHE aKyCTHUKaJIBIK KepiHicTepi canblcTelpy. CeilnieyliHi TaHy YIIIH KOJJIAHBUIATBIH MallliHAIAP
ceiiney/i aBToMarThl TaHy MamuHanapsl (ASR) gem atananer. ASR MammHanapsl anamiasl aHBIKTAY
YIIiH HEMece aJaMHBIH >Keke OachlH pacTay YIIH KOJJaHbUIaAbl. TeMeHIe COWNeyIIiHI TaHy
CaJIaChIH/A YCHIHBUIFAH OPTYPIIi JKaKcapTysap Typasibl TaJKbUIay OepinreH [2].

ABTOMATTaHBIPBIIFaH COUKECTEHIPY KYHEIepiH KOJAaHy CajJachlHAarbl alFallKbl 3€pTTEYIIEp
metenge xkyprizuiai sxxone AKII, I'epmanus, ¥npiOpuranusiia KaObUIAaHFaH COUJICYITiHI KPUMH-
HAJIMCTUKAJIBIK COMKEeCTeHIIpy onicTepine HerizaenreH. llerenmik omictepae ceiiniey CUrHaJIbIH
3epPTTEY/AiH anmnapaTThiK KypajaapblHa, COHAAR-aK TUIMIH CETMEHTTIK JKOHE CYNPAacerMEeHTTIK JIeH-
reiyiepine KaTbICTHI TajayapbiHa 6aca Ha3ap ayJapbULibl.

CeisteyniHi TaHy YIIiH MaHBI3/BI €Ki MTPOIECC — JBIOBICTHI KIKTEY KOHE CerMeHTanus. by exi
MPOLECC KOMIBIOTEPIIK aNTOPUTMIEP apKbUIbI JKy3€ere achlpbliaibl. J{bIOBICTHI KIKTEYIIH TaMalia
MPOLEIYPACHIH jKacay Ke3iHae (OHIBIK LIYAbIH 9CepiH eckepy KaxeT. Ochl pakTopra OailllaHbICThI
KeHOip FalpIMIap TINTi UIyJbl GOHJA /A KOFaphl OHIMAUIIKTI KOPCETETIH €CTy MOJEIIH YChIH/IBI:
1ysasl OHAA TYPAKTBUIBIKKA KOJ JKETKI3eTIH MOJAEIb ©31H-631 KaJbIIKa KeNTipy MEXaHU3MIHE He.
Ecty mMozmeniHiH KapamalbIM Typi YII CaThUIbl OHJEY Ti30eTri peTiHae KOpiHei, OHbIH OapbhIChIHAA
JBIOBICTHIK CUTHAJT HEUPOHIBIK WILTIOCTPAIIHS 1IH/IETT MOJICNTb O0JIaThIH €CTy CIICKTPIHE aifHaIaIbl.
Byn mMozaenbai KonaHyAbIH KEMITUTIKTEPIHE CHI3BIKTHIK eMeC OHJCYIH KYPJASTTIri MeH >KOFaphl
€CeITey pecypcTapblHa JIETeH TajanTap skaTajbl.

Kazipri yakpITTa AMKTOpABI TaHy MOCENECIH INENly YIIiH aBTOMATThl JKOHE capanTaMaiiblK
o/licTep, COHBIH 1LIIHJIE )KapThlIail aBTOMATTHI 9/IicTep KeHiIHEH Koanblia ibl. CeilsieyIiHi aHbIKTay
HeMece TeKCepy MakcaTblHAa (OHOCKOMMSIIBIK 3epTTEYyNep KYPrizy MpOIeciHIe capanTaMaibIK
ozicTepAl KONJaHy Ceiyiey CUTHAJIIAphIH TalAdy MEH CajbICTBIPYAbIH aBTOMATTHI KYpasldapbIHbIH
JKYMBICBIH HaKTbUIAyFa, TY3eTyre MyYMKIHJIIK Oepeni. Anaiiia, OyJ1 91icTep/i KolaHy KOFaphl OLTIK-
Ti capanmbuIapabl TAPTY KAKETTUTITIMEH mekTene/i. CapantamMaiblk 9icTep/i KOIAaHY/IbIH KaJIIbI
HIenIiMi HeTi31HeH CyObeKTHUBTI, OUTKEH1 OJ1 CapamnilibIHbIH JKeKe TIKiprOecine OaiimanbICThI [3].

Ceilnieyni eHIeyIiH 3aMaHayH dJICTEPiH KapacThIpalblK. TepeH OKBITY MOAENBACPIH, aTar aiT-
KaHJ1a HEUPOHIBIK JKeJIJIep MEH TpaHchopMepIep/i KoIIany coieyi Tany KyHelepiHiH ToIiriH
apTThIpyFa MyMKiHIIK Oepeni. COHbIMEH KaTtap, (OHIBIK IIy/bl a3alTy 9ICTEePIiH KETUIIIPY Coey
CUTHAJIBIHBIH CalachlH aKCapThlll, TaHy YIAEPICIHIH THIMILUIITIH apTThipaibl. CriekTpasisl Tanjgay
MEH aKyCTHKAJIbIK €peKIIEeTIKTepal Maiaanany Cemieydl *KOorapbl ISJIIKIEH CerMeHTallusiayFa
JKOHE OHBIH KYPBUIBIMBIH TE€PEHIPEK TajjgayFa bIKnan eteni. [lepexkrepai ayrMeHTanusuiay oaicrepi
MOJZIETIBIEP/IIH SPTYPIIl coiliey skarnaitnapbiHa 6elimaeny KaoineTin kymeiteni. Conmaii-ak, MHTe-
PAKTHUBTI KOHE aIalITUBTI COMIIEY/Il TaHy KYHEIEepiH TaMBITy Tai1aJaHyIIbIFa bIHFANIIBI 9pi )KOFaphI
THIMJII MIeNnMaep/Ii YCbIHyFa MyMKiHIIK Oepeni [3].

JlaywIc TIeH ceilyiey apKbliIbl JUKTOPIAP/bl aHBIKTAYABIH Ka3ipri oficTepiHiH 0achIM KO
ayJAMTOPJIBIK-THHI'BUCTUKAJIBIK HEMECE aKyCTHKAJIBIK OeNriIepaiH TapanayblH CTAaTUCTHKAJIBIK Taj-
nayra HerizfenreH. JJukropnapasl CoMKecTeHIipy Maceneci OOMBIHINA 3aMaHayu SICTEMENIIK KOHE
FBUIBIMHU 9/I€OMETTEp Il Tallay OTaHABIK 3aMaHayd capanTaMaliblK TOXKipHOene opTypii *KapThuiai
aBTOMATThl aKYCTHKAJIBIK JKOHE ayJUTOPJIBIK-TUHIBUCTUKAJIBIK OICTepP KOJJAHBLIATBIHBIH KOp-
cerri [4].
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Herisri epexenep

Ceilsiey CUTHANBIHBIH TipeK (parMeHTTEPIiHIH SYCHIIK KYPBUIBIMIAPBIH CaJIBICTHIPY HETi3iH/IE
coliKecTeHIipy 9JiCi aBTOMATTAaHABIPBUIFaH JJIiCTEep/iH Oipl JKOHE caparlbiFa COMIEYIIiHIH Ccoil-
JeyiHAeTi OYyeHMIK KYPBUIBIMIAPABIH HETI3T1 CHIIaTTaMalapblH TajjayFa J>KOHE CalbICThIpyFa
MYMKIiHAIK Oepei. COHIBIKTaH IBIOBICTHIK MOTIHHIH Kypamaac 0eJiKTepiHiH (POHETUKAIBIK KYpPbI-
JBIMJIBUTBIFBIH 3€PTTEY OCBHI MOCEINIEHI IICNly YIIiH Ka)XXeTTI CErMEHTTEY MPHUHIUNTEPIiH i3/1eyre
OallmaHpICThI ©3eKTUTIKKE ne Ooybl. Ke3-kenreH AbIOBICTHIK coiyiey xabapiiamMachlH 3epTTey OChI
xabaprnamMaHbl ajfblH-aJla CETMEHTTEYMAl, HEri3ri CerMEHTTep MEH OJapAblH OenriiepiH, oJjap-
JIBIH apachIHIIAFbl KaTbIHACTAP/IbBI, OJIAPIBIH KYPBUIBIMIBIK YHBIMBIH OJaH Opi TaHy KOHE TYCIHY
MakcaThiHAa Oemymi KaMTuabl. COHBIMEH KaTtap, COnsey MOJIMIEMECiH CerMEHTTEy OipIliKTepiH,
9iCTeMECiH, OJapbl aHBIKTAY KPUTCPHUIIICPiH, ©3apa OpEeKeTTECYy epeKIIeTiKTepi MeH GopmanapbiH
aHBIKTAay Macesecl TybIHAal b [5, 6].

XKazbara MOTIHII CErMEHTTEY opiNTep/iH, 00C OpPBIHAAPABIH JKOHE THIHBIC OeNTiIepiHiH Iuc-
KPETTUIITIHIH apKachlHAAa KUBIHIBIK TyAbIpMaiabl. Tarel Oip MaHBI3IbI Mocele — JbIOBICTAp/bI,
OybIHIAP/IBI XKOHE co3epi OipTyTac arbiH/a OIPIKTIPETIH JBIOBICTHIK COMICY/IIH KYPBIIBIMBI, OJ1 TEK
KOMMYHHKAQHTTBIH aJIBIHFBI TUIAIK TOKIPUOECIHIH HET131H1e FaHa xKeke Oipiikrepre OeiHes.

@doHanus KoHE apTHKYISLMS MPOLECTEP] COMIIEY TYKBIPHIMBIHBIH KOMIIOHEHTTEpre OeliHyiH
AHBIKTaNIbl: MUHUMAJIBI (JIBIOBIC, OYBIH) KOHE MaKCUMAaJIbI (MOTIH, TUCKYpC). BybiHaap MeH ce3aep
KehOip skarmainapaa AMCKPETTI OIpIiKTEp PETIHIAE SpPEeKeT eTelll, KeWae «yHbIMAaCThIphUIMarany
arbiH Oomanpl. Jluckpertimik Oenrimi Oip TAAIH JKyHeciH OiTy apKbUIbI KY3€re achIpbLIaJIbl,
COHBIMEH KaTap KOMMYHHUKAHTTBIH JIMHIBUCTUKAJIBIK €CTy KaOileTiHe, OHbIH ceiney/iH Oenrii 6ip
KOMITOHCHTTEPIH «TaHy» jkoHe Oapabap okmaysay KabieTiHe OailaHbICTHI.

CerMeHTTEY JIeTeHIMI3 Coilliey aFrbIHBIHBIH (MOTIHHIH) KypamIac CerMEHTTepre ChI3BIKTHIK 06-
JiHYy1: ceiemaep, cesnep, Mopdemanap HeMmece eneycis — cuiuiabemanap, ponemanap [7].

donemanap — aKyCTHKAJBIK COWICY CUTHAJIBIHBIH Y3BIHABIFBIHBIH ©3T€PYyiHIH JKOFaphl Jope-
Keci 0ap JIMHTBUCTHKANIBIK a0CTPaKIIHs, COHIBIKTaH OJIap/Ibl )keKe cerMeHTTepre 0oy KubiH. DoHe-
MaHbIH aKyCTHKaJIBIK KOPIHICI KOHTEKCTKE, COH/Iali-aK JKacayIblFa OaiaHbICThI e3repesi. JlaybpicTsl
(hoHemanap Ke3-KeITeH aKyCTHKAJBIK COMIIey CHTHAIBIHBIH Oeuiri. JlaybIcThl HbIObICTap coleyne
xui ke3znecendi. Jlemek, maywicThl (poHEeManap aKyCTHKaJIBIK aKmapar IIy apKbUIbl OypMajaHfaH
Karaaiiapia CoMeyIiHi aXpIpaTaThlH aKIMapaTThIH dPTYPJIi MOJIIIEPIH aly YIIiH Mai1anaHbluTybl
MYMKiH.

Marepuangap MeH dicTep

JlaybICTBI JBIOBICTApBl COMIICYINiHI aHBIKTAY YIIIH HETi3 peTiHie mnaimamanyabl OKIeHI
YHUBEPCUTETIHIH coiseyal eHjey ToObl OypeiHHAH OactaraH. ConmaH Oepi (poHeMaHBl TaHy ajiro-
pUTMJIEP] JKOHE OHBIMEH OaiIaHBICTBI QMIICTEP COMIIEYIiHI TaHy MOCceNeciHe auTapibIKTail Hazap
ayJap/bpl JKOHE TINTI JIMHTBUCTHKANIBIK cajlaFa Tapaiabl. JlaybIcThl ()OHEMaHBIH POl COMEYIIiHI
TEKCepy HeMece aHBIKTay CaJlaChIHIa dJli Jie amlIbIK Mocene Oonmbin Tadbuiaabl. Cebebi maybicTh
(hoHemanapra HETI3IEITeH alThUIBIM aiMaKTBIK JKOHE TUIIIK OPTYPIIUTIKKEe OalIaHbICTBI ©3repe/i.
JleMeK, CEerMEHTTENITeH JaybICThl Coiyiey (parMEHTTEpiH COWJICYIIHIH OChI TUIAC COWIeyiHaeri
aliMaKThIK albIPMaIIbUILIKTAPABI OaKblIay YIIH NMaigananyra 0onasasl. by kebiHece Kazak TiliHe
KaTbICcThl. Ka3zak TinmiHiH AuanexTiiepi — Oenriti Oip aliMakTap/a TapaifaH Ka3ak TiTiHIH TypIiepi.
TinranymbuapIslH apachlHAa KeH TapajfaH Mikip OOWbIHIIA, Ka3aK TiTl OaThIiC, OHTYCTIK KOHE
CONTYCTIK-IIBIFBIC JICTEH YII TUaNeKTineH Typaabl. Ocbulaiina, MaybICThI CETMEHTTEYIIH THIMII
oIici CeMIIeyIINiHI aHbIKTay/la, COHIAN-aK COMICYIl MOTIHIe afHAIIBIPY JKOHE JAYBICTHI OCIICEHAIpY
JKYHeci CHSKTBI KOChIMITIANIap YIIiH THIMAI Oonaasl [§].

CeMaHTHKaNBIK a3bIKTHIKTaFbl 9pOIp CEMAHTUKAIBIK OIpJIIK aKyCTHUKAJIbIK a3bIKTHIKTAFbI
Oenrini Oip Oipiikke coiikec kenemdi. [Ipoconukanbik TyprbiAaH Oyl OipiiK OHBIH IIEKapalapbIMEH
aHBIKTAJIAbI J)KOHE Oip Hemece OipHele ce3fepre HeMece o3 TIPKECTEPiHe COMKeC Kelyl MYMKIH.
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MyHnai OipJiKTiH aKyCTHKAJIBIK KOPPESIUUIapBIHBIH Oipi — HETI3T1 TOH JKUIIITIHIH KOTepuryi, 01
COMJICYIIIHIH OChI CEMaHTHKAJIBIK OIpiikTi Oeiin kepcereTiHael (pasamgarbl OapiblK TOHIApIAH
e3relue.

Y1 npocoaMKabIK CHITaTTaMaHbIH 1IIiHEeH (HETi3r1 TOH >KHULIIT1, KapKbIHABUIBIFBI JKOHE Y3aK-
TBIFbI) CETMEHTTEY Ke3iHJle OYbIHHBIH aKyCTHUKAJIBIK KOPPEISAIUSICHIH aHBIKTaFaH Ke3lle YaKbIT CH-
nmarTaMachkl (Y3aKTBIFBI) €H Heri3ri Oonbim TaObutamel. Kes-kenreH MomiMaeMeHiH OONybl IeKa-
paJIbIK CHTHAJI PETiHIE KapacTHIPHUIATHIH JKOHE MOTIH/I CEMaHTHKAJBIK KOATAY >KOHE JIEKOATAay
aKTiciMeH OaiJIaHBICTBI Y31TICTIH OOJYBIH aJIJIbIH-aJ1a aHBIKTAW Ibl. MOTIHETI Y3UTicTep/Ii OKIIaysiay
OHBIH KOMMYHHUKATHBT1 OarbIThIMEH, COHJIAH-aK COMJIEYIIIHIH MOTIHIAI KOATay KaOlleTiMeH, KOM-
MYHUKaHTTap/IbIH (U3HONOTHSIIBIK JKaFaaiibiMeH OainanbIcThl. Coleyeri Kiaipic KapKbIHIbLUTBIK
JIeHreiHIH MUHUMAJI/Ibl YaKbIT y4acKeciHe Helre AeiiH TOMEHEYl peTiHae TYCIHIIpiie i, OHbIH
y3akThiFbl opramra ecenmeH 10 mc-re TeH [9]. CoHbIMEH KaTtap, IBIOBICTAFBl Y3LTiC JBIOBICTHIH
immiHe e 00Tybl MHTPACEIrMEHTTIK Kiflipic em aTanaasl. MHTpacerMeHTTIK KiTipicTep IbIObICTap Ibl
apTUKYISIUSIIAY TIpOLEciHAe maiina Oonaabl, MbICAJbl, JAYBICCHI3 JBIOBICTApPABI ATy Ke3iHE.
WHTepcerMeHTTIK y3ulicTep 03 Ke3eriHie CUHTAKCUCTIK KoHEe CUHTAKCUCTIK eMec OOJIbIN OemiHe .
CHHTaKCHUCTIK KiZipicTep ceillieMHiH O6iHYyiH jKy3€ere achlpa/ibl, COHBIMEH KaTap ceilieMHiH OeiK-
TepiH OIpTyTac TYTACThIKKA OipiKTipei.

MomiMIeMeHiH Ke3-KeJTeH XKepiHe KimipicTepaiH 007y MYMKIHIITIH €CKepe OTHIpHIMN, (pa3a-
JIaFbl dye3/li KOHTYPIBI JKY3eTe achIpYyIbIH OpTYPJi TYpJepi Typaibl aiiTyra 0ojaabl. Oye3/i KOH-
Typiap y#eci, acipece KiipiclieH YillleCKeH/Ie, IBIOBICTHIK MOTIHJI TOJBIK JKOHE OPTYpJIi eTil
Oexyre MYMKIHIIK Oepeli. AKYCTHKAJIBIK COIJIey CUTHAJIBIHBIH CErMEHTTENy Oenriiepi peTiHie
HET13T1 TOH KU UTIriHIH 007TybIH/00IMaybIH /1a aKbIpaTyFa 00J1a/Ibl; 1aybICChI3aH AaybICThIFA IEHIHT1
HETI3r1 TOH JKUUITHIH CEeKIpMe KOFapbulaybl; IaybICThIIaH JIaybICChI3Fa aybICY/aFbl HET13I1 TOH
JKUUTITIHIH CeKipMeNi TOMEH/IEY1; IIyAbIH 0O0ybl/00IMaybl, OHBIH Y3aKTHIFBI KOHE ©Cy KapKBIHEI;
TOMEH KU UTIKTI/)KOFaphl KHUUTIKTI SHEPTUSHBIH O0JTYbI, COH/Iali-aK CeTMEHTTEPIiH Y3aKThIFb [ 10, 11].

Ocpl cunarraManapiblH OapibIFbIH OlTy jKOHE OJap/bl Ka3akK TUTIHIETI dye3ai KypbUIbIMAAP/IbI
Tajjay Ke3iHJe MPaKTHKAJIBIK 1C-9peKeTTe KOJAAHy Capalllblfa HAKThl CErMEHTTIK OipiiKTepil
(OywIHIAD, CO3/IEP KOHE T. 0.) 1M aHBIKTAyFa, OJIAP/IBIH KYPBUIBIMBIH CHUIIaTTayFa, HeTi3ri Oenriiepai
Oeuin KkepceTyre MyMKIHAIK Oepei.

Ceilsiey CHTHAJIBIHBIH OPTYPITi PparMeHTTEPIHIH 9ye3/i AU3ANHBIH CATBICTHIPY MYMKIH/ITI OJ1ap-
JIBIH OeJTiti O1p TUKTOPABIH COUIICYIHACT] TUTITUTITIMEH XKoHE KalTaTlaHybIMEH KaMTaMachl3 eTiIe]i,
OFaH KOHTEKCTIK YKoHEe 0acKa JUKTOPIIBIK BapHALIUSIHBIH ©31HE TOH €PEKIIENIriH Ty3eTe/i.

CanpicThIpy YIIIH (PparMeHTTEp/l TaHAaFaHAa KeJecl KpuTepuiliep/ii 6acIblIbIKKa ally Kepek:

¢ alKBIH epeKIeNiri 6ap KOHTYp JIEMEHTTEPIH KoHe (poHOrpaMManap/IbIH OpKaiChICHIHAA ICKe
achIpy/bIH OipHeIe MbICaJIIapbIH TaHAaHbI3. MbIcaibl, Ke0ip TUKTOpIapAbIH ceileyinie kebinece
TOMEH HeMeCe YKOFapbhI-TOMEH KOHTYPBI Oap SAPOIBIK dye3/i MOIEIbAep Ke3aeceli;

¢ Oip THNTI dye3mi KYPBUIBIMAAPABIH iCKE acChIPBUTYBIH TYIABIPATHIH CHIPTKBI (hakTopiapabl
HIEKTEHI3 — coiiyiey (parMeHTTepi CTHIUCTUKAIBIK KOHE SMOIMOHAIbI 00SyMEeH MYMKIHIITiHIIEe
colikec kemyi kepek (Oyu1 OyKin ceitniey (hparMeHTiHE Jie, OHBIH KeKe OOJIIKTEepiHe /1€ KaThICTHI OOTYHI
MYMKIH);

¢ Oip TUIITI 9ye3/1 KYPhUIBIMAAP/IBIH 1CKE aChIPBUTY BaPUALIMSICHIH TY/BIPATHIH CETMEHTTIK JKOHE
KYPBUIBIMABIK (hakToOpiaapabl mIeKTey. ATam aWTKaHIa, dyeHIl Tajjiay >KOHE CalbICTBIpY Ke3iHze
JAyBICTBIK yUYaCKEHIH Y3bIH/IBIFBI OOMBIHIIIA, aTall AlTKaH 1A, SIPOJIBIK OYBIHIAP IBIH 00ITybI/00IMAay b
OolbIHIIA, all AAPOJIBIK yUacke OOIMaraH Ke3Je — SApOJIbIK OybIHHBIH CETMEHTTIK KYPaMbIH €CKepe
OTBIPBII, CaJBICTHIPHIIATHIH yUacKeaepai TaHaay kepek. COHbIMEH, KbICKa 1Ay bICTHIK OeliMae (MbIca-
JIBI, €rep SAAPOJIBIK OYBIH aybICChI3 IBIOBICTICH asgKTalica) KapamnaibiM, epTe HeMece opTralia yaKkbIT
JKOHE TOHHBIH OIpKeJKi KO3FaJIbIChl OOIybl MYMKIH, aJl KOIITereH napaMeTpiepaiH e3repyl MyMKiH
emec. SAnponblk OyBIHHBIH TOHAIBIBI OOIITiHIH Y3aKTHIFRIMEH — MBICAJIBI, €rep SAPOJIBIK OybIHHBIH
COHBIHJIA COHAHT HEMeCe Y3bIH JAybICThI ABIOBIC 0OJICa, OH/A YaKBITTBIH ©3Tepyi KOHE TOHIIBIH
©3repy JKbUIIAM/IBIFBIHBIH OipKesKi 00aMaybl MyMKiH. SIaporblk OysIHAAp makiaa OonFaH Ke3Je icke
aceIpy MapaMeTpIIepiHiH BIKTUMAJ ©3repy aliMarbl OJJaH opi YJIFAIObl MYMKIiH, OYJ1 HHTOHAIUSHBIH
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JKEKE EPEKIIeTIKTepiH 3epTTey MYMKIHAIKTepiH KeHeWTemi. TOHaIbIbl aiiMaKThIH Y3aKThIFbIHBIH
YKOFapbUIaybl/TOMEH/ICY1 COIIICY KbUITaM IBIFBIHBIH apTYBIHbIH / OasynaybIHbIH dCEpiHEH Ae 0Oyl
MYMKiH [12].

CoHbIMEH Katap, SIPOJBIK OyBIHHBIH CEIMEHTTIK KYPaMbIHBIH ©31 TOHAJIbAbl KOH(PUTYpalus
cunarbiHa xoHe UOT monnepine Oenrini Oip ocep eTyl MyMKiH. MaceseH, MbICabl, KOFapbl Ke-
TEPUITeH NaybICThI JBIOBICTApABIH TOMEH KOTEPUITeH NaybICThUIApFa KaparaHIa ©3iHMIK KHUUIIri
JKOFapbI €KSHTIT1 OCTT1ITI; TAyBICCHI3 ABIOBICTAP KEJIECI TAybICThI IBIOBICTHIH OaChIHIA YATITBIKTAPIBIH
a3zan KeTepiulyiHe, aj JaybICThl IbIOBICTAp, KEpiciHIIe, OHBIH ToMeHJeyiHe okeneni. CoHnmai-ak,
SITPOJIBIK YYACKEICH KeHIHT1 CHHTarMaTHKAJIBIK IIIEKapaHbIH CUIIAThIHA HA3ap ayJapy KepeK, OUTKeH1
erep Iekapa KijgipicrieHn oenriienoece, 6ipak 6acka mpoCcoIUKaIIbIK KYpaaapMeH Ky3ere achIpblica,
STPOJIBIK TOHYCTBIH COHFBI 00J1iMi KeJIeCi CHHTarMaHbIH TOHAJIB/IbI 0ACTaTYBIHBIH OCEpiHEH Oipmiama
e3repyl MYMKiH.

Tarmanran KOHTYp (pparMeHTi YIIiH Kelleci mapaMeTpiiep )KUBIHTBIFBI ecenreneni [13—14]:

¢ Oacramnkbl KHUTIK — OipiHmi caHakTbiH MoHI (['1-T€) — TaHmanaFaH KOHTYp (pparMeHTIHIH
OacTamnKbl HYKTECiHIH OacTamKbl )KH1JIIT;

¢ COHFBI XKHUTIK — COHFBI caHakThiH MoHI (I'm) Tammanran Ti30ek (parMEHTIHIH COHFBI
HYKTECIHJIET1 COHFBI JKULTIK;

¢ MaKCUMAaJIAbl JKUUIIK — JKHUTIKTIH MaKCHMaJJIbl MOHI MaKCHMaJIbpl Jkuitik Oactam (I'Ir)
TaHJaJIFaH Ti30ek pparMeHTi merinmie;

¢ MakCUMYM YaKbIThl — MaKCHMaJJbl MOHHIH KOOpAWHATHI OOJiHreH (ParMeHTTIH KaJIbl
Y3aKTBIFBIHBIH TAWBI3BIMEH MAKCHMYM YaKbITHI;

¢ MHUHHUMAJIJIBI )KAUTIK — TaHaasFad Tizoek ¢pparmMenTi merinie (I'-Te) sKUUTKTIH MUHAMAITBI
MOHI;

¢ MHHHMYM YakKbIThI — MHHUMAJIbI MOHHIH KOOPJWHATHl OOJiHreH (parMeHTTIH IKaJIlbl
Y3aKTBHIFBIHBIH TAWBI3BIMEH MUHIUMYM YaKbITHI;

¢ apaJiblK — MaKCUMAJIIbl )KOHE MUHHMAJIJIBI )KHULUTIK MOHI apachIHAAFbl albIPMAIIBLIBIK;

¢ JKapThI XKHULUTIK YaKbIThl — TAHAAJIFaH (PAarMEHTTIH JKaJIbl Y3aKThIFbIHBIH TaibI3bIMEH JKapThI
JKUUTIK MOHIHIH KOOPJIUHATHI (MAKCUMYM MEH MHHUMYM apachIHarbl HHTEPBAJIIaH);

¢ opTalla XUUTIK — TaHAAJIFaH KOHTYp (parMeHTi LIeTiHAe OoTTapAbH opramma MoHi (I')

¢ TOHJIBI ©3TePTY JKbIIIAMIBIFbI;

¢ KUFAIITHIK (ACHMMETpHs1) OpTallla MOHTe KATBICTBI MOHJIEP/IiH TapaTybIHBIH aCUMMETPHSIIBIK
JIOPEKECIH CUTIATTAN/IbI,

¢ DKciecce — KaJIbIIThI YIASCTIPIMMEH CaTbICTBIPFaH/Ia MOHJIEPIH TapalybIHBIH CaIbICTHIPMAIIbI
OTKIPJIITiH HEMECE TETICTITiH CUTIaTTalIbl;

¢ KOHTYpIABIH Oy3bUTy KO3((GUIMEHTI — OyeHIIK KOHTYPJBIH Y3apThUIFaH YydyacKeJepiHiH
(cuHTarmanap, nmKaxaiap, y3ak ceniey yaackenepi) Oy3pury Topeskecin Oaranay yIiH KOJIIaHbUIa b,

¢ Y3aKTBHIFBI—OOIHTeH (PParMEeHTTIH Y3aKThIFbl MIJLTUCEKYHITap/Ia.

Ocpuraiiiia, ocel dficrieH (GoHOrpamMmanapabl CalbICTHIPYABIH ajAbIHIA COWICY MaTepUabIH
MYKHAT THIHJAy KEPEK, OHBIH HOTHXKeJepi OOWBIHINA OChl HAKTHI XKarAald YIIiH OHTAWJIbl CajbIC-
THIPMAJIBI TaJIZ[Ay CTPATETHsICHI, SIFHU CAJIBICTBIPY YIIIH KOHTYp O6JIiMIEpiHiH TYpJiepi MEH Kypambl,
oJapzbl poHOrpaMMajia TaHJay KpUTEepHiliepl, aHbIKTaIybl MYMKiH. Tannayasiy Oy TYpiHiH THIM-
nimiri keOiHece caparibIHbIH KY3bIPETiHe, TOKipruOeci MeH TYHCITiHe, 3epTTeyre TYCKeH HaKThI
MaTepuaJIMEH KYMBIC icTey Ke3iHae «(POKYCTHIK» aiMaKTapHbl JI9J aHBIKTAy KaOiieTiHe Oaiina-
HEICTHI [15, 16, 17].

Ceilnieyni TaHy >KyHenepiHiH THIMIUIITIH apTThIpy MakcaThlHaa O13/11H 3epTTeye SpTypl TepeH
OKBITY MOJIENbJIEPl KONJIAHBULABI. DKCIEPUMEHTTEp OapbIChIHIA THOPUATI HEHPOHIBIK >KETiiep
(CNN+LSTM) xone tpancdopmepiep (BERT, Wav2Vec 2.0) Herizinae eki TYpil apXHUTEKTypa
3epTTeNal. OpOip MOAEIH IIYJIbI KOHE Ta3a COMIICY MAIIMETTEPIH I ChIHAKTAH OTKI31III.

DKCHEepUMEHTTIK opTa:

¢ Jlepekrep xubiHTHIFBI: Mozilla Common Voice, TED-LIUM3, sxoHe apHaiibl )KHHAJIFaH Ka3aK
TUTIHJET] IepeKTep;
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¢ Anppia ana enaey: VAD anroputmuaepi apKbutbl (GOHIBIK IIy/IaH Ta3apTy;

¢ ['unepnapamerpiiep: CNN+LSTM, BERT, Wav2Vec 2.0;

¢ baranay merpukanapsl: Ceiineyni tany ganairi (WER), ceitneyiini colikecTeHaipy A97iri,
AUC-ROC, Fl1-score.

HoaTu:xesiep MeH TaJaKbLIAY

JIMKTOp/bI COMKECTEeHIIPY Ke31HJe COMeyll cerMeHTalMsIay/IblH HAaKThl KaJdaMIapblH Kapac-
ThIpaliblK. AJJIBIMEH JaybICTHIK OenceHnunik nerekropsiHa (VAD) Tokranaiibik. VAD ceiiney
CUTHAJIBIH THIHBIIITHIKTAH HEMEce WIyJaH axblpaTy YIIiH KojaaHeuiansl. VAD anropurmuepi
CUTHAJJIBIH DHEPIHsICHIH HEMECE CHUTHAJIBIH CIEKTPIIIK CHMaTTaMalapblH Herisre anaznsl. Herisri
uies — CUTHAJIBIH SHEPTHsl IeHTeiliHe Kaparl, coiijey jKoHe THIHBIIITHIK (HEMece IIy) apachIHAaFbl
miekTepi aneikTay. VAD KeMeriMeH CUTHAI SHEPTUsCHI €CenTeNeIi:

N-1

E(n) = Z:Ix(n+k)|2 (1)
k=0
MYH/IaFbl:
— E(n) —n ¢peiimzeri sHeprus,
-x(n + k) — n dpeiimperi k yarici,
— N — (peiim y3bIH/IBIFBI.

Erep E(n) moni anapin-ana Genrinenren mekren (T) sxorapbl Gonca, onga (peiim coiineyai
KaMTH/IbI, aJl TOMEH 00JICa — THIHBIIITHIK HEMECE IITY.

Keneci xamamma ceitiey ¢parmentrepi aHblkTanaapl. CeiyieymiiepaiH aybiCy HYKTEJIepiH
aHBIKTAy YUIIH ceilyiey CUrHangapbelHbIH yKcacThiFbiH eommedTiH BIC (Bayesian Information
Criterion) CHSIKTBI 9JIicTEP KOJIaHBUIA b,

BIC dopmynack! keneci Typae »xasbuiaasl [18]:

BIC(X,Y) = log(L(6x|X)) + log(L(6y|Y)) — log(L(Bxy|X UY)) — A+ P 2)
MYH/IaFbI:
— X xoHe Y — exi Typumi (pperimaep KUBIHBI,
— Oy xoHe By — colikeciHIe QpeiiMaepre KaTbICThl MOJEIb ITapaMeTpiiepi,
- L(0x|X) — pixTuManapik GpyHkuusics (kebinece [ayce yaectipimaepi KOIAaHbUIAIb),
— A — MOJICTIB/TIH KYPACIUTITiH aHBIKTaUTBIH TYPAKTHI (THIIEpIIapaMeTp),
— P — mapametpep caHsl.

BIC-tix oH MoHi 6os1ca, oHIa ppeiimaep apachlHAAFkI aybICy HYKTEC] Oap, ai Tepic MoH 6oica —
HKOK.

Enni nukropas! kiactepreyai kapacteipaiibik. Ceitney gpparmMeHTTEpi apachIHIaFbl YKCACTHIKTHI
Oaranay YIIiH olapbl BEKTOPIBIK KeHICTIKKe mpoekuusuiay KaxeT. Mynna MFCC (Mel-frequency
cepstral coefficients) CHAKTBI epeKILIENiK BEKTOPIAPHI KOJIaHbLIA IbL.

MFCC ecentey:

1. Curnanae! Gpperimaepre 6emy: curHanasl X opoip dpeiimre 6oty Gpopmynacher:

X = {xl,xZ, ...,xN} (3)
MYHJAFbI X;— i-1111 (ppeim.
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2. ®ypbe TypieHaipy: opOip (hpeiM YIIiH CUTHAIIBIH CIIEKTPIH €CenTey:
N-1

X, = Z x(n)ejzmen/N “4)

n=0

3. Men-dunsrpnepai Konmany: cekTpai Men mKkanackl OOWBIHINA ©3TEPTY.
4. Juckperti kocuHycThIK TypiaeHaipy (DCT): ®wuibTprneHreH sHeprusuiapibl KOCHHYCTHIK

typrenaipy apksuisl MFCC koaddunmenTrepin ay:

N-1
(n+0.5) (5)
MFCC(m) = ) log(S(n)) cos mmnr o)
5 s (25222)

Kenecikamam—coiikecTeHaipy (i-vectorkoHe X-vector). i-vector 9IiCiH/Ie Coiiey CHTHAIapbIHBIH
epPeKILeNIKTePiH CUMaTTay yiriH ['aycCThIK BIKTHMABIK MOJCIIbICP KOJIIaHbLIa IbI:

M=m+Tw

MYHJIaFbI:
— M — cynep-BeKTOp (Coiiyiey CHTHAJIBIHBIH €PEKIIEIIIKTEPiH KOPCETe 1),

—m — oprarmia cynep-BekTop (ambedan GpoHasik MoaensaeH (UBM)),
— T - ainmsl (akTop KEHICTIrT MaTPULIACHI,

— w — 1-BEKTOp (TOMEH OJIIIeM/ Il €PEKIIeIiK BEKTOPHI).

X-vector — HEHpOHIBIK KeJlijep Heri3iHAe KypbUIaThiH ofic. byi omicTe HEWPOHIBIK >KETiHIH
apayiblK KaOaTTapbIHBIH IIBIFBICHIH CPEKIIeNiK peTiHIe NaliaanaHaJbl, HOTHKECIHIE IKOFaphl

JOIIIKTET] epeKIeNTiK BEKTOPIIaphl aTbIHAIbI.
OpOip xoFapblAaFkl KaJJaMHBIH ChI30achIH Oepy YIIiH Kejeci OeiiHenep/ii cunarTai ajiaMbl3:
1. VAD mmnarpammacer: Ceilliey CUTHAJIBIHBIH SHEPTHACH KoHe Oenrii O6ip meK MOHI apKbUTbI

ceiiney ¢parMeHTTEpiH aHbIKTay (1-Ccyper)

1. Voice Activity Detection (VAD)

1.0
L e et S

0.0

Amplitude

=0.5

-1.0 Speech Signal

=== Threshold

0.0 0.2 0.4 0.6 0.8 1.0
Time

Cyper | — VAD nuarpammacsr

2. BIC nmarpammacer: Optypai ¢peiimuaepain BIC monzepin kepcereTiH rpaduk, cei-
JeyIIIep/IiH aybICy HYKTeIepiH alKbIHIaibI (2-CypeT).
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2. Bayesian Information Criterion (BIC)

- Segment 1 e et e e e
— Segment 2

*lace BICVAILS

Amplitude / BIC Value
=]

0.00 025 050 075 100 125 1.50 175 2.00
Time

Cyper 2 — BIC nuarpammacsl

3. Kiacrepney notmxkeci: ColieymiiiepiiH epeKIeNliK BEKTOpIapblH KOPCETY apKbUIbI OJiap-
JIbIH KaJial KiacTepieHEeTIHIH KopceTeTiH nuarpamma (3-Cyper).

3. Feature Vector Clustering

5[ = speakerl oy
x Speaker 2 ol ® "
® Speaker 3 w o X ’
4 Ex “}x x® ®
x x x ]
% X BEx Ty XX *
X o » =
r 3f KRy
— x w»
EI- * x % :
» x*
“ x
1 e % X
4 T x LA
x X
k] = X
0f *
0 1 2 3 4
Feature 1

Cyper 3 — Knacreprney HoTHXKeCi

4. CoiikecTeHIIpy CXeMachl: i-vector Hemece X-vector apKbLIbl JUKTOP/bI KaJlail COlKeCTeH/Ti-
pyre OonaTbIHbIH OeliHEeNeNTiH chi30a (4-cyper).
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MNeural Network

X-vector / I-vector

Speaker A

Cypert 4 — ColikecTeHIipy cXxeMachl

Ceiineyni cerMeHTanusIay Ke3iHaeTi KaTeIIKTep/AiH BIKTUMANBIK JUarpaMMachl TOMEHIE Kel-
TiputreH (5-cyper):

* Xanran anbikTay bIKTUMaIbIFbl (False Detection): Ceiuieymin OacTailyblH KaTe aHBIKTAy
BIKTUMAILIBIFEI 12%.

¢ Bacranyasl eTki3in any siIkTuMamabirsl (Missed Detection): Ceitneynin 6acTanyblH aHBIKTai
anmay bIKTUMaIbIEbl 15%.
S Probability of Errors in Speech Segmentation

15.00%

12.5 12.007

Probability (%)
s
o

5.0

2.5

0.0

False Detection (False Positive) Missed Detection (False Negative)

Cypert 5 — Ceiineyi cerMeHTanusay Ke3injeri
KaTeNiKTeP/IiH BIKTUMAIIBIK JHarpaMMachl

Hormxkenep xepcetkenner, Wav2Vec 2.0 mozeni ceitnieyni TaHy JoyIiri OOWBIHINA €H KOFaphbl

kepceTkimke ue 0omubl, a1 CNN+LSTM apxutekTypacsl IIyJbl OpTajia KaKchl OciiMaenreHiMeH,
Tasa ceilneyre Kaparanja 8,7%-ra ToeMeH HoTHxKere ue 6oibl (1-kecre).
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Kecte 1 — CanbicThipMansl Tangay

Mopnens Hlymer opragarsr gamnik (%) Taza opramarsr gomnuik (%) WER (%)
CNN+LSTM 82,5 91,2 10,8
BERT 88,1 94,5 7,3
Wav2Vec 2.0 92,7 97,8 4,1

Mogensaepain eHiMaunirin Toaslk cumnarray ymiH AUC-ROC KuCBIKTapblH KapacTbIP/BIK.
AUC 0.9-nen xorapbl 001FaH MOZAETIBAEP CEHIMII CoMIeyl TaHy KyHesepi peTiHie KapacThIPbLIYbI
MYMKIH (2-KecTe).

Kecre 2 — Moaenbaepis eHIMAUTIT

Mognenb AUC-ROC
CNN+LSTM 0.87
BERT 0.92
Wav2Vec 2.0 0.96

Byn HoTmKeep HEMPOHIBIK KeNiJIep Al TYphIC TaHAAYIbIH MaHBI3ABUIBIFBIH KopceTeni. COHbI-
MEH Karap, IepeKTep/ii ayrMeHTaIusuIay (IbI0bIC e3repicTepi, JKbUTIaMIbIK MOAH(DUKAIIHSICHI, ITYIbI
KOCY) MOJIeNbIepAiH Oeitimaeny KaOiaeTiH KaKCapTThI.

Ceiineyni cerMeHTalMsIay1aFbl KaTeTIKTep/Ii a3aiiTy YIIiH OipHele 9icTi Kolganyra Ooaibl.
Annpiver, VAD (naybIcThIK O€ICEHIUTIK E€TEKTOPhl) MapaMeTpiiepiH IypbICTall PETTEY apKbLIbI
JKaJFaH OH JKOHE JKaJIFaH Tepic KaTeIiKTep apachIHAarbl TeIe-TeHIAIKTI Ta0y MaHbI3Ibl. DOHIBIK
HIyAbl a3alTy VIIIH CY3rulepii KOJNJaHy ceiiey CUTHAJIJapblH Ta3apTyFa *KOHE aHBIKTAy/Ibl J9J-
neyre kemekreceni. CoHbIMEH Karap, TEPEH OKBITY MOIENbIEPi, MBICAIbI, HEHPOHIIBIK KEIiiep
apKBUIBI KYpACI COey YITUIepiH *kaKchl TaHyFa 0onaabl. CriekTpanasl Tannay, Mbicasl, MFCC
CHUSIKTBI €pEKIIeIIIKTEp, COMIICY/Il IIyaaH aXbIparyaa THIMAUTIK Oepeni. Jlepekrepai KoOeHuTy xkoHe
ayrMEeHTaIus JKacay apKblUIbl MOAENbACPAl SpTYpIl *araainapra Oedimaeyre 0onaabl, Oy Karbl
KaTeJliK MeJIIEpiH a3aiTyra biKman erei [19-20].

KopbIThIHIBI

KopbIThIHabLTAM KETIE, COINIeYTi CerMeHTalNsIay—IMKTOP bl COUKECTEHIPY )KOHE COMIeyIi TaHy
JKy#enepiHiH MaHbI3/1bI 06J1iri 00k Ta0blIaAbpl. CerMeHTAaIHs Canachl Kbl TAHY HOTHIKEJIEPIHIH
JOIIITIHE TIKeTIel acep eTelli, COHJIBIKTaH KaTeMiKTep/l a3alTy YIIiH dpTYpIl SAICTepal naiganany
eTe MaHbI3/Ibl. JKanFaH OH oHE JKaJIFaH Tepic KaTeJiKTep apachIHIaFbl TeHe-TeHIIKTI Ta0y apKblIbl
KYHEHIH CEeHIMIUIIrH apTThIipyFa 0onaasl. DOHIBIK IIy/Abl a3alTy KOHE CY3TiIey 9iCTepl CUTHAI
camachlH )KaKcapTyFa KOMEKTECII, 197 CeTMEHTAITUS KacayFa MYMKIHIIK Oepeni. TepeH OKbITy MO-
JeNbIIepl KYpACTi Coyiey yITUIepiH aHbIKTayFa OCHIMICIII, TaHyIbIH JKaJIbl HOTH)KEICPIH JKaK-
CapTyFa BIKIAJ eTeIi.

CoHbIMeH Karap, CIIeKTpaJIbl Talgay dIICTEPiH KOJIAaHy COMJIEy MEH Iy apachbIHAaFbl ailbIp-
MAIIBIIBIKTHI 19J1 aHBIKTayFa KeMekTecei. Jlepekrepai keOelTy »oHe opTypili XKaFJaiinapra 6eiim-
JIeITy apKbUTBI MOJICITBJIEP HAKTBIPAK JKYMBIC icTel anmaapl. OChI TOCUTASP Il THIM/II KOJIIaHy COUeyIi
TaHy JKYHeNepiHiH IoNIIri MEH TYpPaKTBUIBIFBIH apTThIpyFa MYMKiHIIK Oepemi. Hotmxkecinne,
COMJIey/ll CerMEeHTAIUsIIAY TIPOIIECIH KaKCaPTy apKbLIbI COMIICYIIIHI COMKeCTSHIIPY/IIH CEHIMIUTITIH
JKOFapblIaTy MYMKIH 0ojanbl. by Tocinnep 3amanayu ceisiey/l TaHy KyHenepi KeTULAIpyre KoHe
OJIap/IbIH KOJIJIAHY asiChIH KEHEUTYyTe bIKIA eTe/l.

XKyprizinren 3eprreynep Herizingae Wav2Vec 2.0 Mozeni Ka3ak TUIIHAETI CoMIey/l TaHy jKoHE
colikecteHipy OoibIHIIA €H KOoFapbl HOTIKenep kepcerTi. ConbiMen Katap, BERT werizinmeri
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TpaHCPOPMEPITIK MOZIEIBICP KAKCHI JIQIJIIK KOPCETTI, OipaK ecenTey pecypcTapblH KoOipeK KakeT
eTTi.

byn notwxkenep ceineynl TaHy KyHenepiH KETUILIpyAe ACPEKTEpl OHJIEY ICTEpPIHIH KoHE
TEPEH OKBITY MOJAENbIACPIHIH MaHBI3ABUIBIFBIH PAacTalIbl. AJIIaFbl 3epTTEYIepAe KOCBIMINA TLIIIK
MOJIENIBJIEP/Il €HT13y, Ka3ipri MOAENbACPAl OHTAUIAHIBIPY KOHE OPTYPJI COWJIey aKIEHTTEPI MEH
TUAJIEKTITIEPl KAMTY MocelleIepiH KapacThIpy YChIHBUIAIBI.

Kap:xbutanasipy Typasabl aknapar: by seprreyni Kazakcran PecnyOnukacel FeuibiM jkoHe
JKOFaphl O1TIM MUHUCTPAITiHIH FbutbiM KomuTeTi Kapkbutanasipabl (Ipant Ne AP19678995).
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CEI'MEHTAIIUA PEYUX BO BPEMS COOTBETCTBUSA IUKTOPA

AHHOTALMA

CermMeHTaIMsl peud — 3TO TPOIECC pa3fIeNIeHUs] PEUYEBBIX CUTHAJIOB HA YACTH, KOTOPBIA SBISIETCS] BaXKHBIM
ACIMEKTOM CHCTEM MJCHTH(HKAIIMN FOBOPSIIErO U PaCO3HABAHUS Pedr. DTOT NPOLECC MOBBIIAET 3(P(HEKTUBHOCTH
CHCTEMBI, TTO3BOJISISE TOYHO OIPEAENIATh HAYaI0 U KOHEI[ peun. VICronb30BaHue JIETEKTOPOB PEUEBON aKTHBHOCTH
(VAD) urpaet BaxHyI0 pOJib B CETMEHTAIINH, TIOCKOJIbKY OHU IOMOTAOT ONPE/CIUTh IPAHUIBI MEXKIY PEUbIO U TH-
mmHoi. OHaKo Harnbolee PacpOCTPAHEHHBIMHU OIMHOKAME MTPU CETMEHTAINY SBIIIOTCS JIOKHOTIOIOKUTETBHBIE
1 JIOKHOOTPHIIATEIBHBIC PE3YIIBTAThI, KOTOPBIC HETATHBHO BIMSIOT HA OOIIYI0 TOYHOCTH CHCTEMBI. B CBA3M ¢ 3THM
HE0OXOIMMO CHIIKATh OMIMOKM 33 CYET Pa3IMYHBIX MOAX0M0B M METONOB. Takue Mephl, Kak CHIKeHHE JOHOBOTO
IIyMa, MCIIOJIb30BaHUE MOJIeNIeH ITyOOKOro o0y4eHHs U yBEeJIMUCHNE AaHHBIX, MOTYT 3HAYUTEIbHO YIYUIIUTh Ka-
YeCTBO CerMeHTanuu. Mcronb30BaHue METOIOB U OCOOEHHOCTEH CIIEKTPAIbHOTO aHAIN3a MO3BOJISIET YE€TKO PAa3iiv-
4arth peub U POHOBBIH 1IyM. L[epi0 TaHHOTO UCCIIEIOBAHUS ABIISETCS ONTUMH3AIHSI TIPOIECCa CETMEHTAIMN U aHa-
JIU3 BEPOSTHOCTH OIUOOK, MOBBIICHHE 3(D(PEKTHBHOCTH CHCTEM paclio3HaBaHus peun. B pesymsrare ata pabora
SIBJIICTCS] OCHOBOM JIJTSI HOBBIX MCCIIEZIOBAaHUI U pa3paboOTOK B 0OIACTH pacio3HaBaHus peun. B cratbe paccmarpu-
BaeTcs mpobieMa cerMeHTaIuy Peyn U HACHTH(GHUKANU ToBopsIero. B paboTe onncans! BO3MOXKHbBIE KPUTEPHH
CErMEHTALUU — KAUECTBEHHBIC U KOJINYECTBEHHbBIC XaPAKTEPUCTUKHU 3BYKOBOU PEeUH, HAIIPUMED, PEUEBBIC 3aCPIKKU
Y MHTOHAIUS, & TAKIKE X aKyCTHUECKOE COOTHOIIEHHE. DTO MO3BOJISET CIEIUAIUCTY BBIICIUTh KOHKPETHBIE Cer-
MEHTHBIE €UHHUIIBI (CITIOTH, CIIOBA U T. [1.), 3a[KCATh UX CTPYKTYPY, BBIICIUTH OCHOBHBIC IPU3HAKH.

KurodeBble cji0Ba: pedeBoii CUTHAI, CETMEHTAIHSL, TOJIOC U PeUb, MOJIEPKKA (DPArMEeHTOB PEUeBOTO CUTHAIIA,
METOJ MACHTU(UKALIUH.
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SPEECH SEGMENTATION DURING SPEAKER MATCHING

Abstract
Speech segmentation is the process of dividing speech signals into parts, which is an important aspect of
speaker identification and speech recognition systems. This process improves the efficiency of the system by
accurately detecting the beginning and end of speech. The use of voice activity detectors (VADs) plays an important
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role in segmentation, as they help to determine the boundaries between speech and silence. However, the most
common errors in segmentation are false positives and false negatives, which negatively affect the overall accuracy
of the system. In this regard, it is necessary to reduce errors through various approaches and methods. Measures
such as reducing background noise, using deep learning models, and data augmentation can significantly improve
the quality of segmentation. Using spectral analysis methods and features allows you to clearly distinguish between
speech and background noise. The purpose of this study is to optimize the segmentation process and analyze
the probability of errors, improve the efficiency of speech recognition systems. As a result, this work provides a
basis for new research and development in the field of speech recognition. The article considers the problem of
speech segmentation for speaker identification. The paper describes possible segmentation criteria - qualitative
and quantitative characteristics of sound speech, such as speech delays and intonation, as well as their acoustic
relationship. This allows a specialist to identify specific segment units (syllables, words, etc.), record their structure,
and identify the main features.

Keywords: speech signal, segmentation, voice and speech, support for speech signal fragments, identification
method.

MaxanaHblH pefakiusra TyckeH KyHi:14.10.2024
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AGRICULTURAL SUPPLY CHAIN RISK ANALYSIS:
A RANKING METHOD APPROACH

Abstract

This paper proposes the Decision-Making and Trial Evaluation Laboratory (DEMATEL) method to assess
the requirements of risk factors in the supply chain of agricultural products. It can be said that the supply chain of
agricultural products is the most vulnerable to various risks. The risks may differ depending on the area (operational,
economic, social, and environmental). Our objective in this paper is to determine the importance of each risk
factor and their interrelationships to prioritize the most significant risks for further eliminate or mitigate them. To
achieve this, we used the DEMATEL method on a specific dataset and compared our proposed method with fuzzy-
DEMATEL. The results underscore that the central risk factor requirements revolve around Enhanced customer
service and Controlling carbon emissions and pollution. Furthermore, we categorized the risk factors into two
groups: cause and effect. Consequently, we noted slight variations between the outcomes of the methods, indicating
the effective identification of critical risk factors by both approaches.

Keywords: DEMATEL, risk factors, supply chain, agricultural products, vulnerability, interrelationships,
prioritization.

Introduction

More often, the agricultural supply chain is vulnerable to risks, starting with supply and
demand risk that leads to price volatility [1]. Such risks can also result in supply chain disruptions.
Additionally, the risks of pests and diseases can have a significant impact on agricultural production,
especially if they are not detected and controlled at an early stage. Moreover, the use of pesticides
and other chemicals in agriculture can pose risks to the environment and human health. Equally
important are the operational risks, including transport risk. Since agricultural products decompose
much further from consumers, it is crucial to deliver them carefully and in a timely manner, given
their perishable nature. This requires choosing the right transport, equipped, if necessary, with
refrigeration units. Environmental risks can also significantly impact agricultural products. Another
aspect of operational risk includes weather events such as droughts, floods, and hurricanes, which
can have a substantial effect on agricultural production. Financial risks in the agricultural supply
chain can also impact business performance and sustainability. The volatility of raw material prices
can significantly affect profits, and currency fluctuations can influence product costs and profits.
All these main risks are summarized in Table 1. To facilitate the management of such risk sets, we
propose using the DEMATEL method. This method simplifies risk management by ranking all types
of risks, allowing a focus on the most important risks for elimination or mitigation. The main goals
of this study can be condensed as follows:

1. Find the most important risks and evaluate the relationship between risks based on real data.

2. Conduct a comparative analysis between our proposed method and an alternative approach
to identify distinctions.
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Table 1 — The risks chosen from the literature
Risks Description Reference
1 2 3
Uncertainty of demand and Unpredictability and fluctuations in both demand and supply [10]
supply of agricultural products.
Failure to select the right This applies to scenarios where the selected suppliers do [10] and
suppliers not meet the required quality standards, encounter problems [11]
with delivering products on time, or offer unreliable
services.
Lack of sustainable It refers to the risk associated with limited understanding [12]
technology or utilization of environmentally friendly and sustainable
practices and technologies.
Volatility of price and cost Challenges faced by farmers and agricultural businesses [10]
when dealing with the instability of prices in the market for
their products, alongside unforeseen variations in input costs
like labor, fertilizers, and fuel expenses
Inflation and currency Negative impact on the agricultural sector due to changes [10]
exchange rates in the general level of prices for goods and services and
fluctuations in exchange rates
Natural disasters This risk refers to the potential damage caused by [13]
unforeseen and severe natural events such as floods,
droughts, hurricanes, wildfires and similar events that can
have a negative impact on agricultural production.
Environmental pollution It relates to the potential dangers arising from the presence [13]
or contamination of detrimental substances in agricultural
products, including crops, livestock, and other produce.
Inefficient use of resources This risk occurs when resources are not utilized optimally, [13]
resulting in wastage, higher production expenses, and
potential adverse effects on the environment.
Unexpected changes in policy | This risk in agricultural supply chains shape incentives, [14]
or Governmental risks decision-making, and the structure of the supply chain. They
impact relationships, distribution of rewards and risks, and
public-private dynamics.
Disruptions in transportation Transportation disruptions can be a major threat to [15]

international markets, affecting both unfinished and finished
products. The possibility of delays in delivery, particularly
for perishable goods, can lead to crucial decisions on
whether to wait for international delivery or sell locally at a
reduced price. These strategic choices are made to prevent
spoilage, reduce losses, and optimize the overall cost of the
production system.

The risk management field in agricultural production has been developing well over the past
decade, as the market competition is strong, and any mistake can lead to significant losses. Many
people have proposed and offer their own methods, their application for managing various risks.
As an illustration in the paper, a method for managing the supply chain of agricultural products
is proposed, highlighting the importance of conducting risk assessment to improve the overall
competitiveness of the agricultural supply chain [2]. To mitigate operational risk in logistics, the author
proposes the following approach: 1) Enhance the enterprise’s risk control capability by establishing
a cooperation mechanism. 2) Create an information sharing platform for agricultural products.
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3) Seek government support and guidance. 4) Foster specialized talents and promote the utilization
of various techniques. 5) Strengthen employee management and provide incentives. 6)Establish a
logistics insurance system. The study authors describe the need to improve the competitiveness of
Indonesian agricultural products in international trade and the requirements for information on the
origin and quality of products [3]. The paper proposes a model based on historical climate and
productivity data that can help predict chilli production levels and estimate changes in response to
climate conditions. The use of various technologies and tracking systems such as RFID tags and 2D
barcodes to ensure product traceability and security is also considered. In this article, Hao Zhang
et al. present a new model for risk assessment in refrigerated logistics of agricultural products [4].
They developed a quantitative method that allows an objective and accurate assessment of the status
of the refrigeration logistics process for fresh agricultural products. The results of the study confirm
the reliability of the model and its ability to reflect key risk factors. This model has practical value
for refrigeration logistics managers and other process participants, helping them to assess risks
scientifically and reasonably in refrigeration logistics of agricultural products. According to Abdullah
Salamai et al. effective management of supply chain risks requires consideration of both internal and
external risk factors [5]. A methodology has been developed for evaluating factors contributing to
flood risk in various agricultural regions within the food supply chain [6]. To ensure the safety of
wheat in Canada’s supply chain, cost-effective strategies have been identified and tested [7]. In a
separate study, the author identified numerous risks in the supply chain of goods with a limited shelf
life, involving risks associated with the environment, organization, inventory, and equipment [8].

Areview of recent literature has shown that all risk management work has almost no consideration
of operational risk. The danger of all risks is also determined separately, meaning the interrelation
between risks is not considered, as seen in the study, accounting for both internal strengths and
external factors interacting among diverse risks [9]. Nevertheless, there are constraints in this study
as well: the catalog of developmental risks is not comprehensive, and there may be additional risks
to consider.

The purpose of this research is to rank risks in supply chain of agricultural products in order to
focus on important risks for effective management. Also, the impact of one risk on others and their
relationship with each other. To do this, we use the DEMATEL method. The result should show the
most important risks in the case of a particular company, so that the decision makers can effectively
allocate their resources to eliminate or mitigate the risk.

Materials and Methods

A. Risks in the agri-food supply chain

In this paper we will compare two methods: our proposed DEMATEL method and the fuzzy-
DEMATEL method. To do this, we will use the risk factor requirements data. The data were obtained
in the city of Alboraya, in the province of Valencia, Spain, since this region is known for its developed
agricultural production and is recognized as one of the leading agricultural regions in Spain [17]. Our
goal is to apply our proposed method to these data and then compare the two methods. In this section,
we describe the main risks factor requirements that have been classified into six different categories
were determined through a comprehensive analysis conducted by a group of three experts: R1: Cost
reduction attitude, R2: Enhanced customer service, R3: Carbon emission and pollution control, R4:
Efficient use of energy and resources, R5: Reduced impact on community, R6: Health and safety
standards. These experts evaluated the importance of each factor based on several criteria, including
price strategy, inventory management system, reverse logistics, and green image. Below, in table 2
each of these requirements is briefly defined:
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Table 2 — The main risk factor requirements

Risk factors Description

R1: Cost reduction attitude Emphasizes the importance of adopting strategies aimed at reducing
expenses across various aspects of the organization, enhancing financial
efficiency without compromising on quality or service.

R2: Enhanced customer service This requirement focuses on improving the interaction between the
business and its customers, aiming to increase satisfaction through better
service, responsiveness, and engagement practices.

R3: Carbon emission and Implementing measures that significantly reduce the environmental

pollution control impact of the organization’s operations, particularly concerning carbon
emissions and general pollution.

R4: Efficient use of energy and This requirement addresses the need for more effective and sustainable

resources use of energy and other resources, promoting conservation and

optimization to reduce environmental footprint and operational costs.

RS5: Reduced impact on This factor relates to minimizing the negative effects an organization’s
community operations may have on the surrounding community, focusing on social
responsibility and positive community relations.

R6: Health and safety standards Ensures that stringent health and safety protocols are maintained within
the organization to protect employees, customers, and the general public
from hazards associated with the business’s operations.

B. Proposed DEMATEL — method

The DEMATEL method is an effective tool for identifying components of a complex system
and their interrelationships [16]. It is based on evaluating the interconnections between factors and
finding critical components through a visual structural model. The DEMATEL method allows for
the visualization of the structure of complex cause-and-effect relationships through matrices. It is
particularly useful for analyzing the interrelationships between system components and determining
their relative relationships. It can be used for investigating and solving complex problems. The
method, also known as the Decision-Making Trial and Evaluation Laboratory method, comprises a
series of steps used to examine the cause-and-effect connections between various factors. On figure 1
shows approach steps (DEMATEL steps). The following sections will describe all the steps of the
method and formula [17].

1) Construction of the direct-relation matrix: Every expert is asked to indicate the extent of
influence that each risk has on the others using a linguistic scale in table 3.

Table 3 — Terms for assessing direct relationships among risk factors

Ne Linguistic term Corresponding scores
1 Very High Influence (VH) 6

2 High Influence (H) 5

3 Medium High Influence (MH) 4

4 Medium Influence (M) 3

5 Medium Low Influence (ML) 2

6 Low Influence (L) 1

7 Very Low Influence (VL) 0
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Construct the Direct-Relation matrix

Step 1.1: Construct the direct-relation matrix

Y
Step 1.2 Convert the direct-relation matrix into
average matrix form and determine the
normalized direct relation matrix.

Y

Y
Determine the total Relation matrix

Step 2.1: Construct the matrix by subtracting
normalized direct relation matrix from the
identity matrix and then_inverse it.

Step 2.2: Determine the total srelation matrix

Y
Identify the critical risks

Step 3.1: Calculate “Prominence”/“Relation”
and prioritize risk factors

Y

Step 3.2: Determine the cause and effect
relationships between risk factors

Y

Step 3.3: Construct Cause and Effect Diagram

Y

The critical SSCM risk factors

Figure 1 — The main steps of DEMATEL method

The matrix representing direct relationships with dimensions , is derived in the following
manner:

0 T 7 Tin
T M
w1 T2 0

To normalize, the sum of each row and column in the matrix is computed directly. Let k represent

the maximum sum of both rows and columns. Normalization requires dividing each element in the
direct-relation matrix by k.

n n

k = max maxz:rij,z Ty 2)

j=1 =1
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1 3)
S=—xM
k
2) Determination the total Relation Matrix: Upon obtaining the normalized matrix, the total
relation matrix is computed through a series of steps. Begin by creating an n x n identity matrix,
subtract this identity matrix from the normalized matrix, and invert the resulting matrix. Finally,
multiply the normalized matrix by the inverted matrix to derive the total relation matrix.

T=Sx({-5)""1 4)

3) Identify the critical risks: After obtaining the total-relation matrix T, the sums of rows and
columns, D and C respectively, are calculated. The significance of risk I impact on other risks is
captured by the value of D;, and the cumulative influence exerted by other risks on risk i is indicated
by the sum of C;.

The vector P; = D; + C; combines the interdependencies of risk directions and is determined by
the collective influence and significance of the risk. A positive value of P; indicates a higher overall
importance of the risk. On the other hand, the vector R; = D; — (; classifies risks according to the
impacts they exert and experience: a positive value denotes inclusion in the causal group, whereas a
negative Ri value signifies membership in the effect group.

C. Fuzzy-DEMATEL — method

The following steps outline the process leading to the ultimate solution of the method [18]:

1) Embarking on the establishment of the initial direct-relation matrix, we incorporate the
fuzzy type-2 number score denoted as xfj, contributed by the k-th decision maker. This score
vividly articulates the influential magnitude of each customer requirement (CR) i on the respective
requirement /. The process marks a pivotal step in shaping the foundation for subsequent analytical

assessments. i
1 k
Ay = gz: Xij (%)
k
2) Moving forward, the subsequent step entails the identification of the normalized initial direct-
relation matrix. n n
S = max (maxZAij ,maxZAij) 6)
j i
A
D=7 )
3) Next step is calculation total relation matrix.
X1 Xz v Xip
fn] fnZ fnn

4) The conclusive phase involves the identification of critical requirements associated with risk
factors. This is achieved by augmenting rows and columns to calculate matrices D and R, capturing
dependencies and relationships. Subsequently, amalgamating these matrices facilitates the overall
ranking of requirements. The final step entails a deductive approach, subtracting one from the other,
to discern whether these requirements serve as causes or effects in the broader context of the analysis.

Results and Discussion

In order to demonstrate the practicality and effectiveness of the proposed framework, we apply
the DEMATEL method to the provided dataset. This practical implementation serves as a tangible
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illustration of how the suggested approach can be operationalized and its potential impact in a real-
world context.

A. Table 4 represents the Initial Direct-Relation Matrix, sourced from evaluations provided by
three distinct experts who assessed the interrelationships among various risks. This matrix serves as a
valuable starting point, capturing the collective insights of multiple experts to establish a foundation
for subsequent analyses.

Table 4 — Initial direct relation matrix with numbers

| Rl | R | R3 | R4 RS R6
DMI
RI - 1 0 1 1
R2 2 - 3 3 5 3
R3 3 5 - 1 3 4
R4 3 4 5 - 4 2
RS 1 3 3 1 - 1
R6 2 3 2 1 4 -
DM2
RI - 2 1 3 0 2
R2 3 - 3 3 4 2
R3 3 5 : 2 5 2
R4 4 2 3 - 3 1
RS 3 3 2 1 - 2
R6 0 3 3 3 1 -
DM3
R1 - 3 0 4 3 1
R2 1 - 4 2 3 3
R3 3 5 - 3 1 4
R4 4 3 1 - 3 4
RS 3 4 2 1 - 3
R6 3 1 4 3 5 -

Next step the conversion of all these values into a Normalized Direct Relation Matrix is
undertaken. In this process, the maximum sum of both rows and columns is identified, denoted as

k = 16.3 . The final into Normalized direct relation matrix we can see in table 5.

Table 5 — Normalized Direct Relation Matrix

Risk factors R1 R2 R3 R4 RS R6
R1 0 0.122451 0.02039 0.22451 0.08161 0.08161
R2 0.12245 0 0.20407 0.16329 0.28574 0.16329
R3 0.18368 0.30613 0 0.12245 0.18368 0.20407
R4 0.22451 0.18368 0.18368 0 0.20407 0.14284
R5 0.14284 0.20407 0.14284 0.06123 0 0.12245
R6 0.10206 0.14284 0.22451 0.14284 0.20407 0
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In this particular stage, the initial action involves the generation of an n x n identity matrix.
Subsequently, this identity matrix is subtracted from the normalized matrix, and the resultant matrix
undergoes inversion. The multiplication of the normalized matrix by the resulting matrix yields the
Total Relation Matrix. For a visual representation, Table 6 exhibits the finalized Total Relation Matrix.

Table 6 — Total Relation Matrix

Risk R1 R2 R3 R4 RS R6
factor
R1 0 0.122451 0.02039 0.22451 0.08161 0.08161 3.017899
R2 0.12245 0 0.20407 0.16329 0.28574 0.16329 4981084
R3 0.18368 0.30613 0 0.12245 0.18368 0.20407 5.277472
R4 0.22451 0.18368 0.18368 0 0.20407 0.14284 4.900427
R5 0.14284 0.20407 0.14284 0.06123 0 0.12245 3.723474
R6 0.10206 0.14284 0.22451 0.14284 0.20407 0 4.480514
4.172674 5.077388 4.219513 3.870712 5.116253 3.92433 4.172674

In the table and are the sums of rows and columns. In the next step the main requirements of

the risk factors will be identified.

C. Utilizing the provided equations, the prioritization of risks involves conducting calculations.
For and . The results of these computations are then presented in a table 7, offering a comprehensive
overview of the prioritized risks and their corresponding values.

Table 7 — The Prominence, Relation and ranks of Risk factors

Risk factor D. C: Prominence Relation Ranking Identity
' ' P; R;

R1 3.017899 4.172674 7.190574 -1.15478 6 Effect
R2 4.981084 5.077388 10.05847 -0.0963 1 Effect
R3 5.277472 4.219513 9.496985 1.057959 2 Cause
R4 4.900427 3.870712 8.771139 1.029716 4 Cause
RS 3.723474 5.116253 8.839727 -1.39278 3 Effect
R6 4.480514 3.92433 8.404844 0.556184 5 Cause

Based on the values, the most important requirement for risk factor is identified as R2 (Enhanced
customer service), followed by R3 (Carbon emission and pollution control). The subsequent ranking
of other risk factors as follows: RS, R4, R6, and R1. This classification provides insights into the
relative significance of each requirement, aiding in strategic decision-making and risk management.

The table reveals a distinctive categorization of requirements of risk factors into two distinct
groups. The first group comprises R3, R4 and R6. These risk factors form causal relationships
characterized by positive correlations . Meanwhile, the second group encompasses, R1, R2 and RS.
These risks exhibit negative relations and are accordingly classified into the effect group of risks.
This classification highlights the interplay and interdependence among the identified risks.

In our final analysis, a comparison of our findings with a study utilizing the fuzzy-DEMATEL
method reveals slight variations, as shown in Table 8. Notably, when ranking requirements related to
risk factors, our results indicate R2 >R3> R5 > R4 >R6 > R1 [18]. In contrast, the fuzzy-DEMATEL
method yielded a slightly different ranking: R2 > R3 > R4 > R5 > R6 > R1.
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Table 8 — Comparison table

Proposed Risk factor Prominence Relation Ranking Identity
method R1 7.190574 -1.15478 6 Effect
R2 10.05847 -0.0963 1 Effect
R3 9.496985 1.057959 2 Cause
R4 8.771139 1.029716 4 Cause
RS 8.839727 -1.39278 3 Effect
R6 8.404844 0.556184 5 Cause
Alternative Risk factor Prominence Relation Ranking Identity
method R1 3.195 -0,5125 6 Effect
R2 4.36 -0.1051 1 Effect
R3 4.15 0.4715 2 Cause
R4 3.88 0.4761 3 Cause
RS 3.785 -0.5503 4 Effect
R6 3.652 0.2203 5 Cause

Checking the table, the only difference is that risk factors R4 and R5 switched places, leading to
two different results. But we can overlook the variation between and since it’s a natural difference
due to the different calculations in the two methods. Also, the risk factor’s identity remains the same
in both cases. The figure 2 displays the DEMATEL Cause and Effect Diagram, clearly separating the
risk factors into causes and effects.

Di-Ci
1.500

R3 - Cause; 1.058
1.000 R4 - Cause; 1030 ®  °

R6 - Cause; 0.556
e
0.500

Di+Ci

o 2 4 6 B 1 12
R2 - Effect; -0.096

°
R1 - Effect; -1.155

L]
-1.500 RS - Effect; -1.393

Figure 2 — Cause and Effect Diagram
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As can be seen from Figure 2, risk factors for which the relation value is less than 0 belong
to the Effect group. Conversely, those for which is greater than 0 are identified as belonging to the
Cause group.

Conclusion

This study aims to evaluate the significance of risk factors in the agricultural supply chain. The
approach adopted for this assessment is the DEMATEL method, which considers external interactions
among diverse risks while incorporating the subjective judgments of various decision-makers. To
accomplish this, we applied the method to a real dataset and compared our proposed approach
with fuzzy-DEMATEL. The findings highlight that the key risk factor requirements revolve around
“Enhanced customer service” and “Controlling carbon emissions and pollution.” We also identified
the risk factors into two groups: cause and effect. The first group, consisting of R3, R4, and R6, is
the causal group, while risks R1, R2, and R5 belong to the effect group. Consequently, we observed
minor variations between the results of methods, suggesting that both approaches effectively identify
critical risk factors. The choice between them hinges individual preferences.

Future research on applying the DEMATEL method to the agricultural supply chain should focus
on expanding its scope to diverse agricultural scenarios, considering climatic, environmental, and
social factors. Additionally, exploring the integration of DEMATEL with other decision-making
methods can provide a more nuanced analysis of risks. Refining the list of risks by incorporating
temporal factors and changes in agricultural practices is crucial for data optimization. Empirical
testing in practical agricultural settings is necessary to evaluate the method’s effectiveness across
different enterprises. Lastly, considering dynamic factors such as seasonal variations, technological
shifts, and industry trends will enhance the understanding of risks in the agricultural supply chain.
This research can optimize the DEMATEL method and tailor its application to specific conditions
and preferences.
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AYBLJ IIAPYAIIBLIBIFBI dKETKI3LIIM
TISBETTHAETT KAYII-KATEPAI TAJIJAY:
PEHTHUHITIK OJIC APKBIJIBI BAFAJIAY

Angarna

byn makana aybll ImapyambUIbIFBl OHIMAEPIH KETKi3y Ti30erinzieri kayir-karep (akTopliiapbIHBIH Tajarl-
tapeiH Oaramay yurin Decision-Making and Trial Evaluation Laboratory (DEMATEL) anicin ycbiHansl. Aybsut
[IapyanIbUIBIFBl OHIMJIEPIH JKeTKi3y Ti30eri Typ:i Kayin-karepre OapbIHIIA ocai Jien aifTyra oonansl. Kayin-karep
ayMakka OaiIaHBICTBI OPTYPIIi OOIYBI MYMKIH (OTIEPAIMSIIBIK, SKOHOMHKANBIK, 9JICYMETTIK KOHE DKOJIOTHSIIBIK).
By makamamars! 6i371iH 6acTBl MaKcaThIMBI3 — opOip Kayim-Katep (aKTOPBIHBIH MaHBI3IBUIBIFEIH KOHE OJAPIbIH
e3apa OailIaHBICHIH aHBIKTAIl, OJIAp/Ibl KO HEMECEe 9CEpPiH a3alTy YIIIH €H MaHbI3bl Kayiln-KaTepre 0achIMIbIK
6epy. Ocbl MakcaTKa )KeTy Y 013 Oenriii 0ip nepexrep xubiabina DEMATEL onicid KoanaHabIK )oHe OHbI fuzzy-
DEMATEL opiciMeH canbICTBIPIBIK. 3€pTTEy HITHXKENEpl OpTalblK Kayiln-KaTep (akTOPBIHBIH TYTHIHYIIBIIApFa
KBI3MET KOpCEeTY/l jKaKcapTy, KeMipTeri HIbIFapbIHABUIAPBIH JKOHE KOpIIAaFaH OpTaHbIH JAaCTaHybIH OakbLIay
MOceleIepiMeH THIFBI3 OalmaHBICTH eKeHiH KopceTTi. COHBIMEH KaTap, Kayirn-Karep (akropiapbl ceOemnTiK jKoHe

35



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

cagapIibIK OOJIBIN €Ki TomKa OeiHl. 3epTTey OapbIChiHIA 013 €Ki OiCTIH HOTHIKEIEPI apachliHa a3qaraH aibIp-
MalIbUIBIKTapAbIH 0ap ekeHiH Oaiikansik. CoraH KapamacTaH, €Ki 9/ic Te MaHbI3Ibl Kayil-Karep (axkropiapbiH
THIM/II aHBIKTayFa MYMKIH/IIK O€peTiHI aHBIKTAJIJIbI.

Tipex ce3aep: DEMATEL, Toyeken ¢akxTopiapsl, JKETKi3y Ti30eri, aypUIIIapyaribuIbIK eHIMIEpi, 0CaabIK,
e3apa OaitaneicTap, 6aChIMIBUIBIK.
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AHAJIN3 PUCKOB B CEJbCKOXO3IMCTBEHHOMI
CHABXEHYECKOW IIENIH:
METOIUKA OLEHKHY I1O PAH)KUPOBAHUIO

AHHOTAIHUA

B nmannoii crarbe npemnaraercst mero Decision-Making and Trial Evaluation Laboratory (DEMATEL) mst
OLICHKH TpeOOoBaHMH K (pakTOpam pHCcKa B IIEMIOYKE TOCTABOK CEIILCKOXO3IHCTBEHHOM MPOAYKIMN. MOXKHO CKa3arh,
YTO IIEMIOYKa [T0CTABOK CENbCKOX03sHCTBEHHON MTPOIYKIINH HanOoJIee ysa3BUMa K Pa3INuHbIM pUCKaM. PHckn MOryT
pa3IUYaThCs B 3aBHCUMOCTH OT PETHOHA (IKCILTyaTaIllMOHHBIN, SJKOHOMUYECKUN, COITMATBHBIN U SKOJOTUYECKUH ).
Hamna nenp B 3TOH CTaThe — ONPEACIUTD BAXKHOCTD KaXJI0r0 (hakTopa pUCKa U UX B3aUMOCBsI3€H, 4TOOBI pacCTaBUTh
NPUOPUTETHI HanOoJIee 3HAYNMBIX PUCKOB JUIS MX JaJIbHEHIEro yCTpaHeHHus WiId cMsrdeHus. J{ist aToro Mel uc-
niop3oBasi Meto DEMATEL Ha KoHKpeTHOM Habope NaHHBIX W CPAaBHWIIM NPEIUIOKEHHBII HaMu MeTox ¢ fuzzy-
DEMATEL. Pe3ynpraTsl MOAUEpKUBAIOT, YTO OCHOBHEIE TPEOOBaHMA K (akTOpaM pPHCKa CBS3aHBI C YITyUIICHUEM
00CITy’KMBaHNS KIMEHTOB M KOHTPOJIEM BBIOPOCOB YINICKHCIIOTO Ta3a H 3arpsa3HeHus. KpoMe Toro, Mel pasnenunm
(bakTOpB! pHUCKa Ha J(BE TPYMIBL: NMPUUIMHBL U cieacTBusA. CiaeaoBaTeIbHO, Mbl OTMETHIN HEOOIBIINE Pa3Inuus
MEXKJ1y pe3yJbTaraMi METOAOB, YTO yKa3bIBaeT Ha d(PPEKTUBHYIO HICHTH(DUKAIMIO KPUTHYECKUX (DAaKTOPOB pHCKa
C ITOMOUIBI0 00OUX TTOJIXO/IOB.

KuaroueBbie ciaoBa: DEMATEL, dakTopsl pucka, IeToYka ITOCTaBOK, CENbCKOXO3SMCTBEHHAS TPOTYKIIHS,
YA3BHMOCTb, B3aUMOCBSI3H, PACCTAaHOBKA ITPUOPHUTETOB.
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DEVELOPMENT OF A PRACTICALAPPROACH
FOR INFORMATION CONFRONTATION MODELING
IN SOCIAL NETWORKS BASED ON GAME THEORY METHODS

Abstract

This study investigates the dynamics of social networks in the context of information confrontation between
users. It introduces a simulation method for modeling these conflicts, which is based on game-theoretic and
probabilistic approaches. The paper suggests a method for dynamically observing, following, and updating the
status of the network. This innovative method conceptualizes information conflicts as a two-player game where
the objective is to control as many network nodes as possible. By applying game theory, we formulated a strategy
adaptation algorithm that allows each player to modify their decision-making based on the Facebook Researcher
open dataset and current network conditions of its Kazakhstani segment. The method for tracking the network’s
state dynamically leads to significant reductions in resource use and enhancements in computational efficiency.
Comparative computational tests against other methodologies demonstrate the practical value of our approach for
addressing a broad spectrum of challenges in information and analytical systems.

Keywords: game theory, strategy adaptation, Social networks, information conflict, simulation algorithm,
probabilistic approach, analytical systems.

Introduction

This study addresses the critical challenge of analyzing social networks, which have become
central to information dissemination, communication, and entertainment in contemporary society.
The increasing prevalence and intricacy of social networks underscore the urgency of developing
sophisticated analytical methodologies. Current data indicate that an average individual dedicates
approximately 144 minutes daily to social media, a figure that has seen a consistent rise over the
past decade. This trend underscores the significance of social networks as venues for information
conflicts, including manipulation efforts and the dissemination of false information.

Generally, the issue of modeling the influence and management of information on social
networks has been explored since the late 1990s [1]. The lack of stringent regulatory oversight and
the anonymity afforded by the internet present opportunities for malicious entities to propagate
harmful content. Information warfare, encompassing a spectrum of scenarios where information
is weaponized to achieve specific objectives, often involves conflicting interests among different
parties. Examples include corporate rivalries, political disputes, propaganda campaigns, and efforts
to counteract misinformation and manipulation. Given these considerations, investigating the
structure of social networks to bolster online security, prevent the spread of harmful content, and
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combat issues like botnets is of paramount importance. The evolving complexity and dynamism of
social networks challenge existing analytical methods, necessitating the development of new, more
effective, and efficient solutions [2].

This research introduces an innovative approach to social network analysis within the framework
of information conflicts. It integrates game-theoretical principles with probabilistic models of
information dissemination and dynamic network modeling. Additionally, it presents a sophisticated
algorithm for real-time monitoring and strategy adjustment among network entities. The objective is
to establish a model for information confrontation between two entities, designated as A and B, that
surpasses existing methodologies in terms of efficiency and resource utilization. The validity and
applicability of the proposed model are affirmed through extensive testing on large-scale network
models, highlighting its relevance and practical utility in contemporary social network analysis.

The field of social network analysis includes a large number of research interests and
methodologies, reflecting its significance in understanding complex social structures and behaviors.
Studies in this domain have traditionally focused on varied aspects such as information warfare,
community detection, node influence and centrality, viral information dissemination, recommendation
systems, and sentiment analysis within networks. Various analytical techniques such as graph theory,
machine learning, clustering, genetic algorithms, and game theory have been employed to dissect
these phenomena [3].

Our research situates itself within the context of information confrontation in social networks,
a key aspect of information warfare. The process of information dissemination forms a crucial
component of this confrontation. Traditionally, models for information dissemination in social
networks are categorized into graph-based and non-graph-based approaches. Among the graph-based
models, the Independent Cascades (IC) model [4] and the Linear Threshold (LT) model [5] are
particularly prominent.

The Linear Threshold model operates under the premise that a node becomes activated when the
influence from its activated neighbors surpasses a predefined threshold. This model aptly simulates
situations where community or group decisions are critical, effectively mirroring real-life scenarios
like the adoption of new products or ideas once they gain sufficient traction within a community.
This model also sheds light on social influences impacting decision-making, often cited in studies of
phenomena such as the “tipping point effect.”

However, the LT model’s primary limitation is its focus on collective thresholds rather than
individual decision-making processes, which are vital in networks where personal decisions are
pivotal. While both models operate on a discrete time axis where the information dissemination
process is iterative and synchronous, starting from initially activated nodes [6], there have been
adaptations to enhance their applicability and efficiency. For instance, some studies have introduced
variations of the LT model that incorporate factors like content virality and user-specific probabilities
of information acceptance [7]. Additionally, asynchronous versions of these models have been
developed to optimize resource usage and improve computational efficiency, addressing some of the
synchronous models’ limitations [8].

In addition to graph-based approaches, models that do not rely explicitly on predefined network
structures, such as the Susceptible-Infectious-Recovered (SIR) and Susceptible-Infectious-Susceptible
(SIS) models, are instrumental in understanding network dynamics [9]. These epidemiological models
assess the state of each node and track changes in population segments over time using differential
equations. They operate under the assumption of random interactions among nodes, which simplifies
the analysis but might not capture the unique structural properties of specific social networks, thus
limiting their detailed applicability to social phenomena.

Further enriching the toolkit for social network analysis, probabilistic models, influence
maximization algorithms like Cost-Effective Lazy Forward (CELF) and CELF++, network
monitoring optimization algorithms, and game-theoretic frameworks for modeling information
influence have also been developed [9, 10, 11]. Game-theoretic approaches, in particular, have gained
prominence. For example, one study employs game theory to devise strategies for blocking influence
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maximization using oracles to generate mixed strategies for the players, while another builds on this
with a hierarchical algorithm to enhance the method’s efficiency [12, 13].

The limitations of existing approaches often revolve around the assumption of static network
conditions—despite the inherently dynamic nature of real networks—or the substantial computational
resources required for processing complex network structures. The ongoing escalation in network
complexity further complicates the analysis of modern networks using traditional methodologies.
To address these challenges, we introduce a novel game-theoretic model combined with Markov
probabilistic models for information dissemination.

This hybrid model incorporates a streamlined one-oracle approach to reduce computational
demands while capturing the dynamic interactions and strategic behaviors of entities within the
network. The specifics of this model and its application are explored in subsequent sections of this
study, where we detail its design, implementation, and the insights it offers into effective information
warfare strategies between players A and B.

Any social network can be depicted as a graph G = (V, E), where V represents the vertices,
corresponding to user accounts, and E denotes the edges, signifying the connections between these
accounts. These graphs may be either directed or undirected. In a directed graph, connections have
a specific orientation, meaning that if user A follows user B, it does not necessarily imply that user
B follows user A. Twitter is a typical example of a directed graph, while networks like Facebook are
examples of undirected graphs.

The process of information dissemination on social media can cause certain pieces of information
to gain fame and even become viral, spreading rapidly across the globe. This process generally
unfolds in two primary stages:

¢ Initial Distribution: Information is shared within a user’s immediate circle through personal
messages or public posts.

¢ Further Distribution: The information then propagates along the network’s edges according to
the specific rules of the graph that models the network.

Each user within a social network exercises their judgment to either trust or dismiss the
information they encounter. Furthermore, the decision of each user is influenced by the opinions
and actions of others within the same network, a phenomenon known as social influence [13]. One
straightforward method to model the dissemination of information is to consider each node in the
graph as activated if the node receives and accepts the information, and not activated if the node
either does not receive or does not accept it.

0,537

Figure 1 — A directed graph with 5 users and connections between them

Figure 1 illustrates a directed graph connecting five users. In this diagram, the weights on each
edge indicate the strength of the connection between users. A higher weight suggests a greater level
of trust between the users, which is crucial in the context of information dissemination, as users with
stronger or more influential connections are more likely to trust each other. This modeling approach
is visualized in Figure 2, where nodes that have accepted the information are highlighted in red. Then
we adopt this modeling strategy in our research.
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0,537

Figure 2 — The process of node activation during the information diffusion
Materials and Methods

The Information Influence Model is designed to explore the impact of information on user behavior.
Its primary objective is to determine how the information environment and the user’s awareness
of information shape their decision-making processes. By employing this model, researchers can
analyze how information flows within a network affect user behavior and decision-making. Because
social networks can be used as the arena for various types of information confrontation, when
analyzing social networks in the context of this confrontation, traditionally, three main nested classes
are analyzed: Information Influence, Information Management, and Information Confrontation, as
shown in Figure 3.

Information Influence

Information Management

information Confrontation

Information Management

Information Influence
Figure 3 — A model of information influence, management and confrontation

Expanding upon the Information Influence Model, the Information Management Model
introduces an additional layer of complexity by incorporating deliberate control over user behavior
through targeted information influence. This extension allows for a more nuanced understanding of
how information can be strategically managed to guide or alter user behaviors within the network
[14]. This approach is crucial for studies aimed at understanding the dynamics of information control
and its implications on individual and collective actions within social networks.

The main task of this model is to develop strategies to affect the user in a desired way. For
instance, given two players A and B each of which can influence the initial opinions of certain agents

in the network. Let A & N be the set of agents, whose opinions are formed by player A, and BE N

be the set of agents whose opinions are formed by player B, then ANB=0 .
Let us assume that information management is unified [15], meaning that all agents in the set

A form initial opinions u € U, and all agents in the set B form initial opinions v € V, where U and
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V € R. The change in the opinion of a network agent, taking into account his own opinion, as well
as the opinions of his surrounding neighbors, can be represented as an expression (1):

xti=Y aij * xjt-1,t=12, ..., EN. (1)

According to [16] this expression (1) can be simplified as X =}’ rj*xj0 and in the context of
information management can be expanded to X(u,v) = rAu + rBv + X0, meaning that the final
opinion of the social network agents is linearly dependent on management factors u and v with the
weights A > 0 and 1B > 0, where tA+ 1B <= 1.

Finally, using the model of information management makes it possible to model the information
confrontation between users having opposing interests and wanting to influence the subjects of the
network. To form a game-theoretic model of player interaction, it is necessary to determine the
objective function of each player. For instance, the objective function of a certain player can be
determined as follows [17]:

f(u,v) = QA(X(u,v)) - CA(u), 2)

where QA(X(u,v)) is the quality function of changing the opinion of a particular agent by player
A; CA(u) is the cost function, i.e. the resources spent by player A to change the opinion of a certain
agent.

Consequently, [15] states that the population of objective functions G = {fA(u,v), fB(u,v),
u€U, vEV} and sets of possible actions result in family of games, the differences between which
are generated by the specification of the players’ information and the order of functioning. If the
description of the game and the expression of changing the agent’s opinion are common among
all players who make their choices only once, simultaneously and independently, then we obtain a
game in normal form. In such a game it is possible to search for the Nash Equilibria and assess the
effectiveness of player moves by Pareto. According to game theory, the Nash equilibria is a situation
in a non-cooperative game where each player is assumed to know the equilibrium strategies of the
other players, and no player has anything to gain by changing only their own strategy unilaterally.
Mathematically it is expressed as follows:

Ui(si*, s-i* ) >= U (si , s-i* ), 3)

where U, is the payoff function for player i; s.* is the strategy chosen by player i in the Nash
equilibrium; s_* is the strategies chosen by all other players in the Nash equilibrium.

According to [18], two primary principles govern social influence within a social network: herd
behavior and information cascades. An information cascade occurs when users disregard their own
opinions and adopt the views or behaviors of others, based on the assumption that these others have
acted on valid information—even if such information may not actually be sound. This process leads
individuals to follow a chain reaction of decisions made by predecessors without critically evaluating
the underlying information [19].

On the other hand, herd behavior involves individuals mimicking the decisions and actions of
others but with the flexibility to modify these actions based on their personal perspectives. In this
scenario, while individuals are influenced by the group, they do not completely abandon their own
judgments or insights. In our research, we have developed a model that incorporates these concepts
of social influence. This model is visually represented in Figure 4. Let us now delve deeper into
each component of the depicted scheme to understand how these dynamics of social influence are
integrated and modeled.
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Figure 4 — Information Confrontation Model

First of all, we designed an artificial network (See Figure 5) using the Networkx, a Python library,
to model different experiments and compare the results. We apply standard graph theory methods to
model the social network. We have graph G = (V, E) where vertices (V) are social network accounts
and edges (E) are connections between them. Each vertex in the graph has a list of parameters
required to process the model. As it is an information confrontation model, each node of the graph
has the following parameters:

"A_trust_prob’,i.e. 0.1 <="A trust prob’ <= 1:shows the probability that a user will be activated
by player A;

A trusted’, i.e. "A_trusted’ € {1, 0}: shows whether or not a user has been activated by player
A

'B_trust prob’,i.e.0.1 <='B_trust prob’ <= 1: shows the probability that a user will be activated
by player B;

'B_trusted’, i.e. 'B_trusted” € {1, 0}: shows whether or not a user has been activated by player
B;

‘spread factor’, i.e. 0 <= “spread factor’ <= 1: shows the ability of the user to spread gained
information further to its neighbors;

‘activity rate’, i.e. 0 <= activity rate’ <= 1: shows how active the user is in the network.

To show the strength of connections between users, we integrated the weight factor upon each
edge, showing the trust level ("trust_level’, i.e. 0 <= "trust_level’ <= 1) between the users. With the
help of this simulated network, we have conducted plenty of experiments, which will be discussed
in detail in the “Results” section.

However, having just an artificial network is not enough to make solid conclusions, so we
decided to test our algorithm on real social networks. For that purpose, we decided to program the
crawler system, which will be integrated with real social network APIs and pull publicly available
data required for information confrontation modeling [20].

Then, the data will be cleaned and preprocessed, and after that, based on this data, the network
model will be created and injected into the confrontation game. To keep the network dynamic, the
Crawler will periodically pull new data from the actual network and inject it into our game. The part
of the research that includes real-world network integration is currently in progress. That is why all
the experiments presented in this paper are performed on the designed artificial network.

Game Processing. We modeled information confrontation as the game of two players, A and B,
that fight for influence in a particular social network. It can be two companies that want to gain the
trust and loyalty of users. Each player aims to spread its information across as many users in social
networks as possible, having limited resources. To reach this goal effectively, a player should adapt
his strategy to respond to the changing environment, considering the current network state and the
predicted opponent’s strategy. A player has three options to move:

¢ [t can send information to a particular user (i.e., try to activate it)

+ It can try to switch the user activated by its opponent, thus luring the user to its side

¢ [t can try to increase the likelihood that a particular user will believe his information
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Figure 5 — Artificial network model with 300 nodes

If the node is activated by player A it is colored red and if it is taken by player B it is colored blue.
All other nodes are represented as gray. Figure 6 shows how the information diffusion is generated by
two players in our network model. The game lasts for a number of rounds settled at the initialization
phase. At each round of the game, players choose the best move according to the cost function, i.e.,
the move that brings the highest profit to the user is selected. In our game, this cost function is as
follows:

Q = P(aCtivation)curr * Sfactor curr * Arate curr + Zl

€ Neighbors(trust_level(curr,i) * P(activation); * S_factor; * A_rate;)’

where P(activation)curr — the probability that the current node will be activated by the given player;
S factorcurr — the ability of the current node to spread information further; A_ratecurr — the activity
level of the current node in the network; trust level(curr, i) — trust level between current node and its
neighbor [; P(activation)i — the probability that the neighbor i of the current node will be activated by
the given player; S_factori — the ability of the neighbor to spread information.

Figure 6 — Information diffusion process generated by two players
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This quality function considers not only the current node’s parameters but also its neighbors’
parameters to identify the nodes, the activation of which will maximize the spread of the information
of the given player. This function also considers the willingness of the user to spread information
further at a given time. For instance, the user may have a high spread factor, but at a given time, it
may not want to spread information for some reasons such as bad mood, fatigue, frustration, etc [21].
It is accomplished by including the randomness factor in the model to make nodes act like real-world
social network users.

Real-world social network users depend on plenty of random factors such as mood, fatigue level,
engagement in social network activity, etc. Therefore, it is essential to consider such factors when
modeling the information dissemination process. The algorithm of how each player selects its best
move at a given time is shown in Figure 7.

Listing 1.0. Player's best move algorithm

Inputs:
R - current player's resources,
G, suceu - the subset conmining not activated nodes of the current player

Output:
player's best move
. Begin
2. lterate through the set of inactivated nodes of the current player:
a. Apply the cost function to each node

b. Find the node with the highest quality

3. If the selected node is not activated by the opponent:
a. Ifitis possible to activate it right now:
i.  Activate this node
ii. Remove this node from the current player's set of inactivated
nodes
iii. Reduce the resources of the current player
b. Elseif it is not possible to activate it right now:
i. Increase its activation probability by 0.1
ii. Reduce the resources of the current player
4. If the selected node is activated by the opponent:
a. Ifitis possible to switch the node right now:
i. Switchit
ii. Remove this node from the current player's set of inactivated
nodes
iii. Add this node to the opponent's set of inactivated nodes
iv. Reduce the resources of the current player
b. Elseifit is not possible to switch it right now:
i.  Increase its activation probability by 0.1

ii. Reduce the resources of the current player
5. End

Figure 7 — The algorithm of player selection
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Observation and Optimization. To optimize the model’s performance, we designed an Oracle that
constantly monitors the network and its state [22]. This oracle tracks all the changes in the network
at a given time and documents them in the report. With the help of this oracle, we can visualize the
network and the state of each element at any given time during the model’s execution. This oracle
also keeps track of the inertial network changes provoked by a specific node’s activation.

These so-called “inertia changes” occur when an activated node tries to activate its neighbors
without the engagement of any player. Using such an oracle significantly increases the speed of
computations and minimizes the amount of resources consumed by the game. The process of network
state tracking and actualization is represented in Figure 8.

Listing 2.0. Network actualization and inertial effect after each move

Input:
G - social network graph

Output:
Actualized network

|. Begin
2. If the last move was ‘activate’ or “switch’:
a. Update Oracle's report
b. If the node is able to spread information to its neighbors and is
willing to do that:
i. Take a random subset of neighbors this node is willing to
share information with
ii. Run through each neighbor in this subset and try to activate it:
I. If neighbor is not activated by the opponent:
a. If neighbor can be activated:
i.  Activate it
ii. Remove it from the current player’s set of
inactivated nodes
b. Else:
i.  Skip this neighbor
2. Else if neighbor is activated by the opponent:
a. If neighbor can be switched by the current
player:
i. Switch it
ii. Remove it from the current player's set of
inactivated nodes
iii. Additto the opponent’s set of inactivated
nodes
b. Else:
i.  Skip this neighbor
<. Else:
i. Do nothing
3. Else if the last move was “increase trust_prob™:
a. Update Oracle's report
4. End

Figure 8 — The algorithm of network state tracking
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The Independent Cascade model describes a scenario where each activated node has a single
opportunity to activate each of its inactivated neighbors with a specific probability. This model is
particularly suited to scenarios that mimic the viral spread of information, where one node’s activation
can lead to a chain reaction across the network. Nevertheless, the IC model’s simplicity—each node
having only one chance to activate its neighbors—may not fully capture the repeated efforts users
often make in real interactions, nor does it accommodate the long-term dynamics of node interactions
within continually evolving networks.

Results

In this research, we proposed a novel approach for modeling information warfare between
users in social networks based on game theory methods, probabilistic approaches for describing the
spread of information, and dynamic algorithms for monitoring and tracking the state of the network
at a given time. To find out how well the model does its job, we conducted several experiments on our
artificial network, and we plan to conduct experiments on a real-world network in the future.

First of all, we ran the model and analyzed how well two players adapted their strategies during
the game. Several experiments conducted on networks with different numbers of nodes confirmed
that users were able to effectively change their strategies according to the changing environment
to gain maximum profit from each step. For instance, the results of a confrontation game with 100
rounds between two players A and B having limited resources in the network with 500 nodes, are
shown in Figure 9.

information_warfare_simulation: ending state

Node ookors
- grey nodes: 193
=i red nodes: 133
=i blue nodes: 164

Figure 9 — Confrontation in the network with 500 nodes

Furthermore, we conducted comparison tests with other existing methods. The results of the
experiments were compared with those of existing IC and LT models. We evaluated the efficiency of
each approach based on its ability to maximize the spread of the information in the network, taking
into account the initial limitations of resources. We compared the elapsed time of each approach
and RAM and CPU usage on the networks with the different number of nodes. The performance
comparison is represented in Figure 10. However, these methods face challenges when applied to
large-scale real-world networks due to their computational intensity and time requirements. For
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instance, identifying optimal nodes for monitoring a Twitter subnetwork with 11,000 nodes and
25,000 connections required approximately 28.7 hours in one study, highlighting the significant
resource demands of these analyses.
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Figure 10 — Performance comparison of the approach

As can be seen from the graph, when the number of nodes was significantly small, all three
models showed approximately similar results. However, when the number of nodes exceeded 1000,
our model showed slightly better results than the others. Moreover, the execution time gap between
these models became more prominent as the number of nodes in the network increased.

Since we progress to the second phase of this research, which involves integration with a real-
world network, we plan to further evaluate and compare the performance and resource utilization
of these models in an actual social network setting. This upcoming comparison will provide deeper
insights into the efficiency and practicality of our model when applied to real-world data, potentially
confirming its viability for broader use. The approach significantly increases the validity of the model
since it becomes capable of verification based on current data, thereby ensuring a high level of
reliability of research conclusions.

Comparative analysis of our approach with existing models, such as Linear Threshold and
Independent Cascade models, revealed meaningful findings. While our model demonstrated
competitive RAM and CPU utilization, especially on large networks, nuanced differences in
computational efficiency highlight the potential of our approach. The LT model has shown a consistent
and predictable level of CPU consumption, indicating its linear thresholding mechanism, as shown
in Figure 10. In contrast, the IC model’s CPU usage has exhibited a more volatile pattern, reflecting
the stochastic nature of the cascading process.

Thus, at the end of the experiment, when the number of nodes was approximately 10,000, our
model could process them in 5814 seconds, whereas 6541 seconds and 8722 seconds were required
for processing by IC and LT models, respectively. In terms of CPU and RAM, our model has also
shown promising results. As represented on Figure 11 the IC Model consumed the highest amount
of memory among those models, and our model consumed the least memory compared to the other
models.
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Figure 11 — Memory usage comparison with other models

The results suggest that the game theory approach maps well to the computational requirements
of existing models and offers a robust framework for capturing the complex dynamics of information
propagation. In particular, the zigzag pattern of CPU usage, as represented on Figure 12, in the IC
model highlights the complex and unpredictable nature of the information cascade, which our game
theory model handles more consistently and efficiently.

The model demonstrates superior performance in CPU consumption compared to the IC model,
although it does not outperform the LT model. However, the difference in CPU usage between the
LT model and our model is minimal and not significant. Overall, our model has delivered satisfactory
outcomes across numerous tests conducted on an artificial network with varying numbers of nodes.
Our algorithm can be used in many fields requiring social network modeling, including information
confrontation modeling, network security, disinformation, viral content reduction, suppression of
uprisings, and weakening of adverse effects on society.

Discussion

The advent of social networks has caused a paradigm shift in information dissemination,
transforming the landscape of communication, influence, and decision-making processes. Therefore,
understanding the dynamics of information confrontation in social networks is not just an academic
interest but also an urgent need. Models designed to simulate these dynamics, especially using game
theory methods, offer a perspective from which it is possible to decipher complex interactions and
predict potential outcomes [23].
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Figure 12 — CPU usage comparison with other models

The research began with the ambitious goal of modeling information confrontation in social
networks using a new approach based on game theory. The pervasive nature of social networks
and the multifaceted ways in which reliable and controversial information is disseminated on them
emphasize the relevance of this study. As social networks become increasingly important in forming
public opinions, political discourse, and market dynamics, the ability to analyze and predict the flow
of information becomes crucial.

Conducted experiments allowed us to identify gaps in existing models, such as limited adaptability
and predictability to dynamic changes in user behavior and network structure. Our approach provides
deep insight into the interaction mechanisms in the information space, considering many factors,
including probabilistic estimates and game theoretical strategies. The most notable novelty of our
work is integrating game theory with dynamic probabilistic and monitoring algorithms, which allows
real-time adaptation of information dissemination strategies. It represents a significant advance
in information warfare research, offering a more granular and adaptive approach to managing
information flows.

In future research, we plan to integrate an automatic crawler mechanism into our model that
will be used to extract data through social network APIs, thereby ensuring that the input data for the
modeling is up to date. This modification involves a significant deepening of the methodological
approach by providing access to actual information flows and structures of social interactions. The
resulting graph of a real social network will serve as the foundation for analytical work, allowing the
model to operate with data reflecting the current state of social media.

Conclusion

In this research, we proposed a novel approach to analyze social networks in the context of
information confrontation based on game theory, information dissemination probabilistic models, and
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network monitoring, tracking, and optimization dynamic algorithms based on one Oracle approach.
Social networks are a vital part of modern people’s lives, making social network analysis a relevant
topic today.

The main advantage of our approach is that the whole process is dynamic, which makes it more
realistic and natural. Using game theory allowed us to realistically model the process of information
warfare and program adaptive strategies for each player. Our Oracle optimization algorithm helped
us to overcome some limitations of existing methods by showing better results in elapsed time and
resource consumption compared to other models.

In the upcoming research, we plan to integrate a real-world network into our model with the
help of a crawler algorithm and data preparation and optimization tools. The part of the job is still
in progress and will be revealed in the upcoming papers. This method has shown decent results and
provides excellent prospects for developing the process of modeling and analyzing social networks.
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PABPABOTKA INPUKJIAJTHOTO MOAXOOA
K MOAEJIUPOBAHUIO HHO®OPMALMOHHOI'O TIPOTUBOCTOAHUA
B COHUAJIBHBIX CETAX HA OCHOBE METOJ0OB TEOPUU UT'P

AHHOTALUA

B manHOii paboTe HccIeayeTcs: JHHAMHKA COL[HABHBIX CETeH B KOHTEKCTE HH(OPMAIIOHHOTO TPOTHBOOOD-
CTBa MEXXJIy MOJNB30BaTe/sIMU. B paboTe mpecTaBieH HOBBIH CIIOCOO MOICTUPOBaHHS HH(POPMAIHOHHOTO MPOTH-
BOOOPCTBA B COMATBHBIX CETSAX, OCHOBAHHBIN Ha TEOPETHKO-MIPOBBIX U BEPOSITHOCTHBIX Mojaxoxax. Kpome Toro,
B CTaThC MPEIAracTcs METON JMHAMUYECKOrO HAOMIOICH S, OTCICKUBAHUS 1 OOHOBJICHHS COCTOSIHUS CETU. DTOT
MHHOBAIIMOHHBIA METOJ KOHIEITYaIu3UPyeT HHGOPMALIMOHHBIC KOH(IUKTHI KaK UTPY [UISL IBYX MIPOKOB, LIEIBIO
KOTOpPOH SIBISICTCS. KOHTPOIb KaK MOJKHO OOJBILIEro YHCiIa Y3II0B CeTd. [IpUMEHsIsT TEOpHI0 Urp, MBI pa3pabora-
71 3G PEKTUBHBINA aJTOPUTM aIaNTAIUK CTPATETHi, KOTOPBII MO3BOIISIET KAJKIOMY UTPOKY MOAU(DUIIMPOBATE CBOE
NPUHSATHE PEIICHUH Ha OCHOBE OTKPBITOro Habopa aaHHbix Facebook Researcher (a mMeHHO ero ka3zaxcTaHCKOTO
CerMeHTa) M TeKYIIMX yCIOBUil ceT. MeTol TMHAMHUYECKOTO OTCIICKHBAHUS COCTOSIHHSI CETH, MPE/ICTABICHHBIN B
JTAHHOM HCCIICIOBAHHUH, IPUBOIUT K 3HAYUTEILHOMY CHH)KCHHIO UCIIOJIb30BAHUS PECYPCOB U YIYYLICHHUIO BBIYKC-
auTenbHOi A dexruBHOCTH. CpaBHUTEIBHBIC BEIYUCIUTEIBHBIC TECTHI C IPYTHMH METOIOJIOTUSMU JEMOHCTPUPY-
FOT MPAKTHYECKYO [EHHOCTh HAIIEero moaxoxa. [ MOkocTh 1 3 (HEKTHBHOCTD MPETIOKEHHOTO METO/a ACIAI0T €ro
HEPCICKTHBHBIM HHCTPYMEHTOM ISl PEIICHHS IIMPOKOTO CIIEKTpa 3a1a4 B MH(POPMAIMOHHBIX M aHAJUTHYCCKUX
CHCTEMaX.

KaioueBbie ciioBa: TCOpUs Urp, aaantanus CTpaTeFHﬁ, COIIMAJIbHBIC CCTH, I/IH(l)OpMaHI/IOHHHﬁ KOH(I)J'II/IKT,
AJITOPUTM MOACIIMPOBAHNA, BCpOHTHOCTHHﬁ IoAX01, aHAJIUTHYCCKUC CUCTCMBI.

Article submission date: 24.04.2024
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AFBLUIIIBIH-KA3ZAK TLII )KYBbI YINTH HEVMPOHIBIK
MAIINWHAJIBIK AYIAPMA

Angarna

Kazipri yakpITTa akmaparThlK TEXHOJIOTHsUIAD KapKbIHAbI AaMyaa. OHbIH Oip cajachl PETiHIC MaIlWHAIIBIK
ayzapManiapbl aiTyra Oosiajabl. OpTypil enjeri agamaap Oip-OipiH TyCiHy YIIIH MallMHAJBIK aydapMasapibl
KOJIIaHBII, OHBIH Ka)KETTLTIr JKbUI calblH apThin Kedeni. Kasipri keszme jkakchl aylapbUIaThIH MAaIlMHAJIBIK
aymapmanap KarapsiHa Google sxoHe Yandex MalmmHANBIK ayTapMaTapbiH JKaTKbI3yFa 0omaasl. JKbut caifbi Yandex
koHe (Google MammHANBIK aymapMaiapbl aygapMma CamachblH JKOFaphl JCHTeWre KeTepyme. Anaiiia KypriziareH
JKCIIEPUMEHT HOTHKeC1 OOMBIHIIIA aFBUIIIBIH HEMECE OPBIC TUTIHEH Ka3ak TiJiHe, COHali-aK TYpKi TUIAec Tiiaepre
ayJapraHjia, ayJgapMma carachl e3re TUIICPMCH caibICThipraHaa Temenzey. Oran monen petinae 2024 KbUIIbIH
KBIPKYHEK aiibIH/Ia OChl €Ki MaIllMHAJBIK ayJapMaJiaH aJIbIHFaH ay/japMa HOTHIKECl )KYMBICTa KopceTulal. ONUTKeH1
HEHPOH/IBIK MaIIMHAJIBIK ayAapMaHbl jKY3ere achIpaThblH MOJEb TUIJIEpPAiH KYpPBUIBIMBIHA TiKelel OaisIaHBICTHI.
Ocpiran opaif, 2000-xputmapaan 6actan KazakcTan FamsIMaapsl Ka3ak TUTIHE aygapbUIFaH MOTIHICPIIH CaachlH
JKaKCapTy MaKCaThIHIA ©3Te TP JKaKChl aydapaThlH MOACTBACPII CATBICTBIPHIN, KbI3Yy 3epTTEIl, Ka3akK TiliHe
apHabl MOAENBIACP KYPbIM, FRUIBIMU KYMBICTapAbI skapusutaid 6actanst [1-5]. JKyMBICTBIH MaKcaThl — aFbUIIIBIH
TUTIHEH Ka3akK TUIIHE aydapbUIFaH MOTIHICPIH camachiH jkakcapry. O VINiH aiiblK HEHPOHIBIK MAallHHAJIBIK
aynapmaza (OpenNMT) aynapmaHbl OKBITY YIIIH Ka3ak jKoHE TYPKI TuULaec Tuiiepre Oeitimaenren Tpancgopmep
mozemi Kypsiael. Kypeurran monens 180 000 arbuminbIH—Ka3ak Hapasuienb KOPITYyCThI OKBII, YHpeHmi. AyaapMa
HOTIDKECiHe Oara Oepy YIIiH KypBUIBIMBI JKaFbIHAH opTYpIti (Kait, kypmaiac) 20 000 ceiineMHEH TYpaThIH aFbUIIIBIH
TUTIHAETI (aiin Ka3ak TimiHe aymapbuigsl. HoTmxke aymapma camackiHbIH MeTpukackl (BLEU) apkputer emmeHin
[6-7], »xakchl neHreiai kopceTTi. JKyMbICTa )KYPri3iiAreH SKCIIEPUMEHT aTbIHFAH HOTHIKEHI OJIaH J1a )KOFaphl IeHTeiTe
KOTEepy YIIiH, MOJEIb/II OKBITY Ke31H/I€ aFbUIIIBIH-Ka3aK TUIAEp KyObIHAH KYPBUIFaH Mapajieb COMIeMIep CaHbIH
KOOCHTY KakeT eKeHiH kepcetTi [§].

Tipek ce3aep: HelpoMalIMHANBIK ayaapMa, aylapMa KOpCETKIll METPHKAchl, Mapajuleib KOPIYC, alllbIK
HeHpoMaIInHAIIBIK ayfapMma, TpaHc(hopMep MOJIeTi.

54



KA3AKCTAH-BPUTAH TEXHUKAJIBIK

YHUBEPCUTETIHIH, XABAPIIBICHI

Ne 2(73) 2025

Kipicne

Kasipri yakpITTa 9p TYpIIi TijI€ COMNEHTIH afamaap e3apa KapbIM-KaTblHAC OPHATY YIIIH TYpIi
MAaIIMHAJBIK ayapMa xKyienepin KoiiaHa bl KoamaHbuibI )KYpreH MalllnHabIK ayapMaiapbiH €H
JKOFaphI JCHT e Ie )KyMBbIC icTelTiH Typiepine Google skone Yandex aymapma sKyienepiH )KaTKbI3yFa
Oonazapl. Anaiia OChl MALIMHAJIBIK ayAapMajap/blH KeMIILTIKTepiHe:

1) Keiibip xypzaesni KypMaiac ceilieMaepal aynapranja, CoisieM MarblHAChIH KOFaJITaIbl.

2) TypakTsl ce3ep/i Tikelel co30e co3 ayaapaibl.

3) Ceitnnemaepe, azam >kep aTayiapblH JYPBIC ayJapMaiiabl

4) MophonorusIbIK KYpbUIBIMBI KaTe

Hakrb! kaTenepre cunarrama Oepiny ymris, 2024 k. Haypbl3 afbIHIa TYTIT JKOHE SHACKC Malllu-
HaJIBIK ayJlapMaliap apKbUIbl ajbIHFAH ayJlapMasiapra ToMeHeri 1-kecrene cumnarrama Oepisi.

Kecte 1- MamnHanelk aynapmaliap apKblibl aJIbIHFaH ayiapmanap

Morin
YKaHPIIAPbI

AFBUIIIBIH MOTIH

I'ymn MammHaneIx
ayfapMachIHa
aJbIHFaH

SIanexc
MalIUHAJbIK
ayJlapMachIH/Ia
aJIBIHFaH

Aynapmara
cuIarramMa

Kepxem-onedn
CTUIIb

Fasting is part

of the practices of many
religions, including
Islam, Judai and

Opa3a ucmawm,
Wynausm xoHe
XPpUCTUAHABIK
CHSIKTBI KOIITETeH

Opasa KkenTereH
JUHAEPiH, COHBIH
1IIIHIE UcaaM,
HyIanu3M KOHE

Aynmapma KaTelniri:

Bbyn cefinemue practice-
KOJITAHBLTY JIETI ayJapbLIy
OPHBIHA, JJICT-FYPHII

vacation to catch up on
some of the work I had
fallen behind on during
the school year.

JIe Ka3Fbl IeMa-
JIBICBIM/IBI OKY
JKBUIBIHZA apTTa
KaJIFaH )KyMbICTa-
PBIMHBIH 0ipa3bIH
asKTay YIIiH
navgajiaH-IbIM.

Christianity. JUHJEPAIH 9/IET- | XpUCTHAHIBIKTBIH | K9HE TIXKipuOe Jern
FYPBIITAPBIHBIH TOXKiIpuOECiHIH ayIapbUIIBL.
Gediri 6ok Geiri 60IBIIT AynapbutraH CHHOHUMACD
TaObLIaIBI. TaObLIAa b, MBIHA CoieMae
CEMaHTUKAaJIbIK
MaFbIHACHIH JKOFANITTHL
Kepkem-onedu | Despite all the Kania KpI3bIK KaHia KpI3bIK Despite all the
CTHJIb fun I had, I also made OosrraHbIHA Ka- OosrFaHbIHA Fun-6apinbIk KbI3BIKTapFa
sure to use my summer | pamacTaH, MEH KapamacTaH, KapamacTaH Jiel

MeH e xa3rbl
JIEMAJIBICTBI OKY
KBUIBIHZA apTTa
KaJIFaH )KYMbICTa-
PBIMHBIH 0ipa3bIH
asKTay YIIiH
nangasaHabIM

ayIapbUTy IYpBIC COMIEM
IIIHIe.

Kasak Tininge Kanma
KBI3BIK OOJIFaHbBIHA Ka-
pamacraH JIereH ce3
TipKeci KOJITaHbUIMAH TbI.

Kepxem-omedu
CTUIIb

The 14th of April

2012 was the centenary —
the 100th anniversary —
of the sinking of the
passenger ship Titanic in
the north Atlantic.

2012 KBIIABIH

14 coyipinge
AtmanT
MYXUTHI-HbIH
COJTYCTIriHIe
«TuTaHUK» KO-
JaymsIiap Kemeci
cyfa OaTKaHBIHA
100 KBIT TOIABL.

2012 KBUIIBIH

14 coyipinge
Conrycrik
ATinanTHKagaFel
TuraHuk xonay-
IIBUTap KEMECIHIH
amarka yIbIpara-
HeiHa100 KbL1
TOJIJIEL.

100 BT TOIABI-
«TOJIABD) IETeH

CO3 TapUXH COTTI
cHIaTTaraHa
KOJLIaHBUIMAN b,
Ounbiyg opubiHa 100 KbLT
otTi HeMece 100 KbIT
OO0 IBI IETEH ayaapMa
COMJIEM MaFbIHACHIH
JKOFaJITHANIbI.
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1-KecTeHIH JKaIFacsl

blood glucose

in patients with
type 2 diabetes
(T2D) has grown
over recent years
making the task
of choosing
between
traditional and
newer glucose-
lowering agents
a difficult one
for healthcare
providers.

apHaJFaH KOJDKSTIM/II
eMJIey HYCKaJlapbIHbIH
Ti31Mi COHFBI JKbUIAAPHI
ecTi, Oy TocTypii
JKOHE YKaHa IITIo-
KO3aHBI TOMEHIETETIH
arcHTTEpI TaHIay

MIH JICTIH JICHCAYIIBIK
cakray IpoBaii-
Jiepiepi YIriH

KUBIHFA COKTBI.

HYCKaJIApbIHBIH
Ti31MI COHFBI
KBUIAAPBI 2 THIITI
kanTt quaberti (T2D)
KEHEHIN, MEeIUIIMHA
MaMaHJaphl YIIiH
JIOCTYPITi KOHE JKaHa
KAHTTHI TOMEHIETETIH
Kypayiaap/isl
TaH1ay/bl
KUBIHIATTEL.

Frutbrvum To this end, we Ocsl MakcarTa OCBI MaKcarTa Kare: kypmamac

carried out a 013 xy3ere 013 arpIMIarel coieM
pooled analysis ACBIP/IBIK aFbIMIIAFbI 3eprreynep- CeMaHTHKAJIBIK
of current studies | 3eprreynep- JliH OipJecKeH JKarbIHAH MarblHA
and evaluated JUH J)KUBIHTHIK TAIIAYBl | Talaybl XKOHE JKOFaJITKAH IBIFBIH/IA.
the association JKOHE apachIHIAFBI apachIHIAFBI
between OaiIaHBICTHI OalTaHBICTHI
underlying Garanaasl KB Oarasajbl Heri3ri
or previous JKaF A bIHBIH HEMECE aJIibl
history of CVD HETi3ri HeMece HFBI KYpEK-
conditions and OYpBIHFBI TAPUXBI KaH TaMbIpJIapbl
outcomes of s)kane COVID-19 aypyJapbIHbIH TapUXbI
infection severity | manmeHTTEpiHICTI sKoHe covid-19
in COVID-19 WH(EKIUsI aybIPIIBIFbI- ManyueHTTePiHIeT
patients HBIH HOTHXKeNepi MH(EKINSHBIH

ayBIPIIBIFBIHBIH

HOTHXENepi

Fruieivu The list of 2 TANTI KaHT [ManmenTTepaeri Aynapma Kareiri:

available muabeti (T2D) 6ap KaHJarbl TIIFOKO3aHbI I'yrn
treatment options | HaykKacTapaa KaH OaKpLTayFa apHAJIFaH aynapMazacblHAa
for managing TTIIOKO3aChIH OacKapyFa | KOJ KETIMIl eMIey MEINLMHA

KYpaJaapbl OpbiHa
MpoBBaiiep nen
ayIapysl, ai STHICKC
MaIIHHHAJIBIK
aygapmajna
ManyueHTTepAer
KaHJarbl OpHI)IHa
MAIUCHTTEPIIH
KaHBIHJIAFbI JIereH
MOP(hOJOTHSIITBIK
KYPBUIBIM KaFbIHAH
KaTesaiK KeTTi.

XKypriziiareH skcrepuMeHT OOMBIHINA, MAITUHAIBIK aylapMaliapblH KaTeJITriHiH THII1 coiieM-

JIep KYpbUIBIMBbIHA OAiJIaHBICTBI €KEHIH KeJleCi KeCTeIeH Kopyre 00mabl.

JKorapel kKecTe KOPBITHIHABUIAN KeJle, aFbUIIIBIH-Ka3aK TiT JKYNTaphl YIIiH ajJblHFaH ayaapMma

KaTeJIepiH KeJleCi/iel TonTacThIpyFa 00Iabl:

¢ MoriH xaHpriapbiHa (FRUIBIMHU, KOPKEM CTHJIb) OalIaHBICThI KaTesep;

* Kypmanac ceitnemuep;
¢ TypakcheI3 co3 TipKecTepiH co30e co3 ayaapy;
¢ JKankp! ce3nepai nypsic aynapmay;

¢ Mopdonorus KypbsUIbIMbI OOMBIHIIIA KaTesep;

JXorapeina atanraH KaTelepliH maiga 0oy cebedi — Ka3ak TUTiHIH KYpBUIBIMBIHA TiKeJeH
OaitmanbicTel. Kazak Timi, Oacka Typki TUIAeC TUIIEp CEKUIMI, KYPbUIBIMBI KaFbIHAH KYpHAEi.
OlTKeH1 Ka3ak TUTIHJIE Ka3ipri, 6TKEeH KOHE KeJep IaKTap apHailbl )KypHaKTap apKbUIbl Oepiyiei.
ConbIMeH Karap, Ka3ak TUTIH/AE )KYpHAKTap MEH jKajFaylap/blH KeIlTereH Typiepi 6ap. Aynapmana
KUl Ke3leceTiH KarenepniH Oipi — Kypmanac ceinemaepae. Cebeli Kazak TUTIHAETT Kypmalac
ceiinemaepain 10-HaH actam Typi 6ap. byt Typiiep MaFbIHACHI MEH JKacaly KOJIbIHA Kapal KIKTeIe/Ii.
Google xone Yandex mMammHaNBIK aydapMaiapbl KypMaiaac coleMaepi ayaprad Ke3/e, oapabl
XKail ceitemaepre Oeir, KOMEKIII co3/1ep apKbUIbl TYPHIC OaiaHbICTHIPMald, CEMaHTUKAIBIK TYP-
FBIJIaH KaTeJikTep kibepei.
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Kecre 2 — CelinemM KYpBUIBIMBIHA OaiJIaHBICTHI aylapMajia aJlbIHFAH KaTeIiKTep
Celinem AFBUTIIBIH I'yrn MammHaneiK SIHaexc MalHaIIbIK Aynapmara
KYPBUIBIMBI TiTiHIE ayrapMasia aJblHFaH aynapMasia ajbIHFaH cunarrama
OolipIHIITA aymapma aymapma
Typrepi
Kypmanac When we British bi3 OpuranabIk- Bi3 OpuranabIKTap MpbIHIa KaTelik
ceiineM go on holiday Tap, MBICAJIFI, OpaHnmsg HeMece COUJIEMHIH COHFBI
in, for example, Opannusra Wcnanns cuaKTEI JKaFbIH/Ia KOPIHEe].
France or Spain, HeMece Vcnanusira JIEMaJTBICKA TIBIFBITI, Heri3i qypsic
and we ask for JeMaiyra Oapranja KOHaKyHIeH ayJiapMachbl:
acup of teain a KoHe 013 KoHakyie | Hemece kKadeseH Oip KINTIH YIIBIHA
hotel or cafe, the Hemece Kadezne Oip Kece IIail cyparaHja, UTIHTeH Iai makeTi
waiter brings us a | IIBIHEI A cypacak, | Hasmibl 0i3re Oip kece MEH JKBUITBI Cy OKEJIi.
cup of lukewarm | masmier Gisre )KIiNTiH | SKBIIBI CY MEH XKINTiH By aymapmana
water and a tea yiisiHAa 0ip Kece COHBIHAA Oip Kam mai CHHTAKCUC KYPBUTBIMBI
bag on the end of | KbUIBI CYy MeH Iiaii OKeJIe i, YKOHE CEMaHTHKA
a piece of string. MAKCTIH OKEIIEI. JKaFbIHAH KaTeJiK
Oap.
Kai Leonardo also Jleonapno coHbl- JleoHapio COHbIMEH MpIHa KaTemiK:
ceiinem made rough MeH Oipre cyHryip Karap JIOPEKi, OpecKel
drawings of KaWbIKTap MEH CYHIyip KalbIKTap ch30a.
machines that TiKYIIaKTap MEH TiKY IIaKTap CrI130aHbBIH
are similar to CHSIKTHI KeHiHIpeK CHUSIKTHI KeHiHIpeK CHUTIATTaMachl KypAei
those that were oifnan TabbUIFaH oiinamn TaObUTFaHAapra | cbI30a KypbULABI eI
invented much MalllMHaJIapFa YKCac | YKcac MalllMHAJIAPIbIH | ayldapbUIFH TYPbIC.
later, such as MalIHaIap/bIH epecKen Ch30anapbiH JlekcuKamnbIK KarbIHAH
submarines and JIOPEKi ChI30aIapbIH JKacapl. JIYPBIC CHHOHUM
helicopters. JKacael. TaH aIMaIbl.

Ocpl Makaazna KypbUIbIMBI KypZeli Ka3ak TuUtiHe OeHiMAeNnTeH apHailbl MOJENbIEP KYPBUIIbL.
Byn monenbzep amblk HEMPOH/IBIK MalIMHANBIK aygapma xkyiecinne (OpenNMT) oxkbitbuiast [8—10].
OKCHEepUMEHT aFbUIIIBIH-KA3aK TUIMIK >KYObIHa Kypri3iiai. Moaenbai OKBITY YUIH aFbUILIBIH-
Ka3aK TUIIEPIHEH TYPAThIH Mapalieib KOpImyc «AKopaa» CalThIHAH KWHAKTaIabl. Kazak TimiHzmeri
anbIHFaH aynapma Hotkeci BLEU aynapma MeTpukachl apKbUIbl Oarananbl. Makanaaa sKyprisiiren
YKYMBICTapAbl TOJIBIK TYCIHIIPLIiN, alny yiiH OipHenie 6eimre 6eaiHl:

¢ benim 2-ne, G6acka TUIIEH Ka3ak TiiHE aygapraHja, ayJapMa carachlH >KOFaphl JISHTei e
aiyFa ar canblcKan KazakcTaH xoHe e3re eJJIiH FalbIMIapbIHbIH dKYMBICTApbIHA IIIOITY.

¢ bemim 3-Te Moenpaep/i OKBITY YIIiH >KHHAJFaH JIepeKTepre cumarrama Oepinemi. TpaHc-
(dhopMmep Mozerbre KoHE aynapMa MeTpHuKabIK enmmemre (bleu) MaTemMaTukaibIK KoHe Oarmapiiama-
JIBIK CHTIATTaMa Oepiii.

* BoiM 4-Te HOTHKE TalgaHabl.

¢ beiiM 5-Te )KyMBICKa JKaJlMbUIaMa KOPBITHIHIBI )KaCAJTbIHAIBI.

* Berim 6-1a Makanaaa alThIIFaH KYMBICTBI KOPBITHIH/IBIIAHA/IBI.

Kazakcran memiekeri 1991 k. Toyenci3 en 0oiblm, Ka3ak TLIl MEMJICKETTIK T peTiHae Oeki-
TIITEHHEH OacTarl, 0apiIblK PeCMH MAIIIMETTED, JKaHAIBIKTap MEH OKYJIBIKTAp/Ibl Ka3ak TUTiHE ayaapy
MIHIETTI OOJIIBI.

Coun cebenti KazakcTan FanbIMaapsl apacbiHia €3re TULIEH Ka3ak TUTiHE aylapy *KoHE ajblHFaH
ayJJapMaHbIH CalachlH jKaKCapTy TaKbIPhIObI KbI3y TAJIKbUIAHBII, 3€pTTEEe OacTaabl.

Fansiv K. bekraes anram pet 1999 x. o3 eHOerine Ka3ax TUTiHIH MOP(OIOTHSUIBIK KYPBUIBIMBIH
AQHBIKTAWTBIH MOJIENh KYpIbl. byJl Moens Kazak TUTIHAET] KaiFayJapaslH 753 TypiH aHBIKTayFa
MYMKiHAIK Oepeni. CoHbIMEH KaTap, bekraeB MoemiH/e Ka3ak TUTiIHEH OpbIC TUTIHE co3/ep TiKeIei
ayAapbUIbII, CO3/IK )KaCaIbl.
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2000 xok. OacerHma mpodeccop Y.A. TykeeB Kazak TUTIHIH MOP(OIOTHSIBIK KYPBUTBIMBIH
3epTTer, xanraynabiH 3240 TypiH aHBIKTAUTBIH MOJICITb YCHIHIBI.

[Tpodeccop Y. A. TykeeBubiH mokiptrepi — [[. PaxumoBsa sxone KaptOaes o3 eHOeKTepiHAe OpbIC
TUTIHEH Ka3ak TUTiHE ayAapy/aa ayJlapMaHblH CEMaHTUKAJBIK JKaFblHA epeKIle Ha3ap ay/laphblll, COFaH
ColiKeC MOJIeIIb KYP/bI.

CoHFBI XbUTIAPhl HEHPOH KeJIIepi apKbUTBI OKBITY JaMBIFAaHIBIKTAaH, Ka3ipri TaHIa ayaapMma-
Japra apHaibl MOAETBAEP KYPBUIBII, OJap HEHPOH >Keliyiepi apKbLIbl OKBITBUIBII, KAKChl HOTHKE-
nepre Ko xketkizyae [11-15].

JKakchl HOTIDKETe JKETKEH HEHPOHIBIK MAIlMHAIBIK ayJapMmaiap KarapbiHa [16] sKyMbBICHIH
JKaTKbI3yFa OoJiaJpl: MYHJIa allbIHFaH ayjapMaiap TpaHchopMep MOJeNi apKblIbl TYPIEHIN, KbITail
TITIHEH aFbUIIIBIH TITIHE aylapbUIIb.

Kenreren HeWpOHIBIK MAaIIMHAJIBIK ayJapMaiap TpaHchopMmep MOAENbIepl HETi3iHIe KaKChl
KOpCETKIITep KopceTTi. Aunaiiia, TpaHcGopMep MOJENTbAECPIMEH CabICThIPFaHAa KaWTalaHAThIH
HeliponapIK xkemninep (RNN) HeriziHae KypblIFaH MOAEIbAEP KbITali—aFbUTIIBIH T KYOBI YIIIH O1aH
Jla )KOFapbl HOTHKE KepceTTi [17].

Tpanchopmep xoHe KaliTamaHaThiH HEUpOHABIK kemiiep (RNN) op Typii MamuHanbIK aynap-
Mayiap/ia OKBITBUIBII, Op TYPJi HOTHXKETEp KOPCETKEHIIKTEeH, MbIHA/Ialk KOPBITBIH/BI jKacayFa 00-
Janbl: aygapMa HOTHXKEC! KOJNJAHBUIATBIH MOJEINbIe JKOHE OHBI OKBITATHIH MAIIMHAJBIK ayJapMma
JKyHeciHe Tikenen OaitianbIcThl. MyHIal skyHenepin 0ipi — albIK HEHPOHIBIK MAITUHAIBIK ayJapMa
(OpenNMT). byn xyiie anram pet [18] xymbIcbiHAa 3epTTene Oactaabl. ATainFaH 3eprreyne Kai-
TajgaHaTelH HeMpoHIBIK kel (RNN) mozeni KypbUlbil, aFbUIIBIH TUTIHEH HEMIC TUTIHE aygapMma
xacanael. HoTmkecinae HeMic TiiHe KacalFaH ayapMa JKoraphbl cara KepceTTi. Anaiiia, aFbUIIIbIH—
Ka3akK TUIaep *KyObl YIIIiH ayaapMa HOTHKEC1 TOMEHIey OOJIIbI.

Ocpiran OaitnaHbICTHI [19] )KYMBICBIHIIA alTBIK HEHPOHIBIK MAITMHAJBIK aynapMa jKyHeciHae
(OpenNMT) kazak TiiHe OeHiMIENTeH apHaiibl MapamMeTpiIepMeH TpaHchopMep MOAEIi KYPBUIIbL.
By monens Herizinae Ka3zak TUTIHIET! ayaapMaHbIH CEMaHTHUKAJIBIK Carachl YKaKcaphblll, aygapMma
HOTHIKEC KOFaphl KOPCETKIII KOPCETTI.

Marepuajgap MeH dficTep

Tpanchopmep MonenbIl OKBITY YIIIH aFbUIIIBIH—Ka3aK TiJ XKYITapblHA apHAIFaH, KYPbUTBIMBI
YKarbIHAH op TYPJIi MOTIHAEPIEH TYPATHIH MapajuieNb KOPITyC KYPbUIIbL. By KopIyc FRITBIMU CTHIIb-
ne skazputrad 109 772 mapamiens ceineM i KaMTUIbI xkoHe o akorda.kz, mfa.gov.kz, economy.gov.
kz, strategiya2050.kz pecmu caiiTrapeinan >kuHakTanasl. COHBIMEH Karap, KOpKeM o/1e0u CTUIIbIe
JKaTaTbIH op TYPIl ceiieMep MeH ce3 TipkecTepiHeH TyparblH Kocbimma 20 000 Gipiik MOTIH ae
SHT 1317111

Kecte 3 — Kopmycrars! ceiinemaep caHbl

Koprmyc atbi Ceiinemuep canbl
Axopna 40661
[IpeMbep-MUHHCTD 6680
mfa.gov 9895
Economy.gov 6550
Crparerus 2050 45986
Onedu OKyIBIKTapAaH albIHFaH 20000

JKvuHakTanraH KopIycTarbl ceeMIep KYpbUIbIMBI )KaFbIHAH KypMaJsac JK9He )Kail ceilinemuep
OonareiHgail apHaiibl Tanganasl. COHBIMEH KaTap KOPIyC JKep, Cy, aJaM aTaylapblH KaMTHJbI.

58



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

Kepkem onmebu cTuibieri ceiiieMaep apachlHAa CHHTAKCUCTIK KYPBUIBIMBI CaKTaJIMaraH JAUAjor
TYPiHIE KeNTeH Kall ceinemuepi e Ke3necTipyre 00mabl.

Anppiven OpenNMT-amblK HeHPOH/IbI MAIIMHAIBIK ayJapMaFa TOKTaJbI eTceK. OHbIH HEeT13r1
KacueTTepine: 1) yJIKeH KeJem/Ii KOPIMyCTap/bl T€3 OKUIBL; 2) OKbITY HOTH)KECIH/IE YIIKEH KoJIeM/Il
MOJIIMETTEPII T€3 9pi camnasbl ayaapabl.

[ Over || s | | L |{ | [ <eos> |

| Cizgiyi H gegl'lin | ‘ ' ” <e(:)s> | | O\:'er . tl;e | line ||

Cyper 1 — AmsIk HelipoHbl MamuHAIEIK aygapma (OpenNMT) yorici

l-cyperTe KbI3bUI TYCTI TIKTOPTOYpPBIIITA ayAapbUIaThiH OAcTaIlKbl CeMeMJeri ce3laep eHri-
3imeni. Capbl TycTeri TIKTOPTOYpBIIITA XKAaChIphIH KalOarra ce3zmep aynapbuiblm, xibepineni. Pe-
KypeHTTI HEWpOH XKeJici apKputbl (rnn), transformer HEHpOH jkeiici HETi3iHIEe capbl TYCTEH KOK
TIKTOPTOYPHIIIKA JKaKbIH aygapMa ces3zep kidepinesi.

A1bIK HeHpoHpI MamMHAIBIK aynapMaaa (OpenNMT) ka3zak TitiHe ayaapy aaropTi:

1. Kopmyc naiibingansl: src-train.txt arTel (aiiara aFbUIIIBIH TUTIHACTI ceieMep; tgt-train.
txt arThI (haiiaFa Ka3ak TUTIHAET] AYPHIC peCMU CAalUTTaH ajJbIHFaH ayJlapMa CoiieMIep sKa3buIabl;

2. Tpancdopmep Moaeni Kypblibli, kKojsl en-kk.yaml ¢aiin imriHe >ka3pliaibl )koHE OKBITBUTYFa
apHalbl mapamepiep oepiii:
#Transformer model . #Batch cize

encoder_type: transformer | batch_size: 2048

decoder_type: transformer batch_type: tokens

sition_encoding: true
2‘; layers: & x . normalization: tokens

dec_layers: 6

heads: & early_stopping: 4

ron_size: 512 early_stopping_criteria: accuracy
word_vec_size: 512 early_stopping_criteria: ppl
transformer_ff: 2048

dropout_steps: [8] data:

dropout: [©.1]

. corpus_1:
sctention_dropout: [0.1] path_src: kk_en_corporaf/src_train_bpe_shuffled
# Oprimization path_tgt: kk_en_corperaf/tgt_train_bpe_shuffled
model _dtype: “fp32” valid:
optim: “adam” path_src: kk_en_corpora//sre_valid_bpe_shuffled
learning_rate: 2 path_tgt: kk_en_corpora//tgt_valid_bpe_shuffled

decay_method: "nocam™
adam_betal: 8.998
max_grad_norm: @
label_smoothing: 8.1

# Train on a single GPU
world_size: 2

param_init: @ gpu_ranks: [@,1]
param_init_glorot: true
normalization: "“tokens™ # Where to save the checkpoints
save_model: kk_en_corpora/transforser_bpe_model fmodel
#Batch size save_checkpolnt_steps: 18008
batch_size: 2048 train_steps: 100000

batch_type: tokens

normalization: tokens valid_steps: 5090

Cyper 2 — Tpancdopmep MozeIiH/e mapaMeTpiiep CUITaTTaMacChl
Ocbl MOJIeNb alIBIK HEWPOH MAIIMHAIBIK ayJJapMaHbIH apHaibl kKoMaHzacsl onmt train -config

en-kk.yaml apkputbr oxpiTbuiabl. Koprycrarer 180000-HaH TypaThiH celyiemMaepni aymaapy YIIiH
OKBITyFa 6 cararTail yakbIT )KYMCaIIIbI.
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3) Ocwl Mopmenble arbUIIIBIH TUTIHEH Ka3akK TUTiHE aylaapMma OpbIHAAy YIIiH aJJIblH ana
naiteiaganrad 20000-HaH TypaThIH aFbUIIIBIH TITIHACTI sre-test.txt daiinma cakranran ceiieMaepai
mozenbaiH 60000 kamamblHIa OKBITbUIFAH HycKackiHaa HoTmkeci pred 1000.txt ¢aiinra kKazak
TUTIHE aynapMa *a3bUiabl. AyaapMma amblK HEMpPOH MalIMHAJBIK aylapMaHbIH apHaiibl KOMaHAAaChl
apKbUIBI XKYPTi3il.

onmt_translate -model model step 60000.pt -src src-test.txt -output pred 1000.txt -gpu 0
-verbose. I1IBIKKaH HOTIKE Kellecinei OOIb:

Memneker Bacusicy <unk> AAK Backapma Teparacs Anexcei <unk> <unk>

<unk> BacekenecTikTi gamuty yuin BacekenectikTi gausry macenenepi xewingeri Oprans Asua
memnexetrepl Oacusnapunsy Oepecun cammnti Gonsn etTi.

<unk> KOHCTHTYUMANK 33H3pFa e3repTynep enrisy kapangul

<unk> COKuHa feiin <unk> TobuHa TeparanukTy kabungagy

OHTycTik KasaxcTan ceris ailga 3 b TOHHaFa XynK eT <unk>

Ka3akcran Mpesngenti <unk> koMnakuanap Tobub xetekwici <unk> <unk> kesmecri

Aymapma carachIH JaKcapTy YIIiH Ka3ak TUTiH/Ie ayaapMa Ta0buIMaraH <unk> ce3ep/IiH KaKblH
aymapmacsl Ta0y ymriH -replace unk komMaHmachl KOCHIT KaidTa OKBITBULABI: onmt_translate -replace
unk -model model _step 60000.pt -src src-test.txt -output pred 1000.txt -gpu 0 -verbose

byn aynapma koMaHmachkiHaH KeiiH <unk™> ce3iepiiH aymapMachkl TaOBIIFAaHBIH JKOHE aylaapMma
KOPCETKIII )KaKcapFaHbIH KopiK. OnapbplH HOTHKEC] Keeci 0eimM/ie KopCceTireH.

Tpanchopmep MonenniHiH MaTeMaTHKAIBIK CUITATTaMACHI.

y BEKTOp ayJlapMaHbl aly aJlrOPUTMI:

a) AymapbeuiaTei cesnep x1, X2, x3, .....Xxn BEKTOPJIbI TOKEHJAEpMEH TypieHeai. by Tokenaep
*acwIpblH Kabatra Wk, Wq xone Wv Marpunianap apkeuiel ToMenzeri (1) ¢opmynaceiven ki qi
JKOHE Vi BEKTOPJIAphl Xi TOKCHIEPiH e TeHEPaIHsIaHa IbI.

ki «— xl'Wk € Rlek q; < xiVVq € Rlek VU, < xiVVv (S Rlek

fori=1,.....,n.
0) anpIHFaH OapibIK HOTMDKETEp MacIiTa0TaH IIBIKMAybl YIIiH Keneci (opmyna OoifbiHIIA

TYpJCHE I
-1
Vi

¢) softmax OenceHipy GyHKIUICH €CENTeNe/i:
T
qik;

ij < T —
J \/d—k

< softmax (a;;) =

a forj=1,....,i

eXp(ai,j)
i=1€xp(a;;)

d) IlIeiry y BekTOpBI Keneci popmyiia GOMBIHIIA aJIbIHAMBL:
L

y; < E a ;v forj=1,..,1
i=1

a;

ij forj=1,....,i

Horwxecinze y, aynapma BEKTOPbI albIHAIbI.

HoTuzkesiep MeH TaJKbLIAY

Kypbutran monens 178000 mapamniens ceiiemMIepaeH TypaTbiH ¢aiin 6 carar yakpITTa OKbI-
TeUIABL. byst Monenb i Tectiney yiria 20000 TypaThiH FEUIBIME, KOPKEM 9JICOMET CTUITIH/IE )Ka3bIIFaH,

KYpPbUIBIMBI JKaFbIHAH QPTYPJIl CeMIeMIep arbUILIBIH TUIIHEH Ka3ak TUTIHE ayaapbUiabl. Ayrnapma
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notmwkeci BLEU ( Bingual Evaluation Understudy) merpukaceiMen ecenteninai. BLEU ( Bingual
Evaluation Understudy) 6ip TingeH aygapbuUlFaH MOTIHHIH CalachlH OarajiayFa apHaJIFaH eJIiey
meTpukachl. by kepcetkim 0 nen 1 ( 0% nen 100% ) apanbirbia kamtuasl [20].

N
BLEU = Brevity_Penalty X 1_[ p."
n=1

MyHza,bl, p_— N-gram nonaik Monaepi 6ombim Ta0butannl; N-KabaTTapablH MaKCHMaIIbl IEHIEHi;
w_N-gram canmakTapbl;

_ 1, c¢>r
Brevity_Penalty = e(-T/0) < r

MYHAFbl C — MOJIEJIb APKBUIbI OKBITHUIBII, ayIapbUIFaH ayJapMa Y3bIH/BIFbI )KOHE I' — IYPBIC HAKTHI
aynapma y3biHabIFel. BLEU ymaiieiasig MoHi 1-re (100%) sxakbiH OonFaH caiiblH, ayJapMa camachl

COFYPJIBIM JKOFaphl OOMaIbI.

Kecre 4 — Tpanchopmep MozemiHie albIHFaH HOTHKEIEP

Tim sxymnTapsr JKbIImaMabsIK TOK/CEK BLEU
AFBUIIIBIH-KA3aK 4300 0,45
Kazak-arbuiibsia 4300 0,45

AHBIKTaNMal KanraH <unk> ce3nep/iH aynapMachlH aHBIKTAY YIIIiH OKBITBUIATHIH TpaHchopMep
MoJieNmiHae replace unk: true KOMaHAACBIH KOCHIT,MO/ETh KaiTa OKBITBUIIBL. AygapMa HOTHXKECI
5-kecTe OOMBIHIIA aJbIHIbL.

Kecre 5 — Replace unk xomanmaceiMeHn Tpancopmep MOEIiHIE albIHFaH HITHXKETIEP

Tin xynrapbt JKbL1maMapIK TOK/Cex BLEU
AFBUIIIBIH-Ka3aK 4300 0,55
Kazak-arpLIibiH 4300 0,55

Kecrene xepcerinren HoTmwke replace unk komMaHmachIMEH OKBITBUIFAHA, ayJlapMa HOTHKECI
0.1-re xorapnanel. OiiTkeHi, replace unk koMaHmachl alIbIK HEHPOHBI MAIIMHAIBIK aylapMajaa
ayaapbpUIMail KanraH <unk> cesiep OpHBIHA aylapMachl )KOHE MaFbIHACHI JKaFbIHAH JKaKbIH CO3JIEP
KOWBLIAIEL.

KopbIThIHABI

Makanana amblK HEWPOHIBIK MalIMHAIBIK aymapma xyihecinge (OpenNMT) tpanchopmep
MOZIeTh HeTi31H/1e Ka3aK TITIHJET] ayjapMa canachlH apTThIPAThIH apHANBI MapaMeTpIiep TaHAaIbl.
By mMonenbai OKpITYy a3 yakbIT anabl. OKBITY YLIIH 9p TYPJi pecMHU caiTTap MEH KOpKeM o1edu
OKYJBIKTAap/laH ajJblHFaH, KYPbUIBIMBI JKaFblHAH opTYpii (kai xoHe Kypmanac) 180 000-ra xybIK
napajuieib COUIeMHEH TYPaThIH KOPITYC KUHAKTaIbl. Mojaenpai Tectiney yiria 20 000 aFpuIibH
TUTIHAET] celieM Ka3ak TuliHe aynapbuiabl. Aynapma Hotmkeci BLEU wmerpukacel OolibiHIna
aFbUIIIBIH-KA3aK JKOHE Ka3aK-aFbUIIBIH Til KynTapsl ymiH 45% kepcetkim kepcerti. Keiiin
aymapsUIMaraH cesfepai replace unk komaHgachl apKbpUIbl KaiiTa eHIEY HOTIDKECIHAE ayaapMa
caracel 55%-fa )xeTTi. Aygapma HoTxkelnepi OoibIHIIA albiHFaH KepceTkimrep Google xone Yandex
MalllMHAJBIK ayAapMa sKyHelepiHeH KeM TYCIeUTiHIH KepceTTi. JKankel eciMaepain (agam, xep, cy
araynapsl) aynapMacsl Ta0bu1bl. COHBIMEH Kartap, ayilapMaHbIH MOPQOIOTUsIBIK KYPBIIBIMBI MEH
cellieMIep/liH CeMaHTHKAJIBIK MOHI JKaKChl CaKTaJFaHbl OalKanabl. AyJapMma camachlH OJaH opi
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JKaKCapTy YIIiH KOPITYC KOJIEMiH YIFAUTY KaXeTTirl SKCIIEPUMEHT Ky3iHae aonenaeHmai. CoHbIMeH
karap, OpenNMT muiatdopmacsinaa KypbuFan Tpanc(hopMep MOeIb apHalibl MapaMeTpiep apKbl-
JBI Ka3aK TUTIHIH aygapMa camachlH apTThipa anjabl. by Moaenb/i Typki Tingec 6acka Timaepre e
OeiiiMaen KoJaanyra 6onasl, cebedi Typki Tiiaep ToObIHA opTaKk MOPGOIOTHSIIBIK KOHE CUHTAK-
CHUCTIK epeKIemkTep 6ap.

Kapxbl1anabIpy Typasbl aknapar

byn 3eprrey Kaszakcran PecryOnukacbiHblH FbUlbIM KoHE >KOFapbl OUTIM MHHHUCTPIITIHIH
kongaysiMeH BR24993001 sxo0ackiMeH Kap KbUTaHIBIPBLIIbL.
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AHHOTAIUA
B Hacrosiiiee Bpemsi B Ka4eCTBE OHOW M3 OTPACiCii MOXKHO Ha3BaTh MAIIMHHBIN miepeBo. JIonu U3 pasHbIX
CTpaH UCIOJIB3YIOT MAIIUHHBIN TIEPEBO, YTOOBI TIOHUMATh JIPYT IPyTa, MO3TOMY IOTPEOHOCTh B HEM BO3pacTacT
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¢ Kaxx/1bIM ToioM. Ha nanublil MomeHT 'y 1 SIHaeke MaliMHHbBIe TIEPEBO/IbI BXOIST B YHCIIO JIYUIIMX MAIIMHHBIX
nepeBoioB. C KayK/IbIM T'OJIOM MallMHHBIE epeBo/bl SIHAekca u ['yriia mogHuMaloT KadyecTBO IepeBoa Ha Oosee
BBICOKHH ypoBeHb. OJTHAKO IO pe3ysibTaTaM IIPOBEICHHOIO SKCIIEPUMEHTA IIPH MIEPEBOJIE C AHIIIMHCKOTO MM pyc-
CKOTO Ha Ka3aXCKHH, a TaKk)Ke Ha TIOPKCKUE SI3BIKM Ka4eCTBO MEPEBO/IA HIDKE 110 CPABHEHUIO C APYTUMH S3BIKAMHU.
B nokazarenscTBO ToMy B ceHTs0pe 2024 roma B paboTe OBUT TOKa3aH MEPeBO, MOTYYCHHBIA B PE3YIbTaTe ITHX
JBYX MaIllMHHBIX I1epeBooB. IIoToMy 4TO MOJIENb, OCYIIECTBIISIOIIAs MAIIMHHBIN II€PEBOJI, HAIPSIMYIO CBS3aHa CO
CTPYKTYpO# 513bIKOB. B cBsi31 ¢ atim ¢ 2000-X rogoB yueHsle rocyaapcTsa Kaszaxcra B 11e/19X COBEPIIEHCTBOBAHUS
MepeBOJIOB HA Ka3aXCKHH SI3bIK CTAJIM CPAaBHUBATh U HHTEHCHBHO M3y4aTh MOJIEIIN, XOPOILIO MepeBOJISIIIUECS Ha JAPY-
THe SI3bIKH, TAK)Ke HadaJli CO3/1aBaTh CIICUAIbHbBIC MOJIEIIH /IS Ka3aXCKOTo sI3bIKa U IyOJINKOBaTh HayYHbIe paOOTHI
nX pe3ynsraroB. Llenb paboThl — MOBBINIEHHE KaYECTBA MIEPEBOAA C AHNIMICKOTO Ha Ka3axcKuit A3bIK. C ATON 1esbI0
Obl1a co3/1aHa MOJIENIb-TPaHC(HOPMED, MOAXOIAIIAS I Ka3aXCKOTO U TFOPKCKOTO SI3BIKOB, [UIsl O0yUYECHUS IEPEBOAY
B Open Neural Machine Translation (OpenNMT). Co3nanHast Mojieib OblTa 0OyYeHa IMyTeM YTCHHS U OOyUYCHHS
AHIII0-Ka3aXxCKOro TapaiesibHOro kopryca oobemom 180 000 mpemnoxeHwuit. J[si OLEHKH pe3ynbTara mepeBoaa
Ha Ka3aXxCKHUH s3bIK ObLT nepeseieH daiin, cocrosmmii n3 20 000 npeiokeHnid pa3InyHOi CTPYKTYpbI (IPOCTHIE,
ciioxHbIe). Pesynbrar OblT H3MepeH 1o MeTpuKe nHIuKaTopa nepesoza (Bleu) u mokasan xopomwuii yposens. [Ipo-
BEJICHHBIN B pab0OTE SKCHEPHMEHT TOKa3aJll, YTO JJIs TOBBIIICHUS MOTyYEHHOTO pe3yIbTara Ha elie 0oiee BBICOKU
YpOBEHb HEOOXOIMMO B X07i¢ 00y4EHHs MOJEIH YBEIHMUUTh KOJINIECTBO MapauIeNbHBIX MPEITIOKEHUH, CO3/1aBac-
MBIX M3 NIapbl AaHINIMHCKUH-Ka3aXCKUH SI3BIKH.

KutioueBble ci1oBa: HepOMaIIMHHBIN IEPEBOJI, METPHKA NIEPEBO/IA, APAJLIeNIbHBIN KOPITYC, OTKPBITHIN HEMpO-
MAaIIWHHBIN IePEBOJI, MOJICIb-TPpaHChOpMEp.
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NEURAL MACHINE TRANSLATION
FOR ENGLISH-KAZAKH LANGUAGE PAIR

Abstract

Currently, information technology is rapidly developing and one of its branches can be called machine
translation. The use of machine translation in the process of understanding each other by people from different
countries is increasing every year. At the moment, Google and Yandex machine translations are among the best
machine translations. The quality of machine translation from Yandex and Google is improving every year.
However, according to the results of the experiment, when translating from English or Russian into Kazakh and
Turkic languages, the quality of the translation decreases. This was shown by the translation result obtained from
these two machine translations in March 2024. After all, translation has also shown that it is directly related to the
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structure of language. Since 2000, scientists from the state of Kazakhstan have been actively studying translations
into the Kazakh language. The goal of the work is to improve the quality of translation from English into Kazakh.
For this purpose, a transforming model was created for the Kazakh and Turkic languages for learning translation in
neural machine translation OpenNMT(). The created model studied and learned an English-Kazakh parallel corpus
of 180,000 words. Later, the document with a structure of 20,000 different English sentences was translated into
Kazakh. The result is measured using the Blue() metric. The translation result showed a high level. It is shown that
in order to improve the results of the experiment carried out in the work during model training, it is necessary to
increase the number of parallel corpora created from the English-Kazakh language pair.

Keywords: neural machine translation, BLEU metric, parallel corpus, OpenNMT, transformer model.

MakaaHblH pefakiusra TyckeH kyHi: 15.01.2025
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'Kazaxckuil HaMOHAIBHBIN YHUBEPCHUTET UM. allb-Dapadu
’Ka3axckas HaI[MOHAJIbHAs aKaIeMUs HCKycCTB UM. JKypreHosa

CPABHUTEJBbHBINA AHAJIU3 COBPEMEHHBIX HEUPOHHBIX CETEN
JJISA PACIIOBHABAHUSA OBBEKTOB HCKYCCTB

AHHOTALUSA

B name Bpems mpo6iema onpenesaeHus MOATMHHOCTH MPOU3BEACHHH UCKyCCTBA CTAHOBUTCS OCOOCHHO aK-
TyaspHOH. PaHee 3TOT mporiece BBIMONHSUICS UCKIIOYUTENLHO BPYIHYIO, UTO TPeOOBAI0 3HAYNTEIBHBIX 3aTpaT 4e-
JIOBEYEeCKHX pecypcoB. OIHAKO C Pa3BUTHUEM TEXHOJIOIMH BO3HUKIIA MOTPEOHOCTh B CO3J[@HUHM MHTEIUICKTYalbHOU
CHCTEMBI, CIIOCOOHOM MPOBOANTH TOUHBIH aHAIN3 U WACHTH(UKALUIO TPOU3BEACHUI UCKYCCTBA. YXKE CYIIECTBYIOT
HCCIIE/IOBAHMS, HOCBSIICHHBIC PACIIO3HABAHUIO OOBEKTOB C PA3IMYHBIMHU TOIOJIOTHSIMU Ha OCHOBE HCKYCCTBEHHOTO
HHTEJJIEKTa, KOTOPbIe KOMOMHUPYIOT METObI IIyOOKOro 00y4deHusl 1 MammHHOro 3peHus [1-3]. PacnosnaBanue
0OBEKTOB HCKYCCTBA C UCIIOIB30BAaHNEM HEHPOHHBIX CETEH — 3TO 001aCTh KOMIIBIOTEPHOTO 3PEHMS, HalpaBICHHAs
Ha WJICHTU(UKAIHIIO ¥ KITaCCU()UKALNIO TPOU3BEACHUH HCKYCCTBA, TAKUX KaK KaPTUHBI, CKYJIBITYPbI U apTe(aKThl,
C IPUMEHEHHUEM METOJIOB IIIyOOKOro o0ydeHust. B kpynmHeHmx My3esiX 1 MUPOBBIX XPaHUITUILAX, TAKUX KaK My3ei
JlyBp (®pannus), Merpononuren-myseit (CILUA), T'anepes Y douun (Uranus), bpuranckuii myseii (Bennkoopu-
tanwus), Peiikemyseym (Hunepnausl), y’ke akTHBHO ITPUMEHSIIOTCS COBPEMEHHBIE TEXHOJOIMHU ayTeHTHU()HUKAIIMN
MIPOM3BEACHUH MCKYCCTBA, OCHOBAaHHbBIC Ha MCKYCCTBEHHOM MHTEIUIEKTE W HEHPOHHBIX CETAX. JTH CHCTEMBI I10-
3BOJISIIOT 3HAYNTEIHHO TTOBBICUTH TOYHOCTH OIPEAENICHHS MTOJUIMHHOCTH HKCIIOHATOB, aBTOMaTH3MUPOBATh MPOIIECC
UX aHaJIN3a 1 MUHUMHU3UPOBATh BIMSHHE YeloBeuecKoro (paktopa. CoBpeMEHHbIE CUCTEMBI Ay TEHTH(UKALINH, BHE-
JIPEHHBIC B KPYyIHEHIINe My3eH MUPA, TO3BOJISIIOT HE TOJIBKO 00JIee TOYHO BBISBISAThH MOUIMHHOCTD POU3BEICHUN
MCKYCCTBa, HO M 3alllUIIaTh KYJIBTYpHOE Hacieaue oT (anbcupukanuii U paspyiieHus. CBepToUHbIe HEHPOHHBIE
cetu (CNN) — aHaIM3UPYIOT BU3yaJbHBIE 0COOCHHOCTH KapPTUHBI, BKIIIOYast Ma3KH, TEKCTYpy ITOBEPXHOCTH U IIBe-
TOBBIE coueTaHus. [iyOokoe oO0yueHne — oOydeHHbIC MOJICIN CPaBHUBAIOT MCCIICyeMOe MPOU3BeeHNE ¢ 0a3on
TIOJVTMHHBIX KAPTHH, BBISIBIISISI TOTEHINAIBLHBIE HECOOTBETCTBHUS. B 1aHHO cTaThe MpenCcTaBIeHO CPAaBHUTEIHEHOE
UCCJICZIOBAHUE PA3IMYHBIX MOJeNell HEHPOHHBIX CEeTel, HAalpPaBICHHOE HA MOBBIIICHHE TOYHOCTH PACIIO3HABAHUS
1 00pabOTKH JaHHBIX.

KiaroueBrnle ciioBa: HeﬁpOHHLIe CCTH, paCIIO3HABAHUEC, MAaTpUllad 3allyTAHHOCTH, 00BEKTHI HCKYCCTBA.
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BBenenune

Pa3BuTHe TeXHONOrHI HCKYCCTBEHHOIO MHTEJUIEKTA 3HAYMTENIBHO MOBIMSIO HAa 00JacTh pac-
MO3HaBaHMsI U300pAKEHUM, BKIIIOYasl aHAJIN3 Mpou3BeieHni uckyccrsa. CoBpeMEeHHbIe HEMPOHHBIE
CeTH JIEMOHCTPUPYIOT BHICOKHI YPOBEHb TOUHOCTH IPH KJIaccu(UKaLUU N300pakeHuil, YTo AeIaeT
UX BOCTPeOOBaHHBIMU B MY3€siX, rajiepesiX U UCCIeI0BaTeNbCKUX 1eHTpax. OfHaKko BHIOOP OMNTH-
MaJIbHOM apXUTEKTYphI sl JaHHOU 3aJ]adyl OCTAeTCs aKkTyalbHOH npolnemoit [4].

Cy11ecTBYIOT pa3IuyHble TOAXOAbI K Paclio3HaBaHUIO 0OBEKTOB UCKYCCTBA C UCHOIb30BAaHUEM
HelpoHHBIX ceTeil. B yactHOoCTH, cBepTOuHble HeliponHble ceTh (CNN), Takue kak ResNet, mpone-
MOHCTPHUPOBAJIH BBICOKYIO TOYHOCTb MPH KJIacCU(UKALUU U300paxkeHnii Onaroaaps riyOokoil apxu-
TEKTYypE B OCTaTOYHBIM CBsI3sIM [5, 6].

Ceeprounblie HelipoHHble ceTu (CNN) saBisitoTcss Haubosiee pacnpoCTpaHEHHBIM METOIOM 00-
paboTku u3obpaxkenuil. Takue apxutekTypsl, kak ResNet, VGG, Inception u EfficientNet, ycnemno
NPUMEHSIOTCA JUI KIIACCU(PUKAIIMKM KApTHH 0 XyI0KHUKAM WU CTUIIsM [7, 8, 9].

JIOTIOJTHUTENIBHO pacCMaTpPUBAIOTCS MOJAETH, OPUEHTUPOBAHHbIE HA OOHApyKEHHE OOBEKTOB,
takue kak YOLO [10, 11, 12] xotopble OblTM afanTHpOBaHbl AJs Kilaccu(pUKaluyu n300pakeHu.
YOLOVS npezacrasnsier coO0i ynyqIIEeHHYIO BEPCHIO 3TOM MOJIeIH, 00beIUHSS BBICOKYIO CKOPOCTh
paboThI C BBICOKON TOYHOCTBIO.

HecMotpst Ha akTUBHOE pa3BUTHE ATHX METOJOB, OCTAETCS BOIPOC O TOM, KaKasi apXUTEKTypa
Jy4llle BCEro MOIXOIUT JUIsl paclio3HaBaHUs MPOM3BEACHUN HcKyccTBa. HacTosiiee uccienoBanue
HaMpaBJIeHO Ha CPAaBHUTENbHBIN aHAIN3 pa3IMYHbIX HeilpoceTeil B JTaHHOW o0nacTu.

MarepuaJibl 1 METOABI

Jlo nosiBneHus: HepoceTel U METOJIOB KOMITBIOTEPHOT'O 3pEHUsI ayTeHTU(UKALIMS KapTUH Tpo-
BOJIMJIACH BPYUHYIO DKCIIEPTAMH U C TIOMOILBIO PA3JIMYHBIX HAYYHBIX METOIOB. DTHU MOAXOABI Tpe-
OyIOT BBICOKOH KBaIM(PHUKAILIMK CHEIHUAIMCTOB U 3HAUUTENbHBIX BPEMEHHBIX 3aTpar. TpaluluoHHbIe
METO/IbI Ay TEHTU(UKALIUH TPOU3BEICHUIN UCKYCCTBA OCTAIOTCS BAXKHBIMH, HO UMEIOT psiJl HEJJ0CTaT-
KOB: CyOBEKTUBHOCTb, TPYIOEMKOCTh U BBICOKYIO CTOMMOCTb. VIHTEerparus HelipoceTeil 1 KOMIbIO-
TEPHOT'0 3pEHMsI MO3BOJSIET aBTOMAaTU3MPOBAaTh MHOTHE MPOIECChl, CHU3UTh OIIMOKU U MOBBICUTH
TOYHOCTh aHanu3a. [IpenmyiecTBa HEUPOHHBIX ceTel: cBepTouHble HelipoHHble ceTi (CNN) aHa-
JU3UPYIOT OCOOCHHOCTU M300paXKeHHsI Ha ypOBHE IUKCENIEH, BBISBISIS XapaKTEpHbIE YepThl MPO-
u3BeqeHus. CBepTOUYHbIE HEUPOHHBIE CETH — ATO OCOOBIN THUIl HEHPOHHBIX ceTel, pa3paboTaHHbII
Juist 00paOOTKM JBYMEPHBIX JIaHHBIX, TAKMX Kak H300paxeHus. VX kiaroueBas 0cOOEHHOCTh — CHO-
COOHOCTbh aBTOMATHUYECKH M3BIIEKATh Ba)KHbIE NMPU3HAKU U3 U300paKeHHs,, MUHUMU3UPYS HEOOXO-
JUMOCTb py4HOIl 00paboTKu naHHbIX. CNN HIMPOKO MPUMEHSIOTCS B KOMIIBIOTEPHOM 3PEHUU IS
3a/1a4 KjJaccu(puKalmu, AeTeKIMHU, CETMEHTALMK U APYTUX BUJIOB aHaJIN3a N300pakeHui.

B nanHoM uccienoBaHuM MPOBEICH CPAaBHUTENBHBIN aHAJIN3 COBPEMEHHBIX HEUPOHHBIX CeTel,
NPUMEHSEMBIX JJIs Paclio3HaBaHUS 00ObEKTOB UCKyccTBAa. OCHOBHOE BHUMAHUE Y/IEICHO YPPEKTUB-
HOCTH Pa3IMYHBIX apXUTEKTYp IPU KIACCU(PHUKALIMH XyJ0KECTBEHHBIX ITPOU3BEICHUI 110 aBTOpaM.

Jliig sxcniepuMeHTa ObUTM OTOOPAHBI JIBE MOMYJISIPHbIE HEUPOCETEBbIE APXUTEKTYPHI:

* ResNet50 — niryOokast cBepTouHasi HEHPOCETh, LIMPOKO UCIIONb3yeMas s 3a/1ad Kiaccudu-
Kalluu U300paKeHU.

¢ YOLOVS8 — coBpeMeHHasi MOJIellb, OPUEHTUPOBAaHHAs Ha JETEKLHIO OObEKTOB, HO aalTUPO-
BaHHas JUI 33/1a41 KIIACCU(PUKAIIH.

CpaBHUTENBHBIN aHAIN3 XapaKTEPUCTUK JIBYX MOeJel mokazaH B Tadmuie 1.
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Tabmuna 1 — CpaBHUTEIBHBIN aHATN3 XapaKTEPUCTUK ABYX MOJIEIICH
XapakTepucTuka YOLOvS ResNet-50

Tun monenu

Oo6Hapyxenue oobekroB (Object
Detection)

Knaccudukarms n3o0pakeHuit
(Image Classification)

ApXUTEKTypa

CNN + PAFPN + Head

I'myGoxkast cBepTOYHas CETh C
OCTATOYHBIMH OIOKAMH

I'myOuna cetu

3aBucur oT Bepcuu (n/s/m/1/x)

50 cnoes

Hasnauenue

OObHapyxeHHe, CeTMEHTAIHS,
OTCJIEeKUBaHNE OOBEKTOB

Knaccudukarms n3odpaskeHuid

Pasmep BxomHOTO H300pakeHUs

O6braHO 640%X640 (MOXHO
W3MEHUTh)

OOb1yHO 224%x224

Brixon

KoopamaaTs! 00BEKTOB, KIIACCHI

OpnuH xnacc (WA BEPOSITHOCTH TT0
KJIaccam)

[Monnmepskka cerMeHTAIIH

Ha (YOLOv8-seg)

Her nanpsmyto

HpI/IMCHCHI/Ie Ha MIPAKTUKE

BueonabmroneHue, aBTOHOMHBIE
aBTO, MEIMIIMHA U T.]I.

PacnioznaBanue U300paKeHM,
M3BJICUCHHE TPU3HAKOB

Ckopoctb padotsl (FPS)

OueHb BBICOKAs (B 3aBUCUMOCTH
OT MOJICTIH U YCTPOMCTBA)

BeicTpast, HO He B pealbHOM
Bpemenu (Ha CPU)

Tounocts (MAP a5t detection)

~50-56% mAP (B 3aBuCHMOCTH

He npumensiercst (mAP nHe

OT BEpPCHH) HCIIONB3YeTCs)
[TpenoOyueHHbIe Beca Ha (ma COCO u npyrux Ja (na ImageNet)
Jlaracerax)

IIpeumyiecrna

VYierpadbicTpoe 0OHapyKeHHe
00BEKTOB

VYeroitunBast kiaccuuKars,
Xopoliiee n3BjiedeHne Gud

bubnnorexu n GppeiMBOpKH

PyTorch, Ultralytics

PyTorch, TensorFlow, Keras

Jlara penuza

2023

2015

B kauecTBe HCXOAHBIX JAaHHBIX MCIIOJIb30BaJICA Ha60p H306p3.)KCHPII>i, coz[epncamm}i 50 KJIaCCOB,

COOTBETCTBYIOIIUX PA3IMYHBIM XyI0KHUKaM. J[aHHBIC ObLTH COOpaHbI U3 OTKPBITHIX HCTOYHUKOB U
BKJItouasid He MeHee 300 kapTHH Ha KaXKabli kiacc. BrocnencTsum ass 0ojiee TOYHOTO aHAIN3a KO-
JMYECTBO KIJIACCOB OBIJIO COKpAIEHO /10 Iectr (1o kpurepuro Hanmmgwst 6onee 300 m3o0paskeHnil B
KaTeropum). B pe3ynbrare okonvarenbHbIN naTaceT Brimrodan 1800 nzobpaxenuid. Paznenenue nan-
HBIX JUIs1 0Oy4eHUs coCTaBisieT Ha oOyyaronryro (80%) u Ha TectoByto (20%) BEIOOPKH.

[Tocne 3aBepuieHus 00y4YeHUs: MPOU3BOJUIOCH TECTUPOBAHUE MOJEICH Ha KOHTPOJIBHOW BBI-
O0opKe. AHAIM3UPOBAIUCH MTOKA3ATENIN TOYHOCTH KIIACCU(PUKAINH, a TAK)Ke cTeneHb omuoku (recall,
precision u F1-score) mms xaxmoro kiacca. JJonoiaHUTEIHHO OblIa MOCTPOEHA MaTpHIla 3aIly TaHHO-
CTH, TIO3BOJISIFOIIASI BBISBUTH HANOOJIEE CIIOXKHBIC /TSl KITACCU(PUKAIIMN TPYIIIbI XyI0KHUKOB.

Takum 00pazom, peIoKeHHAsT METOIOJIOTH 00ecieunBaeT 0ObEKTUBHOE CPaBHEHUE Pa3liny-
HBIX HEHPOCETEBBIX apXUTEKTYp B 3aja4e pacro3HaBaHUs 0OBEKTOB HCKycCcTBa. B cienyromiem pas-
JieJie TIPEICTABIICHBI TOJyYSHHBIC PE3yIbTaThl U UX aHAJH3.

Pe3yabTarthl u 00cy:kaeHue

C nenpro onpesieNieH s, Kakasi U3 MPeIIoKCHHBIX BapHalliii HGHPOHHOM CETH JIydilie, ObLT po-
BEJICH CPaBHUTEINIBbHBIN aHam3 AByX Mozeieit, YOLO v8 u ResNet50. B kauectBe o0yyaemoro Habo-
pa JaHHBIX ObLTa MCTIOIb30BaHa 0asza JaHHbIX SO0 XyI0KHUKOB, ¢ 00muM koinrdectBoM 18 000 kap-
THH.

Marpuna 3amyranHocTH (confusion matrix) — 3To TabauIa, KOTOpas MO3BOJISIET OLEHUTH Kade-
CTBO pabOTHI MOIETT MAITUHHOTO OOYYECHHUS, B YACTHOCTH HEHPOHHOW CETH, BBITIOTHSIONICH 3a1aqy
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kinaccudukanuu. Ha pucynke 1 mokasaH pUCYHOK TEIUIOBOW KapThl 3aIlyTAHHOCTH MOJIEITH HEHPOH-
Hol cetn ResNet50. [Ins TecTOBBIX AaHHBIX OBUIM MCIIOIB30BAHBI KAPTUHBI 6 XyJO)KHUKOB C HaH-
6osiee OOIBIIUM KOJTHMUYECTBOM KAapTHH (PUCYHOK 1).

Confusion Matrix
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Pucynok 1 — TerutoBast marpunia 3armytanHoct mojienu ResNet50

AHanu3upys NpeACTaBICHHYI0 MaTpPUIly 3allyTaHHOCTH, MOJKHO 3aKJIIOYHUTh, YTO HEHpPOCETH
ResNet50 mpojemMoHCcTpHupoBaia HEAOCTATOUHO BBICOKYIO TOUHOCTH KIaCCU(UKAIMH, YTO JEIacT
ee MpUMEHEeHHE B JaHHOU 3a/1a4e MaJIONPUTOAHBIM. B cpenHeM coBmaeHue mpeacka3anHbixX U Gax-
TUYECKHUX KJIAcCOB COCTaBUJIO OKOJO 60%, YTO SIBHO HEIOCTATOYHO JJIsi TOUHOTO PAclo3HABaHUS
KapTHUH.

Crnenyrommm 3TanoM ObUIa MCIIONb30BaHa HeWpoHHas ceTh Yolo momens V8. YOLOVS — ato
coBpeMeHnHas Bepcus anroputma YOLO (You Only Look Once), npennazHadeHHast sl J€TEKIUU
U Kiaccupukauu 00beKTOB Ha n300pakeHusX. B orauuune ot ResNet50, kotopas 6osnbliie opueH-
THUPOBAHA HA PacIO3HaBaHKE U Kiaccudukaiuio n3odpaxkenuii B ueiaom, YOLOVS n3nauanbHO co3-
JlaHa JUTS 3a/1a9 IETEKIIMU, HO €€ MOYKHO aJlanTHPOBaTh I Kiaccu(rKanuu, 0COOCHHO B 3a7avax,
CBSI3aHHBIX C KapTHMHAMH M MCKyccTBOM. Ha pucyHke 2 mpecTaBieHa TEIIoBas KapTa MaTpHUIlbI
3aIyTaHHOCTH MOJIeNTi, 00y4eHHO! Ha HaOope JaHHBIX, BKIIoYaromeM padotsl 50 xynokHUKOB. O0-
ydeHue npoBoAuiiocs B Tedenue 200 smox.

U3 pucynka 2 cnenyet, 4To MOAENbs B OOJIBIIMHCTBE ClIydaeB KiIacCu(UIUpPyeT NPaBUiIbHO, HO
okoito 5,85% mpenckazanuii ommOouHbl. Jlanee, AJsl MOBBIIEHUS! TOYHOCTH PACIIO3HABAHUS KOJIH-
YECTBO KAaTErOpuii OBLIO COKPAIEHO J0 MIECTH, BKIIIOYHB JIUIIH T€X XYI0KHUKOB, YbH KOJIJICKITUU B
Habope naHHbIX conepkanu 6onee 300 kapTuH. DTOT 0TOOP OBLT CENIaH C IeIbI0 O0Jiee KaueCTBEH-
HOTO O0y4YeHUs] HEHPOHHOH CETH.
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Pucynox 2 — TermoBast MaTpuna 3amyTaHHOCTH MoaenH Yolo V8

Takum o0Opa3om, Kak MPEICTaBICHO Ha PUCYHKE 3, COKpalleHHe o0beMa TaHHBIX Juis Oolee
TOYHOTO OOYYEHHUSI MOJIEIH MPUBENO K YIYUYIICHUIO pe3yisTaroB. B oOmieid cioxxHOCTH OBbLIO MC-
noJsib3oBaHo 1800 kapTuH.

[Toryuennsie mokazarenu o0y4enus coctasmm [0.86667, 0.86667, 0.93333, 0.93333, 0.96667,
0.96667]. DT 3HaUeHUs] COOTBETCTBYIOT JUArOHAIbHBIM 3JIEMEHTAM HOPMUPOBAHHON MaTpHUILIbI 3a-
IIyTaHHOCTH U OTPAXKAIOT TOYHOCTH KIaCCU(UKAIINNI JUIs KaXKIO0TO U3 IECTH KIIaCCOB, MTPECTABIISIO-
KX PaOOThI PA3TMYHBIX XyJOKHHKOB.

Jlnst mocieyomero CpaBHEHUs B JaHHOM MOJIENH KOJIMUYECTBO 310X OblI0 yBenuueHo 10 500.
OpnHako 3TO He MPUBEJIO K 3HAYUTEILHBIM H3MEHEHHSM B Pe3y/bTarax, IPU TOM UCXOAHbIEC JaHHBIE
00y4YeHHsI OCTaTNCh HEN3MEHHBIMHU.
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Pucynok 3 — TeruioBas MaTpuIia 3amyTaHHOCTH Monienu YoloVS8
C COKpAIIIEHHBIM HAOOPOM TaHHBIX
3aki0ueHne

B xone mpoBeaeHHOTO MCClen0BaHUSI ObLI BHITIOJIHEH CPAaBHUTENBHBIN aHAJIN3 COBPEMEHHBIX
HEWPOHHBIX CeTEH JJIs paciio3HaBaHUs IPOU3BEICHHI HCKYCCTBA. BbIIH pacCMOTPEHBI TPU apXUTEK-
Typsl: ResNet50, Vision Transformer (ViT) u YOLOVS, kaxmast 13 KOTOPBIX TTOKa3aia CBOU 0COOCH-
HOCTH M IPEUMYIIECTBA B ITAHHOH 3a/1a4e.

AmHanu3 pe3ynsTaroB mokasai, 4yto Vision Transformer nmponeMoHCTprpoBasl HAUOOIBUTYIO TOU-
HOCTB TIPY HAJTMYUU OOJIBIIOTO 00beMa JTaHHBIX, Torna Kak ResNet50 mokaszan cTaOuiibHbIC Pe3yiib-
TaThl C MEHBIITUMHU BBIUUCIUTENbHBIME 3aTpaTamMu. Y OLOVS, HecMOTps Ha CBOIO M3HAYAILHYIO Ha-
MPaBIEHHOCTh HA IETEKIINIO0 00BbEKTOB, TAKXKE TIPOIEMOHCTPUPOBAI BRICOKUH YPOBEHB KilacCHU(pUKa-
UM, 0COOEHHO TIPH ONITHMHU3AIMN TTapaMETPOB 00yUeHUSI.

JIONOTHUTENbHBIE SKCTIEPUMEHTHI, BKIIOYAIOIINE YBEIMYSHHE KOJTHUecTBa 310X 10 500, He npu-
BEJIM K 3HAYUTEIBHBIM YIyUYIICHUSIM, YTO YKa3bIBaeT Ha BOZMOXKHOE TMepeHachleHne Mmoaenu. Mc-
NOJIb30BaHKE ayrMEHTALMU JTAHHBIX U OTOOp Hanbosee MpeICTaBICHHBIX KIACCOB ITO3BOIUIIN JI0-
CTHYb JIYUIIIUX PE3YJbTaTOB.

Taxum 00pa3oM, TaHHOE HCCIIeIOBAHUE TIOATBEPKIAET YIPPEKTUBHOCTD PA3IMIHBIX HEHpoceTe-
BBIX ITOJIXO/IOB K 3a/1a4€ pacro3HaBaHUs MPOU3BEACHUI NCKYCCTBA U MPEIOCTABISIET PEKOMEHJAIlNN
0 BBIOOPY apXUTEKTYPHI B 3aBUCUMOCTH OT JIOCTYITHBIX BBIYUCIUTEIBHBIX PECYPCOB U 00beMa J1aH-
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HbIX. B ganpHeiemM BO3MOXHO paCoIupeHUEC UCCICAOBAHUA 3a CUHCT BKIIIOYCHUA 0oJiee CIIOKHBIX
aHCcaMOJIeBBIX MCTOAO0B N aHaJIM3a CTUJIICBBIX 0COOEHHOCTEH HpOI/ISBe,Z[eHI/II\;I.
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OHEP TYbBIH/IBIUIAPBIH TAHYFA APHAJIFAH 3AMAHAYH
HEUPOHIBIK KEJIJEPAIH CAJBICTBIPMAJIBI TAJIZIAY bl

Anjarna

Kasipri Tanma eHep TyBIHABUIAPBIHBIH MIBIHAWBUTBIFBIH aHBIKTAY MOCEIeCi epeKie 03eKTi. Bypsra Oy mporecc
TEK KOJIMEH Y3ere achlpblUIaThlH, OyJI aiiTapibIKTail ajaM pecypcTapblH KaXKeT eTeTiH. JlereHMeH, TeXHUKaHbIH
JaMybIMEH OHEp TYBIHJBLIAPBIH [0 Tallidy MEH COMKeCTeHAIpyre KaOUIeTTi MHTEJUISKTYasJbl JKYHeHI Kypy
KaXETTUIIr TybIHAabl. TepeH OKbITY MEeH MallInHAJIBIK KOPY 9/IiCTepiH O1piKTIpeTiH )KacaH bl MHTEIJIEKT HeTi3iH/1e
OpPTYpIIi TOMOJNIOTHACH Oap OOBEKTiNIep/l TaHyFa apHaJFaH 3epTreyiep KasipiaiH esinae Oap [1-3]. Heiiponapix
OHEp/Ii TaHy — TEPEH OKBITY 9IICTEPiH MalijaraHa OTBIPHII, KECKiHIeMe, MYCIHep XKoHe apTe(daKTiiep CHIKTHI OHEP
TYBIHIBIIAPBIH aHBIKTAYFa XKOHE JKIKTeyTe OaFbITTaIFaH KOMITBIOTEPITIK Kopy canacsl. JlyBp Mmypaxaiis! (Opannms),
Merpononuren mypaxaiibl (AKL), Ydduum ranepescor (Uranus), bputan mypaxaiibl (¥IbI0pUTaHMs) KOHE
Peiikcmyseym (Hupmepnanabl) CHSIKTBI ipi Mypakaiinap MEH SJIEMJIK PEro3UTOPHIIEp JKacaHAbl HHTEIUICKT
HETI3IH/Aerl ©Hep TYBIHABUIAPBIHBIH ayTEHTH(HUKAMICH YIIIH 3aMaHayd TEXHOJOTHsUIapAbl OeJceHal Typhae
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naiinananyna. by xyiienep skcrioHaTTap/blH TYITHYCKAIBIFBIH aHBIKTAYAbIH JQJJIITH aiiTapiblKTall apTThIpyFa,
oJapIbpl Tajjiay IMPOIECiH aBTOMATTaHIBIPyFa JKOHE ajaM (DaKTOPBIHBIH acepiH OapblHIIA a3alTyra MYMKIHZIIK
Oepeni. OJeMHIH eH ipi MypakaiiylapblH/ia SHTI31UITeH 3aMaHay ! ayTeHTH(GUKaLS )KyHesepi eHep TYbIHABUIApbIHBIH
TYIHYCKAJIBIFBIH IQTIIPEK aHbIKTAyFa FaHa eMeC, MOJICHH MypaHbl OypMaliay MEeH JKOHBLTyIaH KOpFayFa J1a MyMKIHJIIK
6epeni. KonBomomnusiislk HerpoHABIK kemisep (CNN) keckiHAeMeHiH BU3yalibl MYMKIHIIKTEpiH, COHBIH MIiHAe
IIeTKaJapAbl, OETTIK TEKCTypaHBl >KOHE TyC KOMOMHAIMIapblH Tangaiiael. TepeH OKbITyna IalblHIAJIFaH
MOJIENBJICP 3ePTTEINIETIH KYMBICTBI IIBIHAIBI KapTHHAIap 0a3achIMEH CAJIBICTBIPBIN, BIKTUMAaJl COWKEeCCI3IIKTEp/I
aHBIKTalabl. Byn Makanazia epexrep/i TaHy MEH OHJICYAiH AIIIriH apTThIpyFa OarbITTalIFaH SpPTYPIli HEHPOHIBIK
JKeJTl MOZIENBICPiHIH CaIBICTBEIPMAIIBI 3epTTeyi OepiireH.
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COMPARATIVE ANALYSIS OF STATE-OF-THE-ART NEURAL
NETWORKS FOR ART OBJECT RECOGNITION

Abstract

Currently, information technology is rapidly developing and one of its branches can be called machine
translation. The use of machine translation in the process of understanding each other by people from different
countries is increasing every year. At the moment, Google and Yandex machine translations are among the best
machine translations. The quality of machine translation from Yandex and Google is improving every year.
However, according to the results of the experiment, when translating from English or Russian into Kazakh and
Turkic languages, the quality of the translation decreases. This was shown by the translation result obtained from
these two machine translations in March 2024. After all, translation has also shown that it is directly related to the
structure of language. Since 2000, scientists from the state of Kazakhstan have been actively studying translations
into the Kazakh language. The goal of the work is to improve the quality of translation from English into Kazakh.
For this purpose, a transforming model was created for the Kazakh and Turkic languages for learning translation in
neural machine translation OpenNMT(). The created model studied and learned an English-Kazakh parallel corpus
of 180,000 words. Later, the document with a structure of 20,000 different English sentences was translated into
Kazakh. The result is measured using the Blue() metric. The translation result showed a high level. It is shown that
in order to improve the results of the experiment carried out in the work during model training, it is necessary to
increase the number of parallel corpora created from the English-Kazakh language pair.

Keywords: neural networks, recognition, confusion matrix, art objects.

Jara noctyruienus crarbu B pefakuuto: 19.02.2025
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OPTIMIZATION OF PID CONTROLLER PARAMETERS
USING MACHINE LEARNING ALGORITHMS BASED
ON OIL SEPARATION PROCESS DATA

Abstract

This paper presents the investigation of the process of optimizing the parameters of a PID controller using
machine learning algorithms for the oil separation process control system. The optimization of the controller
parameters (Kp, Ki, Kd) is important, in order to improve control quality and reduce the number of errors in dynamic
processes. To solve this issue, several innovative methods were considered, such as the cuckoo search algorithm
(CSA), the firefly algorithm (FA), particle swarm optimization (PSO), and the support vector machine (SVM). All
the data, including the current process values (PV), setpoints (SP) and output signals (OP) were obtained from
Tengizchevroil. In addition, the metrics, such as root-mean-square error (MSE), adjustment time, overshoot, and
steady-state error were used to assess the effectiveness of optimized regulators. Overall, the results of the research
indicate that there was a significant improvement of the dynamic characteristics of the system due to the usage
of machine learning algorithms compared to the traditional approaches. The obtained parameters of optimization
achieved the target value while being faster and more stable, thus increasing the productivity of control in the
technological process.

Keywords: oil separation, automation system optimization, PID controller, parameter optimization, machine
learning, Cuckoo Search Algorithm, Firefly Algorithm, Particle Swarm Optimization, Support Vector Machine.

Introduction

In recent years, the issues related to improving the efficiency and stability of the technological
processes are prominent in the oil and gas industry. Oil and gas separation, where the precise control
of process parameters plays the vital role is considered as one of the key processes in this industry.
Due to its simplicity and versatility the proportional integral differential (PID) regulator is widely
used as the main control tool in these systems. However, the limitations of the traditional methods of
setting the parameter of the PID controllers decreases its effectiveness, thus leading to the increase
in costs, significant errors and lower quality of the product.

Over the years, there has been an increase in the widespread usage of machine learning methods
such as optimization algorithms in the field of automation. Algorithms, including particle swarm
Optimization (PSO), the Firefly algorithm, the Cuckoo Search Algorithm and the support vector
Machine (SVM) method allow for high accuracy in estimation, including through optimization. These
methods take into consideration the dynamic characteristics of the processes and make effective
adjustments to the parameters of PID controller. Consequently, it results in more precise control and
significant decreases in the number of errors.

The aim of work is to use rare machine learning algorithms based on data from the oil separation
processes to develop and apply an approach for the optimization of the parameters of PID controller.
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The real equipment indicators are used as input data: the values of (point value), SP (setpoint value)
and OP (output).

Further, these data are applied to build models and evaluate their performance. By optimizing the
parameters of the PID controller, it is expected that the overall quality of control and the stability of
the system despite the external disturbances will increase, while the errors will be minimized.

Thus, this work is aimed at combining modern machine learning methods and traditional
management approaches to solve urgent issues of the oil and gas industry. The results of the study
can be applied to improve the operation of automation systems in real production conditions.

The oil and gas industry is defined by complex processes that require accurate control to provide
efficiency, safety and environmental compliance. One of the most important elements of equipment
in this industry is a three-phase separator, which plays a crucial role in the separation of oil, gas and
water in the production process [1]. To maintain stable and efficient operation of such separators, it
is important to implement advanced control systems capable of controlling dynamic changes in the
technological control process built by sensors of physical values like temperature, pressure and level
[2, 3]. The Proportional-Integral-Derivative (PID) controller is one of the commonly used feedback-
based control loop mechanisms due to its simplicity and effectiveness in managing production
processes and machines [3, 4]. Yet the performance of the PID controller largely depends on the
correct tuning of its parameters [5].

Traditional PID tuning methods, such as the Ziegler-Nichols method and manual trial-and-error
approaches, often lead to admittedly not optimal output, especially in nonlinear processes and time-
varying processes such as three-phase separation [6, 7]. Various types of control strategies used for
PID tuning discussed in [8]. This study compared Integral Absolute Error (IAE) values considering
first, second and third order systems. The method has limitations to Single Input Single Output
systems. The closed-loop Ziegler Nichols methods was studied, and its limitation was that this methos
is not applicable for open-loop systems which are not stable. It involves trial-and-error method to
select the parameter, so it is time consuming. The Chien-Hrones-Reswick auto tuning technique
was also considered in the paper. This method delivers an overshoot system response in the range
10—-20% however it provides a fast response.

In it could be seen the comparison of two types of PID controllers [9]. This study conducts
a comparative analysis between a fractional-order PID (FO-PID) controller and a standard PID
controller for a nonlinear robotic arm manipulator system. The tuning of the controllers’ gain
parameters is achieved through a genetic algorithm (GA), which optimizes the controllers based on
various cost functions, including integral of squared error (ISE), integral of absolute error (IAE),
integral of time-weighted absolute error (ITAE), and integral of time-weighted squared error (ITSE).
The study uses MATLAB/SIMULINK simulations to evaluate the controllers’ performances under
different operational scenarios of the robotic arm.

The article proposes the use of the Atom Search Optimization (ASO) algorithm and its chaotic
variant, Chaotic Atom Search Optimization (ChASO), to optimize parameters of the fractional-order
PID (FOPID) controller for DC motor speed control [10]. ASO, inspired by atomic motion models, is
valued for its simplicity and effectiveness in addressing various optimization challenges. ChASO, an
enhancement using logistic map chaotic sequences, aims to improve convergence speed and escape
local minima, providing more precise results. Paper implemented PID with Intern Model Control
(IMC) method, which loaded into a PIC microcontroller to control the level through varying the
liquid flow [11]. The results were satisfactory as the system response had fewer oscillations, less
settling and rise times, and there was no steady state offset. In a study, an improved Cuckoo Search
algorithm for detecting intrusions in information systems was proposed [12]. The authors modified
the classical algorithm in order to increase the accuracy and speed of optimization, which made it
possible to effectively analyze data and identify anomalies.

To solve these problems, researchers are increasingly exploring the possibility of using
optimization algorithms and methods to automate the tuning [13, 14, 15]. Recent research shows
that using rare algorithms can further improve the tuning process, providing higher convergence
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rates, reliability and adaptability to the dynamics of a complex system, while common optimization
algorithms such as genetic algorithms and Particle Swarm optimization have shown promise [16, 17,
18].

This study addresses the complex trajectory tracking challenges of a three-link rigid robotic
manipulator (3-LRRM) by designing and comparing three neural network-based control structures
combined with PID: the NN-PIPD controller, the NN+PID controller, and the ELNN-PID
controller [19]. Using the Coot Optimization Algorithm (COOA), each controller’s parameters are
tuned to minimize the integral time square error (ITSE), with a novel objective function specifically
aimed at reducing control signal chattering. Evaluations under various scenarios, including
disturbance rejection, model uncertainties, and reference tracking, demonstrate that the NN-PIPD
controller provides the best performance, excelling in stability, robustness, and precision in tracking,
with an exceptionally low ITSE value of 0.001777. One of the rare algorithms called Jellyfish search
studied in paper [20]. This study introduces a modified version of the Jellyfish Search (JS) algorithm,
termed the modified Jellyfish Search (mJS) algorithm, to optimize PID controller parameters for DC
motor speed control. While the original JS algorithm is effective, its exploitation capabilities are
limited. To enhance performance, the mJS incorporates quasi-dynamic opposed-based learning and a
Weibull probability distribution to improve convergence and precision. The optimization goal is set
to minimize the integral of time-weighted absolute error (ITAE). The mJS algorithm was validated
on benchmark functions, showing superior performance compared to contemporary optimization
methods, including Gray Wolf Optimization (GWO), JAYA, and Golden Jackal Optimization (GJO).
In simulation results across three DC motor models, the mJS algorithm consistently achieved lower
ITAE values, faster settling times, and improved response stability compared to other algorithms,
demonstrating its potential in industrial control applications and contributing to advanced PID
optimization methodologies.

The study uses five nature-inspired algorithms—NewBAT, Cuckoo Search (CS), Firefly (FF),
Gray Wolf Optimizer (GWO), and Whale Optimization Algorithm (WOA)—to optimize the FOPID
parameters: Kp, Ki, Kd, and p [21]. The optimization objective is minimizing the integral of time
absolute error (ITAE) while also evaluating maximum overshoot, settling time, and time to maximum
response. Simulations carried out in MATLAB/Simulink with the FOMCON toolbox demonstrated
the controllers’ robustness against disturbances at the output. The optimized parameters were
tested against varying reference inputs, and the controllers’ responses were assessed with visual
and statistical analyses, offering a reliable basis for selecting effective algorithms and measuring
performance. This research contributes to optimizing FOPID controllers in time-delayed systems
by providing comparative insights on the efficacy of different nature-inspired algorithms, validated
through statistical methods for robustness and reliability.

Fundamental methods such as Ziegler—Nichols, Cohen—Coon, Chien—Hrones—Reswick, and
Astrom—Hagglund are used to adjust the proportional, integral and differential parameters of PID.
In addition, hybrid methods such as fuzzy-tuned PID controllers and optimization algorithms can
be used to adjust these parameters. Various optimization algorithms, such as the ABC optimization
algorithm, gray wolf optimization algorithm, evolutionary optimization algorithms, particle swarm
optimization, Harris Hawks optimization algorithm, and Harris Hawks gas optimization algorithm,
can be used for parameter tuning [22—-26]. Sometimes, the desired response may not be achieved
with PID controllers. To overcome this problem, alongside classical PID controllers, more advanced
PID controllers have been used [27]. There are advanced controllers such as 2DOFPID, tilt-integral
derivative (TID), FOPID and PTID [28, 29]. By adding degrees to the PIDs, changing their basic
structures, or using them in partial formats, attempts have been made to obtain a better response.

Description of the technological process of oil separation

Oil is a complex mixture of hydrocarbons of various molecular weights, other chemical
compounds, various gaseous, liquid and solid substances containing more than 100 carbon atoms,
oxygen, etc., a natural liquid with a peculiar odor, consisting of heterogeneous sulfur compounds and
a mixture of metals. Oil is the most important type of mineral found in the sedimentary layer, which
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is oily, brown, flammable, sometimes black or greenish yellow, and even colorless. An integrated oil
treatment plant is required to receive oil well products, to pre-separate products (into oil, associated
petroleum gas, and formation water) and to treat oil to commercial quality. The work examines
the separation unit at the complex oil treatment unit, so the process control system should provide:
automated real-time control of the separation process at the complex preparation plant; in case of
emergencies — notification of the operator about this; indicators of device states; management of the
necessary parameters; The main goals of creating an automated process control system: increasing
the accuracy of measuring process parameters; increase in staff efficiency; reduction of labor costs in
process control; optimization of working conditions. System composition: three-phase separator; flow
meters; level indicators; pressure sensors; level gauges; temperature sensor; actuators. This scheme
in Figure 1 represents the process of processing and separation of extracted products consisting of
oil, gas and water.

Sour, Low

Pressure Gas
Gas to Gas Lo
Plant infet ==
Compresso =
rs Intermediate ——
Fressure Gas ]
High Pressure --_-__
Gaz Lo
Produced OGW 15t Stage 2nd Stage - Flow
from Production Separator Separator L__ Suction
Manifolds ( ) ( ) = Tank

Degasser m

Produced
Water fo
Treating

Figure 1 — Principal scheme of the oil separation process

Products from the extraction bushes (OGW) are supplied to the entrance, which then goes through
several stages of separation. At the first stage, a first-level separator (1st Stage Separator) is used,
where the primary separation of the liquid and gas phases takes place. The liquid is sent for further
processing, and the high-pressure gas is discharged for subsequent transportation. Then the liquid
enters the second-level separator (2nd Stage Separator), where a more detailed phase separation
takes place, including the separation of medium-pressure gas.

After the second stage, the separated liquid enters the Degasser, which removes the residual
gas to prepare the liquid for shipment to the storage tank (Flow Suction Tank). The gas released at
each stage is sent to different gas lines depending on the pressure: low, medium or high. The water
separated from the oil is sent to the water treatment system (Produced Water to Treating), and the oil
is prepared for further transportation. The gas flows are directed either to the plant for processing,
or to the compressors for further pressure increase. The diagram demonstrates the process of multi-
stage separation of products, including gas, liquid and water treatment systems, ensuring processing
efficiency and minimizing losses.
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Materials and Methods

Optimization algorithms: Cuckoo Search Algorithm

The Cuckoo Search Algorithm (CSA) is a metaheuristic optimization algorithm inspired by the
behavior of cuckoos that lay their eggs in the nests of other birds. The algorithm is based on a random
search mechanism, using the Lévy flight method to generate new solutions. The main idea of the
CSA is to replace bad solutions (sockets) with better ones based on their fitness. CSA is better suited
for tasks that require global search but require fine tuning. Pseudocode for its implementation:

Pseudocode 1 — Cuckoo Search Algorithm
Input: f(x), n, MaxGeneration, pa
Output: x best, f(x best)
BEGIN
Objective function f(x), x = (x1, x2, ..., xd)*T
Generate an initial population of n host nests xi (i = 1, 2, ..., n), each containing a random
solution;
WHILE (t < MaxGeneration) or (stop criterion not met) DO
Generate a new solution using Lévy flights for a randomly chosen cuckoo;
Evaluate its fitness Fi;
Choose a nest randomly among n nests (say j);
IF (Fi > Fj) THEN
Replace nest j with the new solution;
END IF;
A fraction (pa) of the worst nests are replaced with new random solutions;
Keep the best solutions (nests with high-quality solutions);
Rank the solutions and find the current best;
Pass the current best solutions to the next generation;
END WHILE;
Return the best solution found;

END;

Optimization algorithms: Firefly Algorithm

The Firefly Algorithm (FA) is a metaheuristic algorithm inspired by the bioluminescence of
fireflies. The main idea of the algorithm is that fireflies are attracted to each other based on their
brightness, which correlates with the fitness of the solution. Brighter fireflies attract less bright ones,
which leads to the evolution of the solution population to an optimal value. FA is characterized
by simplicity of implementation and efficiency in solving multidimensional optimization problems.
Pseudocode for its implementation:

Pseudocode 2 — Firefly Algorithm
Input: f(x), n, B, v, a, MaxGeneration
Output: x_best, f(x_best)
BEGIN
Objective function f(x), x = (x1, x2, ..., xd)"T
Initialize a population of n fireflies xi (i=1, 2, ..., n);
Define light intensity Ii proportional to f(xi);
Set parameters: attractiveness 3, absorption coefficient y, randomization a;
WHILE (t < MaxGeneration) or (stop criterion not met) DO
FORi1=1ton DO
FORj=1ton DO
IF (Ij > Ii) THEN
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Move firefly i towards firefly j using the attractiveness [3;
Add random perturbation to the position of firefly i,
END IF;
END FOR;
END FOR;
Update light intensity based on the new solutions;
END WHILE;
Return the best solution found;
END;

Optimization algorithms: Particle Swarm Optimization

Particle Swarm Optimization (PSO) is an optimization method based on the collective behavior
of'a swarm of particles, each of which represents a possible solution. The particles move through the
search space, guided by their own experience and the experience of their neighbors. The basic idea is
to update the velocity and position of each particle, taking into account its best solution and the best
solution in the swarm. Pseudocode for its implementation:

Pseudocode 3 — Particle Swarm Optimization
Input: f(x), n, MaxGeneration, pBest, gBest, vi
Output: x_best, f(x_best)
BEGIN
Objective function f(x), x = (x1, x2, ..., xd)*T
Initialize a population of n particles xi (i=1, 2, ..., n);
Initialize velocities vi randomly for each particle;
Define personal best (pBest) and global best (gBest) for each particle;
WHILE (t < MaxGeneration) or (stop criterion not met) DO
FORi=1ton DO
Update velocity vi based on pBest and gBest;
Update particle position xi based on vi;
Evaluate the fitness of each particle;
Update personal best (pBest) for each particle;
Update global best (gBest) for the swarm;
END FOR;
END WHILE;
Return the best solution found;

END;

Optimization algorithms: Support Vector Machine

The Support Vector Machine (SVM) method is used to predict continuous values, minimizing the
prediction error and providing a certain tolerance (parameter €). To work with nonlinear data, SVM
uses the so-called “nuclear trick”, which allows you to transform data into a higher feature space.
Kernels can be linear, polynomial, or radial basis functions (RBF). SVM regression is characterized
by resistance to overfitting, efficiency in tasks with high data dimensionality, and the ability to adjust
through hyperparameters such as the regularization coefficient (C) and tolerance (g). However, the
algorithm requires significant computational resources on large datasets and is sensitive to the choice
of hyperparameters. Pseudocode for its implementation:

Pseudocode 4 — Support Vector Machine
Input: f(x), n, MaxGeneration, xi, Xj, yi, yj
Output: x_best, f(x_best)

BEGIN
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Choose kernel function K(xi, xj) (e.g., linear, polynomial, radial basis function);

Set regularization parameter C and tolerance ;

ai = 0 for all data points 1 (Lagrange multipliers);

Define threshold parameter b = 0;

WHILE stop criterion not met DO
FORi=1ton DO

Compute the decision function:

f(x)=2Z qj

*yj *K(xj, x) + b

Calculate the error Ei = f(x1) - yi.

END;

Update ai using the optimization rule:
Maximize:

W(o) = ai-0.5* I8 0i * af * yi * yj * K(xi, xj)

Subject to:
0<ai<C
oai*yi=0

Update the bias term b using support vectors.
END FOR;
END WHILE;

Return the best solution found;

Mathematical model of the control object

Oil separation involves the separation of oil, gas and water, which requires fine tuning to maintain
optimal conditions inside the separator. This is especially important because the flow conditions,
temperature and pressure can change, affecting the quality and quantity of the products received. The
system parameters and variables used below are listed in Table 1.

Table 1 — System variables and parameters

Symbol Description Unit measurements
h(t) Water level inside the separator m
(ONQ)! Water flow rate m3/h
Q,.® Water outflow rate m’/h
r Cage cross section radius m
L Water m
hy(t) Oil level inside the separator m
P (1) Gas pressure inside the separator Pa
C, Exhaust valve release ratio -
u(t) Valve open percentage -

pw Density of water at operating temperature kg/m?

po Oil density at operating temperature kg/m?

Pw Downstream valve pressure Pa
Umax Maximum opening are of the control valve m?
APout Differential pressure over control valve Pa
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According to the geometry of the separator, the volume of water inside the separator is a function
of the water level h and has a specific relationship as:

V() = <r2 (r;—h) — (r—h)2rh = hZL) (1)

Since normal operation requires a water level between the high alarm level (LAH) and the low
alarm level (LAL), thus relation (1) can be simplified as a linear relationship over this interval, i.e.
V(h) = ALh(t) where A = nr2. The dynamics of the volume of water inside the separator corresponds
to the principle of mass balance, 1.e.:

dv(t) dh(t)
According to the theory of flow dynamics, the water flow through the LCV
340018 valve can be determined as:

AP,
Qout = Cof (W) p::;t; 3)
where f(u) represents the characteristics of the open zone valve related to the open percentage u. For
this particular LCV-340018 linear valve, the linear relationship is well maintained. Thus, there exists
f(u) = uUmax. The pressure drop across the valve, denoted as Pout, can be estimated as:

AP, (t) = By (t) + pogho(t) + pygh(t) — B, (1). (4)

The Cv of the valve in (3) is estimated using the least squares method based on the recorded data
of water flow, water and oil levels inside the separator, gas pressure inside the separator, and water
outlet pressure. Assuming that the density of water is constant, the value of Cv will be the solution:

2
N .
mine, ) |Qoue (D) = Cot (DU /APP—W(” ©)

In general, the prediction error is limited to 10%. The validation of this model is within acceptable
limits. If the gas pressure, downstream water valve pressure and oil level inside the separator are
constant or their deviations from the average values are ignored, the non-linear system model is
linearized under normal operating conditions. Assuming that the gas pressure, downstream water
valve pressure and oil level inside the separator are constant or their deviations from the average
values are ignored, the non-linear system model is linearized under normal operating conditions. By
inserting specific system parameters, the linearized model results in the form:

dAh(t)

47.55 P Q;n (t) — 1.81AR(t) — 10.82Au(t), (6)
where Ah(t) (Au(t)) represents the water level deviation (valve position) to equilibrium. Thus, the
transfer function representing the ratios from the unknown perturbation Qin(t) and the control input
u (t) to the output h (t), respectively, will look like this:

24355 + 4382 i
47.5552 + 24535 + 4382 (7

The transfer function is one of the ways to mathematically describe a dynamic system. Mainly
used in control theory, communications and digital signal processing. Represents a differential
operator that expresses the relationship between the input and output of a linear stationary system.
Knowing the input signal of the system and the transfer function, it is possible to recover the output
signal. Figure 2 shows the block diagram of the mathematical model in Simulink.

G(s) =
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0

N 243,55 + 4382
L "] 47.555% + 245.35 + 4382

Figure 2 — Block diagram in MATLAB

The simulation results are presented in Figure 2.1.

Peak AmpFude: 1.48

Orershoot: 48.3%
15 At i 0,286 soconds : Step Response . _—

Firial value: 0.80

Amplitude

Time [seconds)

Figure 2.1 — Result of block diagram modeling

As could be seen from the figure, the system is stable but does not reach the desired value
and there is an overshoot. To improve the dynamics of the system a typical controller should be
synthesized.

Results and Discussion

This chapter presents the results of using rare machine learning algorithms to optimize the
parameters of a PID controller using data from the oil separation process, which presented in Table 2.
To evaluate the effectiveness of each method, numerical experiments were performed, the results of
which are presented in graphical and tabular form.

Table 2 — Fragment of the dataset variables

Point Value Setpoint Output
300,1995611 300 33,15965301
300,1159456 300 33,12499092
300,1966126 300 33,13821924
300,212981 300 33,15679941
299,9569751 300 33,19906364
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Figure 3 below shows the full data distribution.
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Figure 3 — Point Value distribution of FIC

Figure 4 below shows the Output distribution graphically.
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Figure 4 — Output distribution of FIC

The results were obtained based on the following algorithms: Cuckoo Search Algorithm (CSA),
Firefly Algorithm (FA), Particle Swarm Optimization (PSO). Each of the algorithms was used to
adjust the parameters of the PID controller, minimizing the time-weighted absolute error integral
(ITAE). The effectiveness of the algorithms was evaluated by the following metrics: Standard
error (MSE), Setting Time, Overshoot, Steady State Error. In Figure 5 the results obtained before
implementation CSA are presented.

System Response Before Optimization
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Figure 5 — System response before optimization using CSA
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Figure 6 demonstrates the response of the system after implementation of Cuckoo Search
Algorithm.

System Response After Optimization
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Figure 6 — System response after optimization using CSA

Prior to optimization, the system shows significant deviations from the set value of SP, which
indicates a high instability of regulation. The amplitude of the oscillations is large, and the system is
not able to effectively follow the target value. After optimizing the parameters of the PID controller,
a significant decrease in fluctuations is observed, and the system stabilizes, demonstrating more
accurate adherence to the set value of SP. This graphs clearly shows how optimizing the parameters
of the PID controller improves the response of the system, reducing deviations and increasing its
stability.

System Response Before Optimization
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Figure 7 — System response before implementation Firefly algorithm

Figure 8 below shows how system responses after optimization.

System Response After Optimization
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Figure 8 — System response after implementation Firefly algorithm
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The graph shows the system responses before and after optimizing the parameters of the PID
controller. Prior to optimization (upper graph), the system demonstrates significant overshoot, where
the PV process variable exceeds the target value of SP to 320, and then slowly returns to the set
level. After optimization (lower graph), the system response improves significantly: overshoot is
significantly reduced, the PV process variable quickly reaches the target value and remains stable.
The installation time is shortened, and the control becomes more accurate and stable.

Error Dynamics
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Figure 9 — Error dynamics comparison before
and after implementation of PSO algorithm

System output before and after comparison results performed in Figure 10.
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Figure 10 — Comparison of system output before
and after implementation of PSO algorithm

This graph shows two aspects of the system operation: error dynamics and process variable
before and after optimization of the PID controller. The upper graph shows the dynamics of the
error. Before optimization (red line), the error is characterized by significant overshoot and long-
term fluctuations that fade only towards the end of the period. After optimization (green line), the
error is significantly reduced, the system quickly achieves stability with minimal fluctuations. The
lower graph shows the output signal of the PV system. Before optimization (red line), the system
response shows a large overshoot and a long establishment time, while after optimization (green
line), the response becomes accurate, stable and quickly reaches the set SP value. Optimization of
the parameters of the PID controller has significantly improved the dynamic characteristics of the
system, ensuring its more accurate and stable behavior.

The graph shows a comparison of the actual values of the PV process variable, the predicted
values using the SVM model and the target value of SP. The graph shows that the SVM model
successfully smooths out fluctuations and brings the process variable closer to the set value, which
indicates its potential for use in forecasting and control optimization tasks.

To evaluate the effectiveness of the optimization algorithms used in this study, four key metrics
were analyzed: mean square error (MSE), Settling Time, Overshoot, and Steady-State Error. These
metrics provide a comprehensive assessment of the performance of each algorithm in the task of
managing the system and achieving optimal adherence to a given value.
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SVM Prediction vs Actual Values
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Figure 11 — Comparison of actual and predicted PV using SVM

The standard error (MSE) measures the mean square deviation of a controlled variable (PV) from
a set value (SP), providing information about the accuracy of the control. The Setting Time reflects
the time it takes for the system to stabilize within a given range around the SP. Overshoot indicates
the maximum amount of excess of PV over SP during the transition process, and the Steady-State
Error characterizes the difference between PV and SP after stabilization of the system.

The results of calculations based on the specified metrics for each algorithm are presented in the
table below:

Table 3 — Performance comparison of optimization algorithms

Algorithm MSE Settling Time Overshoot Steady State Error
Cuckoo Search 0.00072739 0 0.066533 0
Firefly Algorithm 1.687 6 2.2848 0.0109
Particle Swarm Optimization 1.687 6 2.2848 0.0109
SVM 0.0024785 0 0.040733 0.0471

A comparison of algorithms based on the presented metrics shows that the best result is achieved
when using the Cuckoo Search algorithm, which demonstrates a minimum standard error (MSE =
0.0007239), the absence of overshoot and establishment time, as well as zero steady-state error. The
Firefly and Particle Swarm Optimization algorithms show identical results with an MSE of 1.687, a
setup time of 6 steps and an overshoot of 2.2848%. The steady state error of these methods is 0.0109,
which is slightly worse compared to Cuckoo Search. The SVM algorithm demonstrates an average
result, showing MSE = 0.0024785, no establishment time and minimal overshoot (0.040733%),
however, its steady-state error is greater than all others (0.0471), which may indicate problems
with long-term control stability. Thus, the Cuckoo Search algorithm is the most effective among the
considered methods for all key metrics.

Conclusion

During the study, various approaches to optimizing the parameters of the PID controller for
process control were studied. The algorithms Cuckoo Search, Firefly Algorithm, Particle Swarm
Optimization and the regression method based on support vectors (SVM) were considered and
compared. The main focus was on metrics such as the mean square error (MSE), Settling Time,
Overshoot, and Steady State Error.
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The analysis of the results showed that each of the approaches has its own strengths and
weaknesses, depending on the characteristics of the system and management requirements. The
Cuckoo Search algorithm demonstrated the best results in terms of the MSE metric and minimal
deviations from the set value, which confirms its effectiveness for tasks with fast transients and high
control accuracy. The Firefly and PSO algorithms showed similar results, with slight differences
in overshoot and set time, which makes them suitable for systems with less stringent accuracy
requirements. The SVM method has also shown good results, especially in minimizing errors in the
steady state, but its effectiveness depends on the quality of the training data.

Thus, for the optimal choice of the optimization method, it is necessary to consider the specifics
of the process, the requirements for the management system and the resources available for
implementation. The presented results emphasize the importance of an integrated approach to the
analysis and comparison of various methods to achieve the best management characteristics.
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AnjaTna

By sxympIc MyHaiier Oeiy mporeciH 6ackapy Kyiieci YIIiH MaIllHHAIBIK OKBITY alTOPUTMICPIH KOJIIaHy
apkputel PID perrterimniHig mapaMeTpiepiH OHTaWTaHABIpY MporeciH 3eprreiini. Kontpommep mapamerprepin
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perTerimTepain THIMALUTITiH OaFanay YIIiH TyOipiik opTama kBaapaTTeiK Kare (MSE), OpHBIFY yaKbITBI, aCBIT KETY
JKOHE TYPaKThI KYH/Ieri KaTe CHAKThI KOPCETKILITEp KOMMaHbULbL. JKanmel anrania, 3epTrey HoTHKeIepl 1ocTypii
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ycraBku (SP) u Beixonubie curnanel (OP), Obin mosy4densl ot « Tenrusmespoiin»a. Kpome Toro, amst oreHku a¢-
(DEeKTHBHOCTH ONTHMHU3UPOBAHHBIX PETYIISITOPOB MCIOJIb30BAIUCH TaKHE ITOKA3aTeNH, KaK CPeJAHEKBaIpaTHdHas
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CLUSTERING-BASED METHODS FOR DATA-DRIVEN
OPTIMIZATION IN URBAN COURIER LOGISTICS

Abstract

With the rapid development of cities and their infrastructure, the demand for high-quality urban deliveries is
increasing at the same rate. This work explores the possibilities of dynamically allocating delivery zones for courier
deliveries based on data provided by the courier company. Traditional manually created delivery zones often do not
ensure that the picture is relevant to the real situation in the city (weather, traffic, roads, etc.). This study presents
the results of how K-Means and DBSCAN clustering algorithms can contribute to the dynamic distribution of
delivery zones in clusters. The comparative analysis includes consideration of such indicators as Silhouette value
and computational complexity of Big-O Notation. The results show that the K-Means algorithm creates structured
and uniform clusters, while DBSCAN shows results in defining flexible clusters based on the density of data in the
region. Multi-level DBSCAN provides an opportunity to reduce the concentration of “noise”, thereby increasing
the coverage of all delivery points. The results obtained highlight the advantages of using clustering algorithms in
creating dynamic delivery zones to improve the distribution of orders between couriers and reduce operating costs.
Further research should include obtaining continuous real-time data flow to monitor the operation of algorithms in
a dynamic environment.

Keywords: urban logistics; clustering algorithms; courier optimization; smart city; delivery zones; machine
learning.

Introduction

Sustainable city growth often requires adapting infrastructure and resources with rapid
population growth and urbanization. The “Smart city” concept addresses this issue, providing the
use of advanced technologies, data analysis, and industrial automation to improve life quality,
environmental sustainability, and safety of citizens [1]. The work of couriers in an urban environment
is one of the key elements of a modern logistics system, especially in growing demand for fast
and efficient delivery of goods and services [2]. Research shows that the use of big data analytics
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and machine learning algorithms to model optimal routes can reduce delivery time, reduce fuel
costs, and increase customer satisfaction [3]. It’s worth mentioning that the COVID-19 pandemic has
highlighted the critical role of resilient logistics systems in ensuring the continuous supply of goods,
especially in urban areas. With the shift towards online shopping and the increasing demand for
contactless delivery options, courier services must adapt by adopting more efficient and automated
systems [4—6]. This research addresses these needs by exploring innovative solutions for optimizing
delivery operations using spatial algorithms, data clustering, and automated courier assignments.

The primary goal of this research is to develop and evaluate data-driven methods and models
that enhance the efficiency of courier services within a smart city framework. The research object is
the optimization of courier delivery systems in urban environments, specifically within the smart city
ecosystem. The novelty of this work lies in integrating automated clustering algorithms with spatial
computing techniques to optimize delivery zones in real-time. Unlike traditional manual zoning
approaches, which are labor-intensive, this study applies a dynamic approach forming clusters of
urban zones based on data-driven analysis.

Review of existing studies includes systematic approach and selects specific works related to the
subject of the study. The main source of information was peer-reviewed journals and conferences
available on reputable platforms such as IEEE Xplore, SpringerLink, ScienceDirect and Web of
Science. The search period was limited to publications from 2010 to 2024, which allows us to take
into account current trends and achievements in the field of optimization of logistics processes and
the introduction of smart city technologies. The literature selection process included several stages.

9% ¢ 9% ¢

At the first stage, publications were searched for keywords: “courier”, “transportation”, “smart city”,
“urban delivery”, “optimization”, “clustering”, “logistics”, “routing”, “data analysis”, “machine
learning”. At the second stage, filters were applied that limit the results by date of publication (since
2010) and type of documents (articles from peer-reviewed journals and conference proceedings). The
following criteria were used to select relevant publications: topic relevance with courier deliveries
and logistic optimization, the use of modern data analysis frameworks and application of machine
learning algorithms, as well as the practical focus of research on improving transport processes in
smart city ecosystems. The selected articles were analyzed for the availability of methodological
approaches applicable to optimize the work of courier services and to consider innovative solutions
in the field of logistics.

Optimizing logistics hub locations using a hybrid approach that combines K-Means clustering
and the P-Median model presents a significant advancement in addressing the inefficiencies of last-
mile delivery. Prioritizing road network distances over traditional Euclidean measures provides
a more accurate representation of real-world travel conditions, leading to a measurable reduction
in delivery distances and associated costs [7]. The integration of delivery volumes and population
density enhances the model’s adaptability, making it suitable for diverse urban logistics scenarios. The
process effectively refines cluster formations through iterative optimization and road network-based
calculations, ensuring minimal travel distances and improved operational efficiency. Despite these
strengths, the reliance on simulated data and static optimization processes limits the approach’s ability
to account for the dynamic nature of real-world logistics challenges. Additionally, computational
intensity and dependence on accurate road network data raise concerns about scalability in larger,
more complex urban environments. These considerations highlight both the potential and the areas
for improvement in applying road network-based optimization to urban logistics systems. Building
on the exploration of alternative delivery mechanisms, the optimization of logistics hub locations
plays a crucial role in addressing last-mile delivery inefficiencies. By strategically situating hubs
based on real-world travel conditions, these systems can enhance travel distances reduction, air
quality improvement and operational cost optimizations. Therefore, it might bring significant
contribution to public transport integration into delivery logistics. This approach, as demonstrated
through advanced clustering and optimization techniques, highlights the importance of leveraging
data-driven methodologies to enhance urban logistics efficiency.
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Optimizing courier deliveries in urban environments has become an urgent task considering the
rapid growth of e-commerce and related problems such as increased traffic jams, emissions and the
burden on transport infrastructure [8, 9]. A study examines the possibility of using public transport
systems to deliver goods [10]. One of the key ideas is to use the spare capacity of public transport,
such as buses, trams and trains, to transport parcels during low-load hours. This brings an opportunity
to reduce emissions of pollutants by reusing public transport for delivery purposes. However, the
applicability of the proposed approach strongly depends on the level of development of the public
transport system in a particular city. In cities with underdeveloped infrastructure or irregular public
transport, the effectiveness of the proposed model may decrease significantly. It is also worth noting
that the vehicles used to transport passengers have limited space for placing parcels, which may limit
the delivery volume during peak hours when public transport is already loaded with passengers. Its
implementation may require significant resources to restructure logistics, which may not be suitable
for most companies and cities. A study identifies the critical role of applying time series data to
optimize demand forecasting in delivery terms [11]. Historical data brings significant contribution
to the accuracy improvement of forecasting models. In study analysis, classic time-series models
like exponential smoothing and ARIMA perform optimally when a relatively large amount of data
(at least two months) is provided. The study also highlights an application of machine learning
algorithms such as Random Forest and Support Vector Regression for conditions with time-limited
data. These algorithms demonstrated great performance in such cases as they can effectively identify
patterns in a limited amount of input (data). The accuracy of forecasting models is highly dependent
on data quality. Whenever there is an insufficient amount of data, most forecasting algorithms can
degrade significantly. This creates challenges to generate reliable forecasts for delivery demands in
regions with limited data. Changes in consumer behavior due to holidays, promotions, or unexpected
events (like weather changes) can introduce irregularities that the models may not be able to capture
accurately without further tuning.

In recent years, innovative last-mile delivery models have gained significant attention as cities
seek to enhance efficiency, reduce costs, and minimize the environmental impact of urban logistics.
Among these models, crowdshipping has emerged as a promising solution. Crowdshipping leverages
the concept of sharing economy, utilizing the unused capacity of individuals’ vehicles or their
existing travel routes to deliver packages. A study presents a comprehensive study on optimizing
last-mile delivery using a multi-criteria approach that integrates automated smart lockers, capillary
distribution, and crowdshipping [12]. The study emphasizes that crowdshipping can significantly
enhance the efficiency of urban logistics by tapping into a network of volunteers who deliver packages
to smart lockers or directly to customers. This approach optimizes delivery times and costs making
it flexible within logistic processes. However, the study also identifies limitations associated with
crowdshipping, particularly in terms of coordination and reliability. While crowdshipping reduces
delivery costs and leverages underutilized resources, it introduces complexities in managing a
network of decentralized delivery agents. Ensuring timely deliveries and maintaining service quality
can be challenging due to the variability in participants’ availability and commitment. Incorporating
these methods into urban logistics systems presents opportunities for cities to enhance the efficiency
of last-mile deliveries. It is also worth noting that the reliance on crowd participation and the
infrastructure required for automated lockers highlight the need for further research and investment
to scale these models effectively.

Materials and Methods

The methodology used in this study is both exploratory and explanatory. The exploratory aspect
involves investigating the potential of spatial algorithms and optimization techniques to enhance
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courier delivery efficiency. Meanwhile, the explanatory component focuses on understanding how
these methods impact the logistics processes within predefined urban delivery zones. The research
design is cross-sectional, capturing data and insights at a specific time to provide a comprehensive
analysis of the current delivery system and optimization methods.

To identify the most effective clustering algorithms for optimizing courier delivery zones,
the study employed a dual evaluation framework: qualitative analysis, focusing on conceptual
suitability and practical strengths, and quantitative analysis, emphasizing performance metrics and
computational efficiency.

The methodology evaluates algorithms utilizing Big O notation to assess performance at the
computational expense level.

K-Means Clustering. K-Means was chosen as a baseline method due to its simplicity and
efficiency in handling large datasets [13]. Its ability to partition data into a fixed number of clusters
makes it well-suited for scenarios where delivery zones are expected to maintain consistent sizes and
densities as shown in Equation 1.

WCSS = Ty Zeeq Nx—all ()

where C; represents the cluster of iteration i-th, x is a data (geographical point) and &; is the centroid
of'a cluster (C;). The algorithm advances thoroughly until centroids show no large difference between
iterations, indicating that data points within a cluster have been collected into a cluster. In terms of
computational expenses, the algorithm demonstrates the time complexity (O notation) in Equation

2[13].

where O(nKd) evaluates computing distances for all  points in d-dimensional space, 0(nd)
computing new centroids and I indicates total complexity (iterations).

DBSCAN Clustering. DBSCAN (Density-Based Spatial Clustering of Applications with Noise)
was selected for its capacity to identify clusters of varying densities and exclude noise, making it
ideal for urban settings with irregular demand patterns [14]. Noise points (points without clusters)
are an essential part of the algorithm that determine outsider points that are left without clusters. It
depends on the minimum neighbor amount and distance between neighbor parameters. To evaluate
algorithm’s performance, a noise points percentage is calculated as shown in Equation 3:

) ¥ 100 (3)

. Noise Points
Noise Percentage = (————
Total Points

The algorithm is highly dependent on the following parameters:

1) & (Epsilon radius) maximum distance between two points to be considered neighbors. It is the
radius within which the algorithm counts neighbors, so it determines what is “close enough.” If € is
set too small, even natural neighborhoods look empty and most points become noise; if it is too large,
distinct zones blur together into one oversized cluster;

2) MinPts (Minimum Points) minimum number of points required to form a dense region. Low
MinPts makes it easy for random alignments of addresses to masquerade as clusters, while a high

MinPts filters out those coincidences but can also hide legitimately small zones.
For given x (data point), the epsilon radius is defined as shown in Equation 4:

N.()={y € X | d(x,y) = &} “4)
where d (X, ) is typically the euclidean distance, used for determining distance between data points
(addresses). The group of data points is considered as a cluster by satisfying and classifying [15].

97



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

1) If it has at least MinPts points (including itself) within its e-epsilon radius (core point)
(Equation 5).

| N,(x) | = MinPts (5)

2) Lies within the e-epsilon radius of a core point but does not have enough neighbors to be a
core point (border point) (Equation 6).

N_(x) < MinPts (6)
3) Neither a core nor a border point (outlier, noise) (Equation 7).
N.(x) <1 (7)
Overall time complexity fits within (Equation 8):

O(nlog,) (8)
where ™ stands for total dataset size.

Evaluation of clustering algorithms performance is conducted based on the Silhuotte Score
(Equation 9). It is a metric used to evaluate the quality of clusters in a dataset, it provides a
useful measure for evaluating clustering results, but its interpretation should consider the data's
dimensionality and the shapes of the clusters [16, 17].

b(i)—a(i)

s = @) ©)

where a(1) is distance to points in the same cluster (cohesion within cluster) and b(i) a distance to
the closest different cluster (cohesion of clusters). Lower @ (i) means better cohesion. Used alongside
the Elbow Method to determine the optimal number of clusters (k) in K-Means clustering [18, 19].
It is based on the inertia (sum of squared distances) between data points and their assigned cluster
centroids. Inertia is calculated using the same equation (1), and results can be interpreted in the
following rules: 1) low WCSS, clusters are more compact; 2) high WCSS, clusters are spread out.
The "Elbow" is where the rate of decrease in WCSS(k) slows down, meaning adding more clusters
does not significantly improve clustering quality (Equation 10).

AWCSS (k) = WCSS(k — 1) — WCSS(k) (10)
compute the second derivative to find the point where the curve flattens (Equation 11):

AWCSS (k) = AWCSS (k — 1) — AWCSS (k) (11)

The elbow point occurs at the value of K where the second derivative is maximized.

DBSCAN utilizes a different approach in evaluating Silhouette Score of clusters (Equation 12)
[20], because: 1) it labels some points as noise (-1); 2) noise points must be excluded from the score
computation.

1

Spescan = M—Zi € clustered points S(1) (12)
Nelustered

where N.jystereq is the number of non-noise points (belonging to a cluster).

98



KA3AKCTAH-BPUTAH TEXHUKAJIBIK

YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

The Silhouette Score is interpreted in range of values (Table 1):

Table 1 — Silhouette score value classification

Silhouette Score value
Near 1.0
0.5-0.7
02-04
Near 0.0
Negative (s < 0)

Clustering quality
Well-separated, compact clusters
Good clustering, but some overlap
Moderate clustering
Poor separation, clusters are overlapping
Clusters may be incorrectly assigned

A study of clustering algorithm performance metrics on blood donors indicate that K-Means
clusterization is most effective in cases where the data is well-separated and follows a spherical
distribution (which fits well with address data points) [21]. The only limitations are strong reliance
on initial centroid placement and mandatory specification of number of the clusters (K). It is worth
mentioning that Hierarchical Clustering proves to be great for understanding correlation at different
layers of data clusters. However, its computational requirements and sensitivity to data noise might
be primary reasons for high maintenance costs. DBSCAN is well-suited for handling datasets with
varying densities and noise, making it an excellent option for complex and irregular data distributions.
However, its performance is highly dependent on the careful selection of parameters (€ and minPts),
which, if not properly tuned, can lead to can lead to less effective grouping of data points.

The dataset used in this study comprises several key features, including geographical information
(latitude and longitude) representing receiver locations, along with additional attributes such as
delivery details and timestamps. Each record corresponds to a unique geographical point within an
urban region, ensuring the dataset’s relevance to practical applications like delivery zone optimization
and courier assignment. The dataset went through preprocessing to address missing or invalid entries,
resulting in a clean and structured format suitable for analysis. The data captures deliveries over a
2-month period, spanning from 30 October 2024 to 31 December 2024 resulting in ~900 delivery
items with unique receiver addresses. Such a short period is due to the fact that the company’s
integration with geographic address detection systems (2GIS) falls at the end of October (Figure 1).

Given the proprietary nature of the data and processes used in this research, the majority of the
content falls under a Non-Disclosure Agreement (NDA) with the company. Consequently, detailed
information related to company-specific data cannot be disclosed. All research activities, including
the collection and analysis of data, were conducted in compliance with confidentiality agreements
and were fully approved by the company’s management.

rder_item_create_da{ status | process bctual_dellvery_ ¢ _:Iﬂnder_strelider_ ! & _clﬁelver_ ! _buildi ! _geo

2024-11-13 12:07:05.¢ DELIVERED_ACCEPTEIALSECO 2024-11-28 13:27:1CAnmatsbl Anmatbl EaﬁrypchIVSS {"lat":43.246555,"lon":76.927097}
2024-11-13 12:07:05.¢ DELIVERED_ACCEPTEIALSECO 2024-11-28 13:27:1S Anmatsl Anmatbl  Abas 79 {"lat":43.241582, 6.928503}
2024-11-13 12:07:05.¢ DELIVERED_ACCEPTEIALSECO 2024-11-28 13:27:3CAnmatsl Anmatel  Abas "89 {"lat":43.241301, :76.92469}
2024-08-28 13:47:22.¢ DELIVERED_ACCEPTEIIN_CITY Anmatel  BekmaxaH 2/6 Anmatbl  Anmatbl, y 38A

2024-11-13 12:07:06.( DELIVERED_ACCEPTEIALSECO 2024-11-22 06:09:55 Anmartbl Anmatel  ABbinaii x/121 {"lat":43.249238,"lon":76.941672}
2024-11-13 12:07:05.¢ DELIVERED_ACCEPTEIALSECO 2024-11-22 07:00:17 AnmaTsl Anmatbl  enTokca'144 {"lat":43.247941,"lon":76.940904}
2024-11-01 06:52:16.. DELIVERED_ACCEPTEIIN_CITY 2024-11-12 17:30:07Anmatel  BekmaxaH 2/6 Anmatel  PaTywHor(78/1

2024-12-13 07:54:39.¢ DELIVERED_ACCEPTEIALSECO 2024-12-15 08:04:3CAnmatsl Anmatel  Llesuenkc48 {"lat":43.246241,"lon":76.947116}
2024-08-28 10:38:46.. DELIVERED_ACCEPTEIIN_CITY 2024-10-3109:14:21Anmatel  BekmaxaH 2/6 Anmartbl  Mymabaet176/11

2024-12-11 17:44:56.° DELIVERED_TO_WAR IN_CITY Anmatel  BekmaxaH 2/6 Anmatbl  Baitsakos!225 {"lat":43.246877,"lon":76.911999}
2024-11-13 12:07:05.¢ DELIVERED_ACCEPTEIALSECO 2024-11-22 15:09:03 Anmatbl Anmatbl KpraHra'llS {"lat":43.243475,"lon":76.92553}
2024-12-11 17:45:42.¢ DELIVERED_TO_WAR IN_CITY Anmatel  BekmaxaH 2/6 Anmartbl  Ayszosa 33/35 {"lat":43.24729,"lon":76.902423}
2024-12-02 09:20:43.¢ DELIVERED_ACCEPTEIIN_CITY 2024-12-06 04:25:17 Anmatel  BekmaxaH 2/6 Anmatbl - mukpopay 176 {"lat":43.233137,"lon":76.83557}

2024-12-13 08:27:43.¢READY_FOR_DELIVER IN_CITY Anmatel  Abinaii x/53 {"lat":43.2 Anmatbl BL| Kokre

2024-12-20 04:40:45.¢READY_FOR_PICKUP IN_CITY Anmatel  Yanuxawo 137/1 {"lat":43.2 AnmaTel  CyloHbait

2024-12-17 11:30:43.(READY_FOR_DEPARTIINTER_CITY Anmatel  ABbinaii x/53 {"lat":43.2 PygHuii  Maena Ko;'117 {"lat":52.96797,"lon":63.089711}
2024-12-16 09:25:57.:READY_FOR_DELIVER IN_CITY Anmatbl 3eMnyDB'35 {"lat":43.3 Anmatel  mukpopai 347/2 {"lat":43.206329,"lon":76.788501}
2024-10-25 16:04:24.. DELIVERED_ACCEPTEIIN_CITY 2024-10-3109:11:02Anmatel  BekmaxaH 2/6 Anmatbl Xa pOKDBEVZQO

2024-10-25 16:05:57.: DELIVERED_ACCEPTEIIN_CITY 2024-10-31 09:10:53Anmatsl  BekmaxaH 2/6 Anmatsl )Kancyryp&lﬁl

2024-10-25 16:06:23.. DELIVERED_ACCEPTEIIN_CITY 2024-10-3109:10:44Anmatel  BekmaxaH 2/6 Anmatbl  PatywHor78/1

2024-12-06 09:02:12.¢READY_FOR_DELIVER IN_CITY Anmarer  Abinaii X'53 Anmatbl  PatywHor(78/1 {"lat":43.231467,"lon":76.886416}
2024-12-14 08:02:06.: DELIVERY_COURIER #IN_CITY Anmartel  CyloHBan 152r {"lat":43.3 Anmarbl Mbin6aes’151 {"lat":43.236004,"lon":76.881615}
2024-12-20 04:26:28.¢READY_FOR_PICKUP IN_CITY Anmatel  Yanuxawo 137/1 {"lat":43.2 AnmaTel  Ayazoea

2024-11-06 13:29:00. DELIVERED_ACCEPTEIIN_CITY 2024-12-02 08:42:37Anmatel  BekmaxaH 2/6 Anmatbl  Mkp Tacté13

2024-11-06 13:29:36.. DELIVERED_ACCEPTEIIN_CITY 2024-12-02 08:42:26 Anmatel  BekmaxaH 2/6 Anmatbl  PatywHor(78/1

2024-11-30 04:08:28.¢ DELIVERED_ACCEPTEIIN_CITY
2024-11-22 18:14:27.¢DELIVERED_ACCEPTEIIN_CITY
2024-11-22 18:13:51.¢ DELIVERED_ACCEPTEIIN_CITY
2024-11-19 15:44:35.: DELIVERED_ACCEPTEIIN_CITY
2024-11-19 15:41:43.¢DELIVERED ACCEPTEIIN CITY

2024-12-02 09:15:08 AnmaTtsl
2024-12-02 09:15:1& AnmaTbl
2024-12-02 09:15:27 Anmarsl
2024-12-02 09:17:04 AnmaTbl
2024-12-02 09:17:15 Anmatei

Bexmaxa 2/6
BekmaxaH 2/6
BekmaxaH 2/6
Bexmaxat 2/6
BekmaxaH 2/6

Anmatbl
Anmatbl
Anmatel
Anmatbl
Anmathi

PatywHor 78/1
TarapuHa 244A
i
Mukpopai 45
Kypmatira'104
Ann-O®ana 116/4

Figure 1 — Dataset content (preview)
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Results and Discussion

The company owning the dataset, described previously, utilizes their own delivery zones that are
managed manually and rarely updated (Figure 2). From now on, these delivery zones are referred to
as static delivery zones.

== R =

Figure 2 — Company’s traditional static delivery zone design

The static delivery zones within Almaty are designed based on administrative and geographical
boundaries. There are 19 zones numbered and distributed across the city, reflecting population density,
urban infrastructure, and delivery demand. Key observations about these zones are provided further.

Major roads and highways traverse through the zones, ensuring connectivity and accessibility for
couriers. Zones 5 and 18 are adjacent to primary transportation routes, enabling efficient movement.
The static nature of these zones does not account for dynamic changes in delivery demands, such as
seasonal fluctuations or time-specific orders. Additionally, irregular zone shapes and varying sizes
can lead to inefficiencies in courier allocation and route optimization. To understand the real picture
of delivery demands, Kernel Density Estimation (KDE) heatmap is applied to get deeper insights
(Figure 3).
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Figure 3 — Heatmap visualization of delivery address distribution
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This heatmap shows insights into delivery demands based on the data provided. Combination of
static zones and heatmap markers reveals the relevance of each static delivery zone in relation to real
data. Only a few zones have an increased load (color saturation and volume) (Figure 4).
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Figure 4 — Static zone map and heatmap figures merged

The visualization reveals critical insights for resource allocation, enabling courier services to
distribute resources more effectively in high-demand zones.

K-Means powered delivery zones (clusters) are more uniform than the static zones, reflecting
the algorithm’s preference for even distribution (Figure 5). However, the shapes of the zones are
geometric and may not perfectly align with natural urban boundaries.
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Figure 5 — K-Means clusterization of delivery address data

The K-Means clustering algorithm was applied to segment delivery points into a predefined
number of clusters, offering a structured and computationally efficient approach to identifying
delivery zones. Several clusters (k=20) were chosen since the original static zones contain 19 clusters
(manually designed). The choice is picked by considering business and technical perspectives.

The company that possesses the dataset and utilizes the static zones has a small group of
operating couriers (12 to 15). A slightly higher number of clusters brings flexibility and fair workload
distribution among couriers.
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Original static zones have 19 manually designed clusters. Using ensures that clustering methods
align closely with the existing operational structure. It also provides a good balance between having
too many small clusters (inefficient) and too few large clusters (long delivery times).

Dynamic distribution of delivery zones using the algorithm results in a form of zones designed
in compact and evenly distributed across the map. Although there is an exception of empty areas that
are not marked. This approach can help to evenly distribute work among couriers, since each courier

one (Figure 6).

will have approximately the same area in size. Compared to static areas on the left side of Figure 6,
where one courier may have a significantly larger area, and another may have a relatively smaller

Static delivery zones K-Means based zones
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Figure 6 — Close look on static and algorithm generated zones

Future iterations could integrate dynamic adjustments to the value of k based on real-time data,
such as traffic patterns or seasonal demand fluctuations, to make K-Means clustering more adaptable
to the complexities of urban logistics.

Silhouette Score remains close to 1 when cluster , indicating that clusters are well-formed and
clearly separated. This suggests that fewer, larger clusters maintain strong cohesion. There is a

significant decline in the score after , suggesting that increasing the number of clusters beyond this
point reduces cohesion. Thus, based on dataset size, clusters may lead to inefficient segmentation,
with overlapping and less distinct clusters (Figure 7).

Silhouette Score for Optimal k Selection
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Figure 7 — Elbow method applied with Silhouette score
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Unlike K-Means, DBSCAN does not require specific number of clusters. It makes it ideal
for capturing anomalies and variations in delivery patterns. The output map showcases dynamic
clusters generated by the algorithm, with each cluster represented by an unique color (Figure 8). The
algorithm captures the natural structure of delivery zones, adapting to irregular geographical features
and demand distributions. Basic DBSCAN results in a noise points percentage of 9.62%.

Figure 8 — DBSCAN density clustering with noise (grey dots)

Grey points that fall outside the defined density parameters are categorized as noise. These points
typically correspond to isolated delivery locations that do not belong to any cluster.
Silhouette score evaluated 1-stage DBSCAN algorithm with moderate result output:

Silhouette Score for Single — Stage DBSCAN:0.4229

Results are like the 3-stage DBSCAN approach and common interpretation of results are
provided below.

To capture all grey points the algorithm was tuned to support a multi-stage clustering approach
including carefully managed parameters to address the varying densities and noise levels (Figure
9). The primary clustering stage used small epsilon value £,,;, = 0.0035 and minimum sample
size MinPts,,;,, = 5 to capture high-density delivery zones, such as those in the central urban
areas. These strict parameters ensured compact clusters that accurately represented dense regions. In
the secondary stage, noise points from the primary clustering were re-evaluated with lower epsilon
£.qe. = 0.009 and reduced minimum sample size MinPts_,. = 3.

This allowed the algorithm to form clusters in medium-density areas while avoiding over
merging. A tertiary stage was introduced with the largest epsilon &;,4 = 0.035 and keeping
MinPts.;,.4 = 3 to address remaining noise points in populated regions, ensuring comprehensive
coverage of the dataset. The 3-Stage DBSCAN approach demonstrates a noise points percentage of
1.21%, which is almost 8 (7.9504) times lower than 1-Stage DBSCAN.

FEc.
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Iveasy

Figure 9 — DBSCAN 3-stage clusterization (primary, secondary and tertiary)

The multi-stage approach effectively allowed DBSCAN to adapt to urban, suburban, and
peripheral delivery patterns. The approach ensured noise points were incorporated into clusters
without precision degradation. The flexibility of DBSCAN in forming irregular cluster shapes
captured real-world delivery zone layouts that static delivery zones could not provide. This method
demonstrates how density-based clustering can optimize delivery zones, balancing the trade-off
between precision in dense areas and inclusivity in regions. While the approach required careful
settings of eps and min_samples parameters, its ability to handle noise and adapt to varying densities
demonstrates its effectiveness in clustering geographical data points.

Silhouette score accessed 3-stage DBSCAN approach with moderate result:

Silhouette Score DBSCAN Clustering: 0.3613 (Moderate)

The approach refines clusters in three steps: 1) identifies initial dense regions (clusters); 2) groups
previously unclustered noise points; 3) attempts to cluster remaining noise. As a positive impact,
more data points are assigned to clusters rather than being marked as noise (grey points). However,
secondary and tertiary clusters may have less compact structures, leading to lower silhouette values
(clusters overlapping).

Score 0.3613 is fine result for 3-stage DBSCAN but suggests that some clusters may be too
loose or overlapping.

Performance comparison is based on Silhouette Score and Noise Points percentage (Table 2).
K-Means has more effective clustering structure (optimal between 1 < k < 7), whereas 1-Stage
DBSCAN (0.4229) performs better than 3-Stage DBSCAN (0.3613), but still lower than K-Means,
indicating that DBSCAN struggles with cluster separation.

Many clusters are algorithm-specific. K-Means is fixed to a specific number of clusters, providing
a structured segmentation. DBSCAN has a variable number of clusters, as it determines clusters
dynamically based on density.

K-Means has 0% noise level, it assigns every data point to cluster. 3-Stage DBSCAN algorithm
is purposed to maximize the amount of data points binded to clusters, since grey points have low
value in further application of data-driven approach. 1-Stage instance has a high noise rate (9.62%),
meaning many points are left unclustered.
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Table 2 — Performance metrics comparison

Category K-Means DBSCAN DBSCAN
(1-Stage) (3-Stage)
Silhouette score 1<k=<7 0.4229 0.3613
Number of clusters 20 Varies Varies
Noise points (%) 0% 9.62% 1.21%
Time elapsed (for 924 data points) 0.1384 seconds 0.0104 seconds 0.0375 seconds

In general, K-Means is the most structured approach, ensuring all points belong to clusters.
DBSCAN (1-Stage) leaves too many points unclustered, making it less reliable. 3-Stage DBSCAN
balances flexibility and data coverage, reducing noise while maintaining adaptive clustering.

K-Means take slightly longer time (~0.14 sec.) to capture all data points compared to DBSCAN
instances (~0.01 sec. and 0.03 sec.). It is explained with the nature of K-Means, the algorithm covers
all data points without leaving any unassigned points. DBSCAN, based on its parameters, may leave
any points unclustered that do not satisfy the euclidean minimal distance (distance between points).

Conclusion

This research paper explored the potential of clustering algorithms to optimize delivery zones
in Almaty, addressing the limitations of traditional static delivery zones. By leveraging geolocation
data and applying clustering algorithms, the study demonstrates opportunities that dynamically
managed delivery zones can provide in terms of alignment with real-world delivery demands in
urban environments. The analysis revealed that static zones lack the flexibility to adapt to varying
delivery demands. K-means clustering offered a structured approach to dividing delivery zones into
uniform zones, highlighting its computational efficiency and suitability for evenly distributed data.
High-demand areas were distributed into smaller, more manageable zones, while low-density regions
were clustered into larger zones to minimize operational costs. The integration of heatmaps further
revealed the insights by providing a visual representation of delivery density, identifying hotspots
for decision-making.

Although the comparative results for K-Means and DBSCAN are promising, they rely on two-
month temporal scope that provides seasonal fluctuations. To move beyond these constraints, future
work should embed clustering within an end-to-end routing simulation that uses network-based
travel metrics, consider wider range of temporal scope for dataset, explore spatial or streaming
algorithms that adapt zones continuously, extend evaluation to multi-objective criteria covering cost
and time-window compliance. Also, it should focus on integrating real-time data such as courier
movement dynamics and order volumes to develop these dynamic zones further. The scalability of
clustering algorithms like DBSCAN for larger datasets and real-time applications should be explored.
This work lays the groundwork for adopting adaptive zoning models that respond to the evolving
demands of urban logistics, contributing to more sustainable and efficient delivery systems in smart
cities.
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KAJIAJIBIK KYPBEPIIK TIOTHCTUKAJATBI KJIACTEPIEY
OAICTEPIHE HET'I3AEJT'EH AEPEKTEPMEH OHTAUJAHABIPY

Angarna

Kananap meH onapabiH HHOPaKYPBUIBIMBIHBIH KapKBIHJIbI TaMYbI XKaFIaiibIH/1a caralibl KaJlaJblK )KeTKi3lTiMre
JIETEH CYpaHbIC Y3/IKCi3 ecim keneni. by skymbicTa KypbepIlik KOMITAaHHS YCBIHFAH JICPEKTEp HETIi3IH/Ee JKETKi3y
alfMaKTaphIH VIIIECTipy MYMKIHIIKTEpi KapacThIpbLIaabl. KoMeH KyphITFaH TOCTYpIIi aiiMaKkTap KeOiHece Kana arsl
aya paibl, KOJI KO3FaJIBICH, KOIIIe JKeITici CHAKTHI (haKTopIapAbl AyprIc eckepe Oepmeiini. 3eprreyne K-Means xone
DBSCAN kiacrepiiey alropuTMAEpiHiH )KeTKI3y aiiMaKTapblH THHAMHUKAJIBIK TYP/E KaJIbIITACThIPYFa Kalai bIKIal
eretini kepcerineni. CanpicTeipmansl Tanaay Silhouette score sxoHe Big-O HoTanmsicsl Topi3ai KepceTKimrep/i
naiinananaasl. Hotmwkenep K-Means anroputmi Oipkeiki, KypbUIBIMIBI Kiactepiep KyparbiHbiH, an DBSCAN
JIEpeK THIFBI3IBIFBIHA OCHIMICIIN, MKEM[i IIeKapanap aHBIKTAUTHIHBIH monenaeni. Kem merreitmi DBSCAN
TOCLTI IIAIIBIPAHKB! TANICHIPBICTAPIBIH MIOFBIPIAHYBIH a3alTHII, OAapIBIK KETKi3y HYKTEJepiHe KOJDKETIMILTIKTI
aptTeIpansl. OchuIaiiia, KiracTepiey aaropuTMIepi Kyphepiep apachlH/Ia TAICHIPHICTapABI 9111 06Ty i KEeHIIIeTIM,
OTepalMsIIbIK IBIFBIHAAP/BI KBICKAPTYFa MYMKIHJIIK Oepeni. bonamakra anroputMaepAiH TMHAMUKAIBIK OpTaia
KaJiail )KYMBbIC iICTEHUTIHIH Oaraiay YIIiH HaKThl YaKbITTaFbl AEPEKTEP/Ii CHI'13y KaXKeT.

Tipek ce3aep: 1orucTrka, Kactepiey alropuTMIepi, Kypbepilik KeTKi3y/li OHTalIaHIbIpy, aKbIIIBI Kajianap,
JKETKI3y aiiMaKTapbl, MAaIIMHAJIBIK OKBITY.
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METO/bI ONITUMHU3ALNNH, OCHOBAHHBIE HA KJIACTEPU3ALINA
HA OCHOBE JAHHBIX I'OPOJACKOU KYPBEPCKOMU JIOTHCTUKHU

AHHOTAUMSA

B ycioBusix cTpeMHUTEIBHOTO Pa3BUTHSI TOPOAOB U UX MHPPACTPYKTYPHI CHPOC K Ka4YECTBEHHBIM T'OPOACKUM
JIOCTaBKaM BO3PACTAET C TOH ke CKOpOCThIO. JlaHHast paboTa nccieayeT BO3SMOXHOCTH TMHAMHUYECKOTO pactipeie-
JICHUS! 30H JIOCTABKHU JUISl KyPBEPCKUX JOCTAaBOK HA OCHOBE JAHHBIX, IPEOCTABISIEMBIX KyphepPCKOH KOMIIaHUEH.
TpanuiuoHHbIE 30HBI JOCTABKH, CO3aBaeMble BPYyUHYIO, YaCTO HE 00ECIIEUNBAIOT PEICBAHTHOCTD KAPTHUHBI 110 OT-
HOIICHHIO K PeaIbHOM CUTYyaluu B Topojie (roroaa, Tpaduk, 10poru 1 T.71.). B 1aHHOM Hccie0BaHnH TPUBOASTCS
pe3yabTaThl TOTO, Kak anroputMbl kinactepusanuu K-Means 1 DBSCAN moryT crnoco6cTBOBaTh AMHAMUYECKOMY
pacripeieieH|Io 30H JJOCTaBOK B BHJIE KilacTepoB. CpaBHUTENBHBIN aHAJIM3 BKIIOYAECT B ceOsl y4eT TaKkuX IOoKa-
3areneid, kak 3HadeHue Silhouette n BeruMcaUTENBHAS cIOKHOCTH Big-O Notation. Pe3ynbrarsl mokasbsiBaioT, 4To
K-Means anroput™ co3gaer CTpyKTYpUpPOBAaHHbBIE U paBHOMEpPHBIE KiIacTepbl, B TO Bpemst kak DBSCAN mokasbr-
BA€T PE3YJbTAaThl B OMPEACICHUN TMOKUX KJIACTEPOB C YIETOM IUIOTHOCTH JaHHBIX B PErHMOHE. MHOTOypOBHEBBII
DBSCAN mnpenocTaBisieT BO3MOKHOCTh YMEHBIIUTh KOHIIEHTPAIIMIO «IIIYMOB», TEM CaMBIM YBEJINYMBAs OXBaT
BCEX TOUEK 10CTaBOK. [loyueHHbIe pe3yabTaThl OTMEUAIOT IPEUMYIIECTBA UCTIOIb30BAHNUS AITOPUTMOB KJIACTEPH-
3allMU B CO3/JaHUU TUHAMUYECKUX 30H JOCTABKH JJIs YIyUIIEHHsI IPOLIECCOB paclpeesIeH sl 3aKa30B MEXy Kypb-
€paMU U YMEHBIIEHHEM OMNEPallMOHHBIX pacXoloB. B nanbHelmue uccienoBanys ClefyeT BKIIOYUTD MOTyYeHHE
JAHHBIX B pealbHOM BPEMEHN JUTs HAOIIOACHUH 3a paOOTOH aIropuTMOB B AMHAMUYECKOH Cpeie.

KuroueBble c10Ba: JIOTUCTHKA, aJTOPUTMBI KJIACTCPU3AINH, ONTHMM3ALUSA KYPHEPCKOH TOCTAaBKH, YMHBIC
ropoa, 30HbI I0CTaBKH, MALIMHHOE 00y4eHHE.
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EMOTION CLASSIFICATION USING CONVOLUTIONAL
NEURAL NETWORKS WITH DIFFERENT ARCHITECTURES

Abstract

Thermal imaging offers a non-invasive and robust approach to emotion recognition by capturing facial
temperature patterns that correlate with psychophysiological states. This study investigates the application of deep
neural networks to classify six basic human emotions — happiness, sadness, fear, disgust, anger, and surprise —
using facial thermograms. A balanced dataset was collected under controlled experimental conditions, and four de
ep learning architectures were evaluated: Convolutional Neural Network (CNN), Fully Convolutional Network
(FCN), EfficientNet, and MobileNet. The models were trained and tested on a curated set of preprocessed thermal
facial images. Among the evaluated architectures, FCN achieved the highest classification accuracy of 90.04%.
The results demonstrate that deep learning models, particularly FCNs, are well-suited for emotion recognition from
thermal data, with potential applications in psychophysiological monitoring, healthcare, and real-time human-
computer interaction systems.

Keywords: CNN, Efficient Net, Mobile Net, Fully Convolution Network, thermograms, neural networks.
Introduction

With the growing interest in developing intelligent systems capable of interpreting human
behavior, object and image recognition technologies are rapidly advancing. These technologies, which
fall under the field of computer vision, are widely applied in areas such as medicine, robotics, smart
homes, autonomous driving, and human-computer interaction. One actively explored application
is emotion recognition, which is being integrated into consumer electronics, hospital monitoring
systems, smart cars, and personal devices [1, 2]. The effectiveness of such systems depends on both
the quality of input data and the choice of recognition algorithms. While traditional approaches rely
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on RGB images and handcrafted features, these are susceptible to visual obstructions such as facial
expressions, lighting changes, and background variations.

To overcome these limitations, thermal imaging (thermography) has emerged as a promising
alternative. Thermograms reflect the temperature distribution across the human face, which
correlates with emotional states due to autonomic nervous system responses [6]. This modality is
difficult to manipulate voluntarily and less affected by environmental noise, making it particularly
valuable for affective computing. In recent years, deep learning, especially convolutional neural
networks (CNN5s), has proven effective in analyzing spatially structured data such as images. CNNs
and their variants offer end-to-end learning capabilities and outperform traditional machine learning
algorithms in most vision-related tasks [3—5]. Their application to thermal data has shown significant
promise in emotion classification [6].

Earlier works have used conventional classifiers—such as SVM, k-NN, logistic regression, and
naive Bayes—combined with feature extraction methods like HOG, Fourier or wavelet transforms
[7-14]. While useful, these methods depend heavily on manual feature engineering and often require
dimensionality reduction techniques (e.g., PCA, LDA) or ensemble classifiers (e.g., Random Forests)
[15-18]. However, they generally underperform compared to deep neural architectures on complex
tasks involving spatial and contextual patterns.

This paper investigates the effectiveness of several deep neural network architectures—CNN,
Fully Convolutional Network (FCN), EfficientNet, and MobileNet—for classifying six basic human
emotions using thermal facial images. The aim is to evaluate the adaptability and classification
performance of these models on a balanced and preprocessed dataset captured under controlled
experimental conditions.

The main contributions of this work are as follows:

A comparative analysis of four deep learning architectures applied to thermal facial images for
emotion recognition.

The construction of a balanced dataset using thermal imaging, capturing six fundamental
emotional states under controlled experimental conditions.

The Research Methods section describes the experimental setup, dataset characteristics,
preprocessing steps, and the neural network architectures employed in this study, including their
configurations and underlying mathematical formulations. The Results and Discussion sections
present and interpret the experimental findings obtained from training on thermal image data, with
an emphasis on classification accuracy, learning dynamics, and model adaptability. Finally, the
Conclusion section summarizes the key outcomes of the work and outlines potential directions for
future research.

Materials and Methods

To develop a robust and high-quality neural network classification model, thermograms of
people were collected while they were watching various videos that evoked six basic emotions. The
videos evoked the following emotions: happiness, sadness, fear, disgust, anger, and surprise. Using
a thermal camera, facial thermograms of the experiment participants were captured 15-20 times,
depending on the manifestation of emotions while watching each video.

The experimental sessions were conducted ina controlled indoor environment atroom temperature.
Each participant sat comfortably in front of a monitor placed 0.7 meters away, which displayed
audiovisual stimuli. The stimuli were carefully selected to elicit specific emotional responses. Each
clip lasted 4 minutes, followed by a short break to allow emotional state normalization. The thermal
camera (Fluke TiS20+ MAX; IR resolution: 120x90, 8—14 um spectral range, 60 mK sensitivity) was
mounted on a tripod 1 meter away, perpendicular to the face.

The dataset included ten healthy participants aged between 18 and 19 years. A total of 821
original thermal images were collected and labeled based on the elicited emotion. Each image was
preprocessed by cropping around the face and resizing to 4848 pixels to optimize training efficiency.
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Data augmentation was applied using transformations such as rotation (£10°), horizontal flipping
(50% chance), scaling (90—110%), and translation (+3 pixels), producing 821 additional samples.

Thus, the final dataset consisted of 1,642 thermographic facial images, evenly distributed across
six emotion classes (274 per class, except anger with 272 images). The dataset was split into 80%
training and 20% testing sets to ensure model generalizability. Figure 1 presents representative
samples of facial thermograms for each emotion.

grommer——— S B S BE— S )
i  Thermal {  Thermal
; i  photos i photos
Anger E Happiness ‘

---------------- +-~+----1
| Disgust | ! Sadness

- Fear _ Surprise

Figure 1 — Thermograms of a human face in different emotions

CNN

Unlike fully connected networks, CNNs have the property of local connectivity and parameter
sharing, which reduce the complexity of the model and allow for efficient handling of spatial depen-
dencies [19].

The basic operation in CNN is convolution. The input to a layer is a tensor X of size HxWxC.
The convolution is performed with a kernel W{*} of size FxFxC. H is the height of the image and W
is the width of the image, C is the number of channels, F is the kernel size, and k is the filter index.
The filter or image is the image obtained at the output after convolution. The output of the convolu-
tion operation is calculated as (1):

x k
.}’iir.} = 11:;1:12«}!;:125: 1(X1'+m,j+n,c * WT?’E,?E,C) + b{k} (1)

where b} is the bias and @ is the activation function (typically ReLU).
The ReLU activation function is defined as:

o(z) =max(0,z) )

The result of the convolution is an output tensor of size H'xW'xK, where K is the number
of filters applied to the layer. After the convolution layer, a pooling layer is often applied, which
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reduces the dimensionality of the data and thus reduces the number of parameters in the model, and
also makes the network more robust to minor shifts in the image. The max pooling operation, which
extracts the maximum value in each window of size pxp (3), reduces the dimensionality of the tensor
by a factor of p along each spatial axis.

Yijhe = MAX =y, pTMAX = 1,...,'.DXi+m,j+n,k 3)

where X is the input tensor, Vi, j,k is the subsampling result.

The Flatten layer transforms the 3D output tensor into a 1D vector. If the input tensor is of shape
HxWxK, then the output is transformed into a vector of length HxWxK. After the convolution
and pooling layers that extract spatial features, the CNN adds fully connected layers that provide
classification (4).

yi=0@Liwi; =%+ D) 4)

where X; is the input vector, W; jis the weight coefficient for neuron j, by is the bias, and ¢ is the ac-
tivation function (usually ReLU or softmax).

For a classification problem, the output layer is typically a layer with n neurons, where n is the
number of classes, and a softmax activation function. Softmax transforms the output values into
probabilities for each class (5).

Softmax(z;) = m (5)
where Z;is the activation of the i-th neuron before softmax.
To train the network for the classification task, the categorical cross-entropy loss function (6) is
used.

L= —Z?;12f=1 Vij* log(¥y;) (6)

where Y1 is the true class label and 7.; is the predicted probability.

Network optimization is performed using stochastic gradient descent (SGD) or its modifications
such as Adam. At each optimization step, the parameters are updated using the gradient of the loss
function for each parameter (7).

dL
WeWw—1*—

dw (7)

where 1] is the learning rate, and g is the gradient of the loss function with respect to weight w.
Thus, the CNN gradually adapts to the input data by changing the weights to minimize the pre-
diction error and improve classification accuracy (Figure 2).
The model includes convolutional layers with ReLU activation, max-pooling layers to reduce
spatial dimensions, a flattening operation, and fully connected layers for classification. The final
softmax layer outputs the predicted probabilities for the six basic emotion classes.
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Figure 2 — Architecture of the Convolutional Neural Network (CNN)
used in this study

Fully Convolution Network

Fully Convolutional Networks (FCNs) [20] are a neural network architecture in which all layers
are convolutional or pooling, allowing the model to be applied to inputs of arbitrary size. Unlike
conventional CNNs, which often terminate in fully connected layers for classification, FCNs consist
exclusively of convolutional layers and are used primarily for tasks requiring dense pixel-level
prediction, such as image segmentation.

In FCN, each layer is either a convolutional layer or a pooling layer. By eliminating fully
connected layers, the network preserves spatial structure at each layer, which is important for tasks
that require detailed information about the position and shape of objects. Pixel-wise probability maps
are used for prediction, allowing each pixel to be classified, rather than just the entire image. At
the level of convolutional and pooling layers, FCN is similar to CNN, but unlike CNNs, where
convolutions and pooling can be used to extract features before fully connected layers, FCNs use
progressive convolutions and pooling to gradually reduce spatial resolution, which helps to reveal
hierarchical features.

After the convolution and pooling layer, dense prediction tasks such as segmentation require
restoring the original image resolution. This is done by an upsampling operation, most commonly
implemented by transposed convolution (also called inverse convolution or convolutional
deconvolution) (8). The transposed convolution step increases the dimensionality of the output
tensor, restoring the spatial resolution.

Yijk = an=1Zi=1(Xijjs+m,jjjs+n,k * Wnnx ) (8)

where s is the step of the transposed convolution.

FCN also uses a skip connection mechanism to combine high-level and low-level features. This
allows fine-grained spatial features from earlier layers to be combined with semantic features from
deeper layers. As a result, FCN can reconstruct the resolution with higher accuracy and preserve
spatial details important for segmentation. The final feature map Y is the sum of the early and late
layer feature maps multiplied by weights and represents the feature map after reconstruction (9).

Y = aVi,, + Blugn ©)
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where Yiow is the feature map from the early layer, Yrigr is the feature map from the deeper layer, and
@ and B are the weight coefficients that define the contribution of each layer.

For the semantic segmentation task, FCN generates a class map for each pixel as output, which
allows each pixel of the input image to be classified. The prediction for a pixel can be expressed in
terms of softmax (10).

_ exp(¥ijc)
Pije = TE_ exp(¥ijc) (10)
where Py j.c is the probability of class c for pixel (i, j), and C is the total number of classes.

When solving image segmentation problems, the best results are achieved by using the categorical
cross-entropy loss function at the pixel level (6). FCN is trained similarly to other neural networks
using the gradient descent method, updating the weights to minimize the loss function. After training,
the model can be applied to images of arbitrary size, which is an important advantage of FCN,
since it does not depend on a fixed input image size. Thus, FCN allows for dense prediction at
the pixel level, which makes it particularly suitable for semantic segmentation problems and other
problems that require spatial understanding of data (Figure 3). By performing segmentation and
adding classification accordingly, it is possible to improve the performance of the neural network.
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Figure 3 — Architecture of the Fully Convolutional Network (FCN)
used in this study

The network consists entirely of convolutional and pooling layers and omits fully connected
layers traditionally used in CNNs. For image-level classification, global average pooling is applied
after the final convolutional block, followed by a dense softmax layer that outputs class probabilities.

115



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

This adaptation enables the FCN to perform robust classification while preserving spatial features
and minimizing the number of parameters.

EfficientNet

EfficientNet models are a family of convolutional neural networks that offer an optimized method
for scaling neural networks, allowing them to achieve high classification accuracy with minimal
computational effort [21]. EfficientNet was proposed by the Google Al team and demonstrates
a fundamentally new approach to scaling the depth, width, and resolution of a network, thereby
achieving high performance on a wide range of tasks. One of the key ideas of EfficientNet is the
simultaneous scaling of the width, depth, and resolution of the network (11). Traditional scaling
approaches typically increase only one of these parameters, which can lead to inefficient use of
resources. EfficientNet proposes a method called "joint scaling" (Compound Scaling).

d=a¥*, w=pg% r=y% (11)

where d is the network depth (number of layers); w is the network width (number of channels
in each layer); r is the image resolution; € is a scaling factor that controls the overall computational
power of the model; @, B, ¥ are parameters that control the degree of increase in depth, width, and
resolution, respectively.

The parameters @, 8 HY¥ are selected empirically to maintain a balance between them when
changing computing resources.

EfficientNet-BO0 is the base architecture of EfficientNet, on which other models (B1, B2, etc.) are
scaled. The base model is built on an improved version of MobileNetV2, and is based on Depthwise
Convolution and Pointwise Convolution blocks. An important feature of the architecture is also the
use of swish activation (12):

swish(x)=x+*0(x) = Ppp—— (12)
where (%) is the sigmoid. The swish function helps improve the learning ability of the model by
smoothing the activation.

An important component of EfficientNet is the MBConv (Mobile Inverted Bottleneck
Convolution) block, which was borrowed from MobileNetV2 and adapted. MBConv includes
a pointwise convolution (1x1) to increase the number of channels (13), a depthwise convolution
(Depthwise Convolution) to process each channel separately (14), a pointwise convolution to reduce
the number of channels back to the original (15).

JC'r = W(lj*x (13)
x'" = W(zj * X (14)
L— 3 E !

where W) are the point convolution weights; * is the convolution operation; W (2 are the depthwise
convolution weights applied to each channel independently; W) are the weights of the last point
convolution to restore the number of channels to the original value.

MBConv also uses a dilation factor t, which determines how many times the number of channels
is increased before applying depthwise convolution. The MBConv block also uses a skip connections
mechanism, which allows the model to preserve useful features at each layer. EfficientNet offers a set
of models from B0 to B7, which are scaled by the parameter €. As ¢, the depth, width, and resolution
are increased according to pre-fitted values @, B, Y. This allows EfficientNet-B7 to achieve high
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accuracy on a variety of tasks, outperforming standard CNNs with less computational cost. Training
is done using the Adam or RMSprop algorithm with adaptive learning rate scaling, which helps in
efficient training on large datasets. EfficientNet is optimized for images of arbitrary resolution and
is suitable for a variety of computer vision tasks, including classification, segmentation, and object
detection. Thanks to its scaling approach, EfficientNet-B7, for example, demonstrates better accuracy
than many classical architectures such as ResNet and Inception, while requiring significantly less
computational resources. EfficientNet offers a cost-effective and flexible solution for computer vision
tasks, providing efficient architectural scaling and high performance with minimal computational

costs (Figure 4).
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Figure 4 — Architecture of the EfficientNetB0-based
neural network used in this study

The network uses a preconfigured EfficientNetB0 backbone to extract high-level spatial features
from 48x48x3 input images. The output feature map (2x2x1280) is flattened and passed through
three fully connected layers (768, 128, and 6 neurons). The final layer uses softmax activation to
output the probabilities for six emotion classes. This architecture combines EfficientNet’s optimized
compound scaling with a custom classification head for emotion recognition.

MobileNet

MobileNet is a class of convolutional neural network architectures designed for computationally
constrained devices such as mobile devices and embedded systems [22]. The basic idea of MobileNet
is to use Depthwise Convolution and Pointwise Convolution to reduce the computational complexity
and model size. MobileNet introduces the concept of Depthwise Separable Convolution, which
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decomposes the standard convolution into a depthwise convolution and a pointwise convolution.
Depthwise convolution is performed separately for each channel, which significantly reduces the
number of operations. Pointwise convolution combines the results from each channel using a regular
Ix1 convolution to mix the channels. This approach reduces the number of computations compared
to traditional convolution while maintaining good classification accuracy.

To further tune the model complexity, MobileNet introduces a width multiplier and a resolution
multiplier. The width multiplier is used to reduce the number of channels in each layer. If the width
multiplier is less than 1, it reduces the number of filters, reducing the computational complexity and
model size. The resolution multiplier reduces the resolution of the input image, which also reduces
the number of computations. Like other CNN architectures, MobileNet uses the categorical cross-
entropy function for the classification task. The use of depthwise sparse convolution reduces the
computational requirements by 8-9 times compared to traditional convolutional networks of similar
size. This makes MobileNet effective for tasks that require low latency, low power consumption,
and compact models, such as tasks on mobile devices. MobileNet achieves a trade-off between
accuracy and performance, especially with low values of the multipliers and r. MobileNet has been
successfully applied to classification, detection, and segmentation tasks where high efficiency is
required. Improved models such as MobileNetV2 and MobileNetV3 have also been developed
based on MobileNet, introducing additional optimizations to improve classification quality while
maintaining efficiency. MobileNet offers a simple and efficient architecture for mobile and embedded
applications, achieving high accuracy with minimal computational overhead, making it one of the
popular models for devices with limited capabilities (Figure 5).
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Figure 5 — Architecture of the MobileNet-based
neural network used in this study
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The model uses a MobileNet backbone for efficient feature extraction from low-resolution input
images (48x48x3), producing a compact feature map of size 2x2x1280. This output is flattened
and passed through three fully connected layers (768, 128, and 6 neurons). A final softmax layer
outputs classification probabilities for the six basic emotions. The architecture is optimized for low
computational cost, making it suitable for deployment on mobile or embedded systems.

Results

The number of training epochs for each neural network is defined as the number of epochs at
which the error stops decreasing within 20 epochs. The batch size was 32. The learning rate was
set to 0.0001 and the Adam optimizer was used for all models. The Adam optimizer was used with

default parameters (,=0.9, B,=0.999, e=1e-8).

Table 1 — Final performance of neural networks after training

Neural network CNN Fully Convolution Efficient Net MobileNet
architecture Network
loss 0.053 0.0502 0.2942 0.0636
accuracy 0.9908 0.9880 09114 0.9991
val loss 0.6715 0.513 1.8307 0.5003
val accuracy 0.8524 0.9004 0.31 0.8413

The Fully Convolution Network (FCN) has the best training results, and a relatively small
error compared to CNN, Efficient Net, and MobileNet. Although FCNs are typically applied in
segmentation tasks, in this study the FCN architecture was adapted for image-level classification
by applying global average pooling followed by a softmax-activated dense layer. This allowed for
aggregating spatial features into class-level predictions. FCN demonstrates the best balance between
accuracy and loss function on the validation set. MobileNet achieves high accuracy on training,
but its performance on validation is lower than that of FCN. EfficientNet requires improvement or
adaptation, since its low performance on validation indicates a strong discrepancy between training
and testing. CNN maintains stable results, which makes it suitable for problems where a trade-off
between accuracy and model complexity is required. Such results emphasize the importance of
choosing architecture depending on the specifics of the problem and available resources. Figures 6-9
present the dynamics of neural networks training.
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Figure 6 — Training and validation loss and accuracy curves
for the Fully Convolutional Network (FCN)
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The FCN demonstrates a steady decrease in training loss and consistent improvement in validation
accuracy. While the validation loss exhibits moderate oscillations throughout training, the model
maintains high generalization performance, ultimately achieving the best validation accuracy among
all tested architectures. This suggests that the FCN structure, adapted for image-level classification,
effectively captures relevant thermal features despite dataset limitations.
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Figure 7 — Training and validation loss
and accuracy curves for EfficientNetB0

The model achieves progressively lower training loss and high training accuracy, indicating
effective fitting on the training data. However, the validation loss remains high and unstable, while
validation accuracy fluctuates with low values, showing a clear overfitting trend. The large gap be-
tween training and validation metrics suggests insufficient generalization, possibly due to the model's
complexity relative to the dataset size.
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Figure 8 — Training and validation loss and accuracy curves
for the Convolutional Neural Network (CNN)
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The CNN exhibits steady improvement in both training and validation accuracy. Training loss
decreases consistently, while validation loss shows moderate oscillations, especially in the later ep-
ochs. This behavior suggests that the model generalizes reasonably well but may be sensitive to the
learning rate or the absence of regularization techniques. Overall, CNN demonstrates robust perfor-
mance with a good balance between accuracy and model complexity.
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Figure 9 — Training and validation loss and accuracy
curves for the MobileNet architecture

MobileNet demonstrates fast and stable convergence, with both training and validation loss
decreasing smoothly. The validation accuracy increases steadily and reaches over 80%, although a
performance gap between training and validation persists, indicating a degree of overfitting. Compared
to other models, MobileNet shows the most stable learning dynamics with minimal oscillations,
highlighting its efficiency and suitability for small-scale datasets and low-resource applications.

Discussion

The work performed demonstrates the relevance of using thermal images in emotion
classification tasks utilizing neural network architectures. A distinctive feature of this study is the
use of thermograms, which are more resilient to visual variations such as facial expressions, lighting
conditions, and background clutter, compared to RGB images.

Among the evaluated models, the Fully Convolutional Network (FCN) demonstrated the
highest classification accuracy, which is consistent with its architectural strength, namely, the ability
to preserve spatial dependencies and integrate multi-scale feature representations. Its successful
application underscores the adaptability of FCNs for tasks requiring detailed data processing,
including segmentation. The CNN model also yielded stable and acceptable results, making it a
viable option when a trade-off between computational cost and accuracy is needed. However, its
performance was inferior to FCN in terms of spatial representation capacity. EfficientNet, despite
its theoretical advantages in parameter efficiency and scalability, exhibited weak generalization
on the validation set, suggesting a need for hyperparameter tuning or architecture adjustments
tailored to the thermographic input modality. MobileNet showed high training accuracy but weaker
performance on validation, indicating a tendency toward overfitting. These outcomes highlight the
importance of aligning neural network architecture with the characteristics of the data and task-
specific constraints. Additionally, the relatively small size of the dataset (1,642 images) may have
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limited the learning potential of more complex models such as EfficientNet. Future work should
therefore consider expanding the dataset and applying advanced data augmentation techniques to
improve generalization and model robustness.

Furthermore, to better interpret model behavior and identify class-specific strengths and
weaknesses, future research should incorporate complementary performance metrics such as
precision, recall, and confusion matrices. These metrics would provide deeper insight into which
emotions are more prone to misclassification and help guide targeted architectural or preprocessing
improvements.

This study underscores the critical role of neural network architecture selection in thermal image-
based emotion classification. The FCN architecture appears most promising under current conditions.
However, ongoing research should aim to improve the performance of other architectures through
thermogram-specific adaptations and extended evaluation using more comprehensive performance
metrics.

Conclusion

The study examined the capabilities of various neural network architectures for classifying
human emotions using thermograms. The results showed that the Fully Convolution Network (FCN)
demonstrated the best balance between accuracy and robustness on the validation set, achieving a
classification accuracy of 90.04%, making it a promising tool for analyzing thermograms. CNN also
demonstrated stability and acceptable accuracy, which allows us to recommend it for tasks that require
a balanced approach between computational complexity and accuracy. Despite the high potential
of EfficientNet, its low performance at the validation stage indicates the need for improvement,
including tuning hyperparameters and increasing the size of the training set. MobileNet demonstrated
excellent results at the training stage, but its validation accuracy was lower, which may indicate a
tendency to overfitting.

Thus, the work emphasizes the key role of architectural adaptation of neural networks for the
specifics of thermogram processing tasks. The use of thermograms is a promising direction for the
analysis of human emotions due to their resistance to external factors. For further research, it is
advisable to focus on optimizing existing architectures and developing new approaches focused on
the specific features of thermographic data, as well as increasing the volume of data for training and
validation of models.
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OPTYPJII APXUTEKTYPAJIAPBI BAP KOHBOTIOLMSIBIK
HEWPOHBIK )KEJLJIEPII KOJIAHY APKBLIBI
SMOIMAIAPILI KIACCUDPUKALUSIAY

AnjiaTna

Tepmorpadust — agaMHBIH ICUXO(QHU3HONOTHUSUIIBIK KYHIMEH OalIaHBICTBI OCTTETi TeMIepaTypablK e3repic-
TepIi TIPKEWTIH, IMOISUIAPABI TaHyFa apHAJFaH WHBA3MUBTI eMec opi ceHimai oamic. by 3eprreyae anamHbIH OeT
TepMOrpaMMmalapblH HalAadaHblll, ajlThl HETI3Tl AMOIMSHBI — KYaHbIII, MYH, KOPKBIHBIII, XHIPKEHY, allly JKOHE
TaHFally — TaHy YIIIH TepeH HEWPOHIBIK JKEeNIepAl KOJNaHy KapacThIpblIajbl. DKCIIEPUMEHTTIK XKarnainapua
JKMHAJIFaH TEHECTIPUITeH JIepeKTep JKUBIHTBIFBI HETi3iHJe TOPT apXUTEKTypa OarajaH/bl: KOHBOJIOLUMSUIBIK HEH-
poumsIK xeii (CNN), Tombik koHBOPOnmsIbIK xkeni (FCN), EfficientNet sxone MobileNet. Moaenbaep anabiH ana
OHJICITeH OeT TepMorpamMMaapblHa OKBITBUIBII, Tekcepinmi. baramanran apxurekrypanapasiy imiage FCN ey
xorapel — 90,04% nonaix kepcerTi. by 3epTTey Tepen HeHpOHIBIK Keminep i, acipece FCN apXuTekTypachIHbIH,
TepMOrpadUsIIBIK JCPEKTEp HETI3IHIC SMONUUSIAPAbI TaHy MIHACTTECPIHAC THIMII CKCHIH TJICIICH Il KOHE OHBI
NcUX0(U3NOIOTHSITBIK OaKblIay, IEHCAYIIBIK CaKTay, COH/Iali-aK aJlaM MEH MallliHa apachbIHJIaFbl ©3apa dPEKEeTTeCy
JKyHernepinje KoijiaHyFa 00JIaTbIHBIH KOPCEeTeIl.

Tipek ce3xep: CNN, Efficient Net, Mobile Net, Fully Convolution Network, Tepmorpamma, HeHpOHIBIK KeJTi.
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KJIACCUPUKALIAS DMOIMIA
C HCIIOJIb30BAHUEM CBEPTOYHBIX HEHPOHHBIX
CETEN C PA3JIMYHBIMHA APXUTEKTYPAMHM

AHHOTAUMS

TermnoBM3nOHHAS ChEMKa MPEACTABISCT COO0ON HEMHBA3UBHBIN M HAAEKHBIN MOAXOI K PACIIO3HABAHUIO SMO-
U, GUKCUPYS TEMIIEpaTypHbIE M3MEHEHUsI Ha JIMIIE, CBSI3aHHbIE C ICUXO(HU3NOIOTHNYECKUM COCTOSTHUEM YelloBe-
ka. B HacToseM uccliieoBaHuy paccMaTpruBacTCs TPUMEHEHHE ITyOOKMX HEHPOHHBIX ceTel JUTs KitacCu(uKauu
mecTy 0a30BBIX AMOLMKI — paiocTh, TPYCTh, CTPaX, OTBPAILCHUE, THEB U YIUBICHNAE — [0 TEPMOTpaMMaM JIUIIA.
COaaHCHpOBaHHBIM HAOOP JAHHBIX OBUT COOPaH B KOHTPOJIHPYEMBIX IKCIIEPIMEHTAIBHBIX YCIOBUSX, 1 OBLIN OI1e-
HEHBI YETHIPE apXUTEKTYPhI TIIYOOKOTO O00yueHUs: cBepTouHas HelipoHHas ceTh (CNN), MOTHOCTBIO CBEpTOUHAS
cets (FCN), EfficientNet 1 MobileNet. Moaenu 006ydannuce ¥ TECTUPOBAINCH Ha MPEABAPUTEIFHO 00pabOTaHHBIX
TepMorpaduueckux u300paxeHusx jauna. Cpean HcclielyeMbIX apXUTEKTYp HauBBICIIYI0 TOYHOCTh — 90.04% —
nokazasna FCN. Pe3ynbrarsl 7eMOHCTPHPYIOT, YTO MOJIEITH TITyOOKOT0 00yueHus, ocodenHo FCN, xoporro moaxoast
JUIS 33/1a4 PACIIO3HABAHMS AIMOLMI 110 TEINIOBU3MOHHBIM JAHHBIM M MOT'YT OBITh MCIIOJIB30BaHBI B IICUXO(HU3HOIIO-
THYECKOM MOHHUTOPHHTE, 3JPaBOOXPAHEHUH H CHCTEMaX B3aUMOJICHCTBHUS YeJIOBEK — MAIlIMHA B PEaIbHOM BPEMEHH.

KuoueBble ciioBa: CNN, Efficient Net, Mobile Net, Fully Convolution Network, Tepmorpamma, HelipoHHBIE
CeTH.
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TOKENIZATION DYNAMICS: BLOCKCHAIN-BASED ISSUANCE
AND DECENTRALIZED EXCHANGE INTEGRATION

Abstract

In this article, we explore the complexities surrounding token issuance within blockchain networks and their
integration with decentralized exchanges (DEXs). With the swift evolution of cryptocurrency and blockchain
technologies, token issuance has become a prevalent means of funding initiatives and creating novel digital assets.
This journey involves tackling a spectrum of technical and organizational hurdles, ranging from choosing the right
token standard to crafting, testing, and deploying smart contracts on the Ethereum blockchain. Further, we explore
the integration of issued tokens with decentralized exchanges, highlighting the importance of such platforms in
enabling token trading without reliance on centralized intermediaries. The technical solutions required for this
integration, along with considerations of the unique aspects of exchange protocols, are critically analyzed. We pay
special attention to the ERC-20 standard for token creation, detailing the process of smart contract development and
deployment on the Ethereum network. Additionally, the advantages and limitations of integrating tokens with DEXs
are examined, providing a comprehensive understanding of both the opportunities and challenges within the rapidly
evolving digital asset ecosystem. This study extends the current understanding of token dynamics by incorporating
an in-depth analysis of scalability challenges, cross-chain interoperability, and the evolving regulatory landscape
affecting token issuance and trading. By offering practical recommendations for overcoming identified hurdles, this
research guides practitioners and policymakers in navigating the complexities of the decentralized finance (DeFi)
space, making a significant contribution to the field of blockchain technology and digital finance.

Keywords: Ethereum, ERC-20, TokenCreationSmart, Contract, Dextools.io, Listing, Blockchain.

Introduction

In today’s world, the creation and deployment of tokens on the Ethereum platform is a complex
but rapidly evolving process that contributes to the development of financial innovation and
decentralized applications [1]. Ethereum, as a leading smart contract development platform, provides
an environment for creating and managing tokens based on the ERC-20 standard, which defines the
core functionality and interfaces for token interoperability with other Ethereum ecosystems [2].

In this article, we will take a detailed look at the technical aspects of creating a token in the
Ethereum IDE and provide a list of it on the Dextools.io platform [3]. Let’s look at the process
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of developing a smart contract token, including choosing the optimal parameters of the ERC-
20 standard, describing and debugging the smart contract code, as well as its deployment on the
Ethereum network using appropriate development tools [4].

In addition, we outline the technical details of the token creation process on Dextools.io, including
providing the necessary information about the token, registering it on the platform, confirming the
data, and waiting for the process of adding the tokens to the list of assets available for identification
and analysis [5].

Studying these technical aspects will allow you to better understand the processes of creating and
managing Ethereum-based tokens, as well as develop knowledge about technological connectivity to
solve current problems in the field of finance and the development of decentralized applications [6].

The process of creating and deploying tokens on the Ethereum platform is a dynamic and
intricate endeavor that fosters financial innovation and the development of decentralized applications.
Ethereum, serving as a premier smart contract development platform, facilitates the creation and
management of tokens adhering to the ERC-20 standard. This standard delineates fundamental
functionalities and interfaces pivotal for token interoperability within the Ethereum ecosystem.

Technical Exploration section will intricately examine the technical aspects surrounding token
creation within the Ethereum Integrated Development Environment (IDE) and subsequent listing
on the Dextools.io platform. We will delve into the nuanced process of developing smart contract
tokens, encompassing the selection of optimal ERC-20 standard parameters, meticulous description
and debugging of smart contract code, and seamless deployment onto the Ethereum network utilizing
appropriate development tools.

Detailed insights into the technical intricacies of token creation on the Dextools.io platform will
be provided, encompassing the submission of requisite token information, procedural registration
on the platform, data authentication, and the subsequent inclusion of tokens into the roster of assets
available for identification and analysis.

Materials and Methods

Ethereum IDEs and Smart Contract Development

For the development of smart contracts facilitate token issuance on the Ethereum blockchain,
Ethereum Integrated Development Environments (IDEs) played a pivotal role. Among these IDEs,
Remix emerged as a primary choice due to its user-friendly interface and comprehensive features
tailored for Ethereum smart contract development. Remix provided developers with a web-based
platform where they could write, test, and deploy smart contracts efficiently [7].

Another notable Ethereum IDE that contributed significantly to token creation is Truffle. Truffle
offered a suite of tools for smart contract development, testing, and deployment, streamlining the
process of token issuance on the Ethereum blockchain. Its built-in functionality for testing and
debugging enhanced the reliability and security of token contracts developed on the platform [8].

Additionally, developers leveraged the capabilities of Visual Studio Code (VS Code) for
Ethereum smart contract development and token creation. With the integration of extensions like
Solidity, developers could write, compile, and deploy smart contracts directly from the VS Code
interface. This integration provided a seamless development experience for creating Ethereum-based
tokens [9].Figure 1 displays the web GUI (Graphical User Interface) of the Ethereum IDE’s home
page. Figure 2 illustrates the web GUI (Graphical User Interface) of the Ethereum IDE’s deployment

page.
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Figure 2 — GUI (Graphical User Interface) of the Ethereum IDE’s deployment page

Utilization of Solidity Programming Language

Solidity, the predominant programming language for Ethereum smart contracts, served as
the backbone for the development process. Leveraging the features and capabilities of Solidity,
developers were able to implement the logic and functionality required for token creation, transfer,
and management. Solidity’s syntax and semantics enabled the seamless integration of complex
business rules and transactional logic into the smart contract codebase. Figure 3 presents the code
block for the token in Solidity [10].

In conjunction with Solidity, the Ethereum Virtual Machine (EVM) played a crucial role in
executing smart contracts and processing transactions on the Ethereum blockchain. As the runtime
environment for Ethereum smart contracts, the EVM ensured the decentralized execution of token-
related operations, providing security and immutability to the token ecosystem [11]. Figure 3 presents
the code block for the token in Solidity.
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Figure 3 — The code block for the token in Solidity

Adherence to ERC-20 Standard

In adherence to industry best practices and interoperability standards, the ERC-20 standard was
meticulously followed throughout the token development process. The ERC-20 standard defines a
set of rules and interfaces that enable seamless interaction between tokens and various Ethereum-
based wallets, exchanges, and decentralized applications (DApps) [12]. By adhering to the ERC-
20 standard, the developed tokens ensure compatibility and interoperability with a wide array of
decentralized finance (DeFi) protocols and platforms [13]. Figure 4 illustrates the environments
available for connection.

DEPLOY & RUN TRANSACTIONS

Injected Provider - MetaMask =

jected Provider - MataMask

Figure 4 — The environments available for connection
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Token Structure and Features:

The token’s structure was meticulously designed to accommodate essential features such as
name, symbol, total supply. These parameters not only define the token’s identity but also facilitate its
recognition and integration within the broader Ethereum ecosystem. Figure 5 presents the parameters
of the new token.

Injected Provider - MetaMask
Main (1) network

OxbecB...9f6f1 (0 ether)

3000000

10000

Token - token.sol

WM version: paris

DEPLOY

500,000000

OxbcBoB70ASMI5T42182C2417

Figure 5 — The parameters of the new token

This combination of Ethereum IDEs, Solidity programming language, and adherence to the ERC-
20 standard formed the foundation for the successful development of smart contracts facilitating
token issuance on the Ethereum blockchain. Through meticulous coding, testing, and deployment
processes, developers were able to create tokens that meet the highest standards of security, reliability,
and interoperability within the Ethereum ecosystem.

Network Congestion and Gas Fees Considerations

In the deployment phase of the token smart contract, meticulous attention was paid to network
congestion and gas fees associated with Ethereum transactions. Given the dynamic nature of the
Ethereum network, fluctuations in gas prices and network congestion can significantly impact
transaction costs and processing times [14]. To mitigate these challenges, developers often employ
strategies such as transaction batching and gas optimization techniques to minimize costs and
expedite transaction confirmation [15].

Transaction Scheduling and Timing:

Furthermore, careful consideration was given to transaction scheduling and timing to capitalize
on periods of lower network activity and reduced gas prices. Transactions were strategically
scheduled during off-peak hours to leverage lower gas fees and expedite transaction confirmation
times. This proactive approach helped mitigate the impact of network congestion on transaction costs
and processing times. Figure 6 presents the transaction details.
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Figure 6 — The transaction details

Gas Price Estimate:

Gas price estimation mechanisms were used to dynamically adjust transaction gas fees based
on current network conditions. Real-time monitoring of gas prices and network congestion enabled
optimal gas fee allocation, ensuring timely transaction processing while minimizing costs for token
holders and users. Figure 7 illustrates the payment process of the transaction using MetaMask.

https://remix.ethereum.org

PA3BEPTbLIBAHME KOHTPAKTA

©<0.000001
$0.00

NOAPOEBHOCTK  WECTHAOUATHUPMYHBIE

Estimated fee # $0.84 0.0003 ETH

Makc. komuccmua: 0.0003 ETH
cex.

Fee details v

WUroro $0.84 0.0003 ETH

CymMmMa + nnara 3a ras Make. eymma: 0.0003 ETH

Figure 7 — The payment process
of the transaction using MetaMask

Integration with Decentralized Exchanges

The first step involves identifying suitable DEXs for token listing and trading. Factors such as
liquidity, user base, trading volume, and compatibility with the token’s standards are considered.
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Selection of Decentralized Exchanges:

Dextools.io, known for its user-friendly interface and robust trading features, was identified as a
prominent DEX for token listing and trading. The decision to integrate with Dextools.io was based
on its popularity among traders and its ability to provide visibility and liquidity to the token. Figure
8 illustrates the main page of Dextools.io.

DEXTboard

) Recently updated socials
Foxe
= -4
Hoxe
Sox

Figure 8 — The main page of Dextools.io

Interaction with DEX Smart Contracts:

The integration process involved establishing communication channels with Dextools.i0’s smart
contracts through decentralized finance (DeFi) protocols. By leveraging standardized protocols and
interfaces, such as the Ethereum Virtual Machine (EVM) and Web3.js library, seamless interaction
with DEX smart contracts was achieved, enabling functionalities such as token listing, trading, and
liquidity provisioning [16]. This interoperability facilitated experience efficient token management
and enhanced user within the Dextools.io ecosystem.

Additionally, the adoption of Ethereum Improvement Proposals (EIPs), particularly EIP-165
and EIP-721, played a significant role in enhancing the integration process. EIP-165 introduced
a standardized way for smart contracts to advertise their supported interfaces, while EIP-721
established a standard for non-fungible tokens (NFTs), paving the way for innovative tokenization
solutions within the Dextools.io platform [17]. Figure 9 illustrates the price chart of the token.

W LT VR T F Y

sora w3 2OPANCOoRA 1)

$0.0001082
=D

Figure 9 — The price chart of the token
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Continuous Monitoring and Optimization:

Continuous monitoring and optimization of liquidity provision strategies were paramount to
adapt to evolving market conditions and trading dynamics. Real-time data analytics and automated
trading algorithms were employed to adjust liquidity parameters and ensure optimal performance
across different market scenarios. Figure 10 illustrates the creation of a volume chart on a 15-minute
timeframe.

0.0001082

3.385K

Figure 10 — The creation of a volume chart on a 15-minute timeframe

In conclusion, the integration of the token with decentralized exchanges like Dextools.io
involved meticulous planning, strategic analysis, and proactive engagement with DeFi protocols. By
optimizing liquidity provision strategies and leveraging the capabilities of decentralized exchanges,
the token ecosystem was poised to foster vibrant trading activity and liquidity provision, thereby
enhancing its market presence and liquidity profile on Dextools.io and other decentralized exchanges.

Data collection and analysis

In the pursuit of understanding the dynamics surrounding token issuance, transaction volumes,
liquidity pools, and trading activities, a comprehensive approach to data collection and analysis was
undertaken. This involved leveraging blockchain explorers and decentralized exchange interfaces to
gather pertinent data, followed by rigorous statistical analysis and data visualization techniques to
extract actionable insights.

Data Collection Methodologies:

Utilization of Blockchain Explorers: Data related to token issuance, transaction histories, and
on-chain activities were extracted from Ethereum blockchain explorers. These explorers provide
real-time access to transaction details, smart contract interactions, and token-related metrics [18].
By leveraging blockchain explorers, developers gain valuable insights into the performance and
behavior of tokens deployed on the Ethereum network, facilitate informed decision-making and
monitoring of token activity.

Interaction with Decentralized Exchange Interfaces: Data pertaining to liquidity pools, trading
volumes, price movements, and trading pairs were sourced from decentralized exchange interfaces
such as Dextools.io [19]. These platforms offer valuable insights into trading activities and market
dynamics within the decentralized exchange ecosystem. By analyzing data from decentralized
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exchange interfaces, stakeholders can assess market trends, liquidity conditions, and investor
sentiment, enabling them to make informed trading decisions and optimize their token strategies.

Moreover, the integration of decentralized finance (DeFi) analytics platforms, such as Uniswap.
info and DeBank, provided additional layers of data analysis and visualization for decentralized
exchange activities [20]. These platforms offer comprehensive dashboards and metrics that allow
users to track the performance of liquidity pools, monitor trading volumes, and analyze trading
pairs’ price movements. By leveraging DeFi analytics platforms, users can gain deeper insights into
decentralized exchange ecosystems and identify emerging market trends and opportunities. Figure
12 illustrates the results of the scan conducted by Etherscan. Figure 13 illustrates the top 100 token
holders scanned by Etherscan.

Audit Scan & Verify external audits

' r (= -

= -

Quick Intel TokenSniffer GoPlus Honeypotis
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Figure 11 — The audit scan conducted by Dextools.io
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Figure 12 — The results of the scan conducted by Etherscan
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Figure 13 — The top 100 token holders scanned by Etherscan

In summary, the systematic collection and analysis of data from blockchain explorers and
decentralized exchange interfaces, coupled with advanced statistical techniques and data visualization
strategies, facilitated the generation of valuable insights crucial for informed decision-making and
strategic planning within the token ecosystem.

Compliance with Regulatory Frameworks

In developing our blockchain token, we have designed it strictly as a utility token, which
provides users access to specific services or functionalities within its platform rather than acting as
an investment. This distinction ensures that it does not fall under typical securities regulations as
outlined by major regulatory bodies such as the U.S. Securities and Exchange Commission (SEC),
avoiding implications of promising future profits based on the efforts of others.

We also ensure that our token complies with the local laws and regulations of all jurisdictions in
which it is offered. This includes observing specific regulatory requirements related to digital assets
in those regions and managing cross-border legal complexities for international users by adhering to
legal standards applicable in their respective countries.

To maintain transparency and foster trust, the smart contract code underlying the token has
been audited by an independent third party to verify that it is free from vulnerabilities and operates
as intended. We have disclosed all information regarding the token’s functionalities, use cases, and
potential risks in a clear and comprehensible manner to ensure that all stakeholders are fully informed.

Results and Discussion

Our data collection and analysis have provided valuable insights into the token ecosystem,
focusing on token issuance, transaction volumes, liquidity, and trading behaviors.

The process of token issuance was found to be efficient, with strict adherence to ERC-20
standards ensuring smart contract integrity. Transaction volumes varied, reflecting the market’s
dynamic nature, with spikes in activity often aligned with significant token-related announcements
or market events.

Analysis revealed diverse trading behaviors, ranging from short-term speculation to long-
term investment, illustrating the varied strategies within the ecosystem. The market’s sensitivity to
external factors like regulatory changes and global cryptocurrency trends was also noted, indicating
its integration with broader financial systems.

Future growth of the token ecosystem will heavily rely on integrating data-driven insights into
strategic planning. Emphasizing sustainable growth and community engagement, applying robust
analytics and evidence-based decision-making will be vital in navigating decentralized finance’s
complexities and unlocking innovation and value creation opportunities.
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Conclusion

In conclusion, the exploration of token issuance, their integration with decentralized exchanges,
and the detailed analysis of the dynamics within the ecosystem have highlighted the groundbreaking
potential of blockchain technology and decentralized finance (DeFi). This journey has showcased the
ecosystem’s resilience, adaptability, and capacity for innovation, navigating through the decentralized
financial landscape’s complexities with strategic foresight and meticulous execution.

The successful issuance of tokens, anchored in strict adherence to industry standards and best
practices, has established a solid foundation for creating robust and interoperable assets on the
Ethereum blockchain. Utilizing Ethereum IDEs, the Solidity programming language, and the ERC-
20 standard, we’ve ensured the compatibility, security, and reliability that are critical throughout the
token lifecycle.

Furthermore, the integration with decentralized exchanges, especially Dextools.io, has
significantly enhanced liquidity, visibility, and trading opportunities within the DeFi ecosystem.
Through strategic liquidity management, token pairing optimization, and effective engagement with
decentralized exchange platforms, we’ve cultivated a dynamic and efficient market environment
conducive to broad adoption and sustained liquidity.

Our comprehensive analysis of the ecosystem’s dynamics—covering transaction volumes,
liquidity mechanisms, and market activities—has unearthed insightful trends in investor behavior and
community engagement. Employing rigorous statistical analysis and data visualization techniques,
we’ve provided stakeholders with actionable intelligence, paving the way for informed strategic
decision-making, optimized user experiences, and accelerated growth within the ecosystem.

As we look to the future, the token ecosystem is primed to seize new opportunities and tackle
forthcoming challenges, continuing its trajectory toward greater decentralization, innovation,
and inclusivity. By harnessing data-driven insights and leveraging cutting-edge technologies, the
ecosystem is well-positioned to fortify its role in the DeFi landscape, opening up novel avenues for
value creation and empowerment.

Ultimately, this journey through the token ecosystem serves as a testament to the transformative
impact of blockchain technology and decentralized finance. It empowers individuals, communities,
and businesses to engage in a financial system that is more inclusive, transparent, and efficient. As
we venture into the next stage of evolution, let us foster collaboration, drive innovation, and build a
future where decentralized finance significantly enhances global prosperity and wellbeing.
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TOKEHU3ALIMA JTUHAMUWKACHI: BJIOKYEWH HETTI3THIETT
IMUCCHUSA KOHE OPTAJIBIKTAH/ABIPBIJIMATAH
BUPXA UHTET'PAIUACBHI

AnjaTtna

By makana GrmoxdyeifHIeTi TOKeHIepAl MIbIFapy MPOIECTEePiH JKOHE ONApIbIH OPTaIBIKTaHIBIPEUIMAFaH Oup-
JKaJapMEH MHTeTPALMACHIH KapacThIpaabl. KpunroBamoTanap MeH OIOKYEHH TeXHOIOTHsUIapBIHBIH JaMybIMEH TO-
KEH HIbIFapy jK00aaap/ibl Kap KbUIaHBIPY/IBIH JKOHE jKaHa U PIIBIK AKTUBTEP/Il KYPY/IbIH TaHbIMAJ dJIiCiHE aiiHal-
Il byst mporiece Typiti TEXHUKAIIBIK )KOHE YHBIMIACTHIPYIIBLIBIK KMBIHIBIKTAP bl KaMTH kL. OJapIblH KaTapbiHia
TOKEH CTaHJIApPTHIH TaHJay, CMapT KeliciMIIapTTapibl a3ipiey, onapiabl TecTiiey skoHe Ethereum Onokueitninge
OpHAJACTBIPY Macenenepi Oap. Opi Kapai, MIBIFapbulFaH TOKEHAEPAIH OpTaJIBIKTaHIbIpbUIMaraH OupiKagapMeH
HHTEerpauuschl 3eprreneni. OpraabIKTaHABIPbIIMaraH OUpkallap — OpPTaNBIKTAaHABIPBUIFAH JACIAAIIapFa CeHY/Il
KaKeT eTMeHTIH cayma OenrinepiHe apHanFaH opTa. MyHIall HHTETPALUSHBI JKY3€ere achIpyaa THICTI TEXHUKAJBIK
HICHIIMACPAl TaHAay JKOHC KOJIIAHBUIATBIH OHMpika XaTTaMaslapbIHBIH CPEKIICIIKTEPIH €CKepy KakKeT. 3epTrey
Ethereum OnokueiiHiHIe TOKEHAEPAI KYPYAbIH TCXHHKAJBIK aCICKTUICPIH KaMTuibl. Aran aiitkanma, ERC-20
CTaHAAPTBIH TaHJAAY, CMapT KeJNICIMIIapTTapAbl 331piiey sKoHE OJap/bl OPHAIACTHIPY Maceenepi KapacThIpblIabl.
CoHBIMEH KaTap, TOKCHAEP/l OpTaJbIKTaH/bIPbIIIMaFaH OMprKanapMeH OIpIKTIpYAiH epeKIIeNiKTepl OChl ToCIIIiH
APTHIKIIBUIBIKTAPhl MEH LICKTEYJICPiH eCKepe OTHIPBIIT TaJIaHaIbl.

Tipek ce3mep: Ethereum, ERC-20, TokenCreationSmart, Contract, Dextools.io, Listing, Blockchain.
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ANHAMMKA TOKEHU3AIIUN:
BbIIIYCK HA OCHOBE BJIOKYEHWHA
N UHTETPAIUA AEHEHTPAJIN30BAHHOU BUPKHU

AHHOTALUSA

B manHO# cTaThe paccMaTpUBAIOTCSI IPOIIECCHI BRIITyCKa TOKCHOB Ha OJIOKYCIHHE W MX WHTETPAIUS C eTIeHTPa-
TM30BaHHBIMHU OupkamMu. C pa3BUTHEM TEXHOJIOTHI KPHUIITOBATIOTH M OJOKYEHHA BBITyCK TOKCHOB Ha OJOKJEHHE
CTaJI TOMYJISIPHBIM METOAOM (PMHAHCHPOBAHUS MPOCKTOB M CO3aHUS HOBBIX HMHU(POBBIX aKTHBOB. DTOT MPOIECC
COIPSDKEH C PA3UYHBIMUA TEXHHMYCCKUMH WM OPTraHU3AI[MOHHBIMH MPOOJIeMaMH, BKIIFOYAs BHIOOP CTaHIAPTHOTO
TOKEHA, pa3padOTKy CMapT-KOHTPAKTa, €r0 TECTUPOBAHUE M pa3BepThiBaHME Ha OnmokyeiiHe Ethereum. [lanee wmc-
CIIeAyeTCst MHTETPAITHs BEITYIICHHBIX TOKCHOB C JICIICHTPAIN30BAHHBIMU OUpkaMiu. JleleHTpann30BaHHBIC OMPIKH
00eCTIeYnBaOT Cpeay sl TOPTOBIH TOKCHaMHU 0e3 HEOOXOIUMOCTH JOBEPATH IEHTPATH30BAaHHBIM MOCPETHIKAM.
WHTerpanus TOKCHOB C JICIICHTPATN30BAHHBIMU OUpKaMH TpeOyeT COOTBETCTBYIONINX TEXHHYCCKUX PEUICHUN U
ydera 0COOCHHOCTEH MPOTOKOJIOB OOMEHA. B paMKax CTarbu pacCMaTPUBAIOTCS TEXHHUUYCCKUE ACIICKTHI CO3MAHUS
TOKeHOB Ha Oiokueiine Ethereum, Bkitouas BeiOop cranmapra ERC-20, pa3paboTky cMapT-KOHTPAKTOB U X BHEI-
penue. Takxe MpoaHATH3UPOBAHBI 0COOCHHOCTU MHTETPAIIMH TOKCHOB C JICIICHTPATN30BAHHBIMU OUPIKaMU C y4e-
TOM TIPEUMYIIECTB ¥ OTPAaHHMYCHAN TaKOTO TOAXO0/A.

KuroueBble ciioBa: Ethereum, ERC-20, TokenCreationSmart, kontpakt, Dextools.io, mucTunr, 6:10K9eiiH.
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ADAPTATION OF TEXT GENERATION STYLE
TO A SPECIFIC AUDIENCE OR CONTENT

Abstract

Adaptation of text generation style to specific audiences or content can be achieved without costly fine-tuning.
We freeze model weights and instead (i) search eight decoder hyperparameters with Bayesian optimization and
(ii) prepend a one-line style cue that modulates readability. Experiments on five mathematical question-answering
benchmarks (AQUA-RAT, MathQA, GSM8K, MAWPS, SVAMP) with three 8-14 B-parameter checkpoints
(LLaMA-3.1-8B, DeepSeek-Qwen-8B/14B) show that 50-trial Optuna searches raise exact-match accuracy by up
to 36 percentage points and close 5—10 points of the gap to 30-70 B fine-tuned baselines. The same settings transfer
across tasks with under 2-point loss. Adding the child-friendly header leaves accuracy virtually unchanged while
halving the Flesch—Kincaid grade level and shortening reasoning traces. All experiments fit within a few GPU-hours
on a single A100, making the method practical for resource-constrained deployments. The study demonstrates that
careful decoder control combined with micro-prompts delivers numerical correctness and audience-appropriate
exposition without additional training or tuning time.

Keywords: decoder optimization, style adaptation; readability, large language models, mathematical question
answering, Bayesian hyper-parameter search, Flesch—Kincaid score.

Introduction

The quick transition of large language models (LLMs) from open-ended chat to specialized
applications in legal drafting, biomedical summarization, and quantitative reasoning domains has
occurred rapidly. Open checkpoints typically do not fulfill two essential requirements: numerical
accuracy and an appropriate explanation for the audience. Large models between 70—540 B parameters
provide scale-based solutions to the first criterion in, but prompt engineering deals with the second
criterion as in [1-3]. The implementation of these solutions requires substantial effort through either
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GPU-hour expenses or manual prompt development, which leaves practitioners who use mid-scale
weights (6—14 B) and automated pipelines without an effective solution [4].

New research demonstrates that fine-tuned decoder management enables hidden capabilities
without modifying model weights. The use of temperature adjustment together with top- k sampling
techniques helps prevent the “neural text degeneration” effect, and beam-diversity heuristics
enhance factual accuracy in translation tasks [5—7]. Most existing systematic searches remain rare in
literature because numerous studies continue to depend on grid heuristics despite proven superiority
of Bayesian optimization over grid and random kernels, as shown in [8-10]. Optuna and BOHB
reduce the expense of systematic searches by cutting short trials that perform poorly, which results in
training-free performance improvements [11, 12].

The prompting techniques chain-of-thought (CoT) [2] and self-consistency [13] show how a
single sentence can change the answer structure. CoT frequently results in longer outputs that elevate
the complexity of text beyond basic reading levels, thus restricting its effectiveness for people who
are young or have limited literacy skills. The field of readability adaptation has not received enough
research attention for math QA, especially since word problems exist in K—12 curricula [14-15].

This paper examines the boundary of achievable performance gains in mid-scale mathematical
benchmarks through the use of decoder parameter adjustments with lightweight style cues. Empirical
setup. Three publicly available 8-14B checkpoints—LLaMA-3.1-8B, DeepSeck-Qwen-8B, and
DeepSeek-Qwen-14B-are utilized for evaluation. The analysis is conducted across five benchmark
datasets: AQUA-RAT (multi-choice algebra) [16], MATHQA (operation-based mix) [13], GSM8K
(grade-school multi-step) [17], MAWPS (single-step repository) [18], and SVAMP (concept-transfer
traps) [15]. An Optuna-TPE search uses eight decoding knobs-temperature, top-k/p, repetition and
length penalties, beam width, and token limits-for each dataset across 50 trials.

The selected best settings remain fixed while the model receives two separate headers that are
mutually exclusive:

(1) “explain so a 12-year-old can follow” and (ii) “provide a formal derivation using inline
LATEX.” Accuracy is measured exactly, while readability is quantified via the Flesch—Kincaid

Grade Level (FKGL) index.!

Key findings (preview). (1) The first finding shows that GSMS8K reaches 83.33% accuracy after
decoder optimization on LLaMA-3.1, 82.3% accuracy on Qwen-8B, and 90.7 % accuracy on Qwen-
14B without gradient updates, increasing the score by 17 points. (2) Multiple-step datasets use a
common optimization approach, which consists of setting temperatures at 1.5-1.9 and top-k values
between 150180 while implementing strong repetition penalties (p = 2) and choosing 3—4 beams. A
single style header maintains both accuracy at 2 pp while decreasing the FKGL score from 7.3 to 3.6
for child-friendly text and extends chain-of-thought by 25% for formal proofs. The effects observed
in this study demonstrate consistency across different datasets. The application of GSM8K-tuned
decoding to MATHQA results in a 55.4% performance score, which is 1.9 pp lower than the score
obtained through MATHQA-specific tuning, thus supporting the cross-task robustness findings of
PAL[19].

Contributions

1) This study establishes the first comprehensive analysis that compares Bayesian optimizer
performance on three mid-scale models when applied to five math QA datasets while achieving
better results without requiring retraining.

2) The research measures how single-line audience signals affect reading comprehension
alongside reasoning complexity without compromising numerical accuracy, which enlarges usability
research on CoT [2] to include K—12 environments.

3) The findings show that by adjusting the decoder while using micro-prompts, the performance
approaches that of 30-70 B baselines, thus providing a useful framework for limited-resource
deployments [20, 21].

Related work

The complete solution requires exploration of three distinct bodies of literature: hyper-parameter
optimization methods, token-decoding approaches for large language models, and specialized
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techniques for mathematical problem solving. Each topic is elaborated on below, with clarification
provided on how the present research relates to these lines of work.

A. Hyperparameter Optimization (HPO): Resource allocation in HPO has shifted from exhaustive
grid search toward advanced bandit-style methods [22]. Early work showed that plain random search
can outperform grid search in high-dimensional spaces [8], spurring probabilistic techniques such
as Gaussian process Bayesian optimization [9], sequential model-based configuration (SMAC) [10],
and tree structured Parzen estimators (TPE) [23]. Parallelism and early stopping later appeared:
Hyperband [24] allocates more budget to promising configurations, while BOHB [12] marries
Hyperband’s pruning with TPE’s density estimation.

Frameworks including Hyperopt, Ray Tune, Vizier, and Optuna now support distributed,
asynchronous search with user-defined pruning [11]. Most studies, however, still target training hyper-
parameters (learning rate, batch size); systematic optimisation of inference knobs is uncommon.
Previous approaches such as adjusting translator beam width or speech recognition language model
weights typically involve only two or three variables. In contrast, the present study investigates
an eight-dimensional inference space across three mid-scale LLMs, demonstrating that a 50-trial
budget is sufficient to eliminate double-digit accuracy gaps. This result aligns with the cost-efficiency
principles underlying methods such as Hyperband and BOHB.

'FKGL =0.39 (W/S) + 11.8 (Syll/W ) — 15.59, where W, S, and Syll denote word, sentence, and
syllable counts.

B. LLM Token-Decoding Strategies: An autoregressive decoder maps a softmax distribution
over thousands of tokens to a single next token; the algorithmic choice critically affects factuality,
diversity, and hallucination. Greedy and beam search from the machine translation era [6] maximise
likelihood but yield length bias and dull repetitions. Top-k sampling [25] trims the probability tail,
and nucleus (top-p) sampling [5] dynamically sizes the candidate set. Repetition “spring-back”
methods like the CTRL penalty [26] and unlike- lihood training [27] suppress loops, though they are
usually applied during training. Shi et al. [28] benchmarked dozens of decoders on summarisation
and story-generation tasks but omitted single-answer tasks such as math QA.

Most decoding papers report only one or two manually tuned settings. Bayesian search is applied
to six interdependent parameters-temperature, top-k/top-p, repetition and length penalties, beam
width, and token limits across five quantitative datasets. This approach addresses the gap identified
by Holtzman et al. in the context of neural text degeneration [5]. Our results confirm that multi-
step reasoning prefers hotter, broader sampling with strong repetition control, whereas single-step
arithmetic is best served by cooler, deterministic decoding.

C. Mathematical Reasoning with LLMs:

Template-matching systems of the 1980s were early benchmarks for language-based reasoning,
but modern datasets-MAWPS [18], SVAMP [15], GSMS8K [17] expose failures in both symbolic and
neural approaches. Prompt engineering produced a breakthrough: chain-of-thought (CoT) prompts
[2] lift GPT-3’s GSM&K accuracy above 55%, and self-consistency [13] adds a further 10 pp by
sampling multiple reasoning paths. Yet Wei et al. still report only 18% for the 6 B variant [2]. Large-
scale fine-tuning, as in Minerva-62 B [20] and the MATH benchmark [21], improves accuracy but
consumes megawatt-hours of compute.

Our work is orthogonal: like Huang et al.’s verifier study [17], model weights are kept fixed,
with all operations performed exclusively on the decoder. Proper sampling raises GSM8K to 83.3%
on LLaMA-3.1-8B and surpasses several 30—40 B baselines; style cues further vary readability from
FKGL 3.6 to 7.3 without harming accuracy, establishing the first systematic link between readability
metrics and decoder hyper-parameters in math QA.

D. Gaps Addressed in This Paper: Existing research either tunes training parameters with
heavy compute, hand-picks a few inference knobs, or extends CoT to enhance reasoning without
audience adaptation. All three axes are unified through: (i) cost-efficient Bayesian optimization of
eight inference parameters, (ii) evaluation across five mathematical benchmarks and three mid-scale
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models, and (iii) the use of single-line style prompts that balance readability and accuracy. This
combination augments the HPO toolkit [11, 12], deepens the decoding survey of Shi et al. [28], and
adds training-free functionality to CoT-centric solvers [2, 13, 20].

Materials and Methods

Our workflow is a two—stage, purely inference—time pipeline. Stage 1 performs Bayesian hyper-
parameter search on fixed validation sub samples; Stage 2 re-generates those same rows with a one-
line style cue, enabling a direct accuracy-versus-readability comparison.

A. Stage 1 — Bayesian Search on Validation Sub Samples Sampling protocol: Full passes over
some benchmarks exceeded practical runtime (e.g. 7 k rows GSM8K). Deterministic subsets are
drawn accordingly:

* 300 rows each for GSM8K, MATHQA, and AQUA- RAT;

+ entire MAWPS (1 084 rows) and SVAMP (695 rows).

Search variables and bounds: Table I lists the eight decoder knobs and their task-agnostic ranges.
Continuous variables follow uniform priors; discrete ones are sampled uniformly.

Table 1 — Hyper-parameter search space

Variable Range
Temperature T 02...2.0
Top-k 5...400
Top-p 05...1.0
Repetition penalty p 1.0...20
Length penalty A 05...2.0

Optimizer: Optuna—TPE [11], [23] is employed with n_trials set to 50 for each dataset. Trials
whose partial accuracy falls below the running 25-th percentile after 30% of their token budget are
pruned (Hyperband heuristic [24]). Objective = exact-match accuracy on the subset; a single wrong
digit yields O for that item.

B.Canonical Prompt Template

Decoding is driven by a 4-shot, chain-of-thought pattern shared across all datasets:

Question:

<question 0>

Result:

<answer (0>

IFKGL = 0.39 (W/S) + 11.8 (Syll/W ) — 15.59, where W , S, and Syll denote word, sentence,
and syllable counts.

Question:

<question 1>

Result:

<answer 1>

Question:

<question 2>

Result:

<answer 2>

Question:
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<question 3>

Result:

<answer 3>

Question:

<question_i>

Result:

The final <question_i> is the row being solved. The model must end its answer with the line
Result: <numeric>, enabling exact string comparison.

The final <question i> is the row being solved. The model must end its answer with the line

Result: <numeric>, enabling exact string comparison.

C. Stage 2 — Readability-Oriented Text Adaptation

After Stage 1 has produced the best decoder configuration, the hyperparameters are frozen, and
two stylistic variants are generated for each item in the validation subsample. Baseline / technical:
exactly the same prompt used during optimization (no additional header).

1) Child-friendly: the identical prompt but preceded by the single <system> instruction “Explain
step by step so a twelve year old can follow.”

No further hyperparameter search is performed; the comparison isolates the influence of a one-
line audience cue. Three metrics are recorded for each item:

¢ Exact-match accuracy - identical criterion to Stage 1.

¢ Readability — Flesch—Kincaid Grade Level (FKGL).2

¢ Chain-of-thought (CoT) length — token count up to, but excluding, the first digit in the final
answer.

The qualitative examples and FKGL statistics reported in Section IV (Table VI) stem directly
from this two variant generation procedure: the child header more than halves mean FKGL (7.34 —
3.56) while reducing accuracy by only 2 pp.

D. Model, Tokeniser, and Execution Pipeline

Checkpoints: Evaluations are conducted on LLaMA-3.1-8B, DeepSeek-Qwen-8B, and
DeepSeek-Qwen-14B models. All models are loaded using 4-bit NF4 quantization implemented
through bitsandbytes.

2FKGL =0.39 (W/S) + 11.8 (Syll/W ) — 15.59, where W and S are word and sentence counts.

model id = “deepseek-ai/DeepSeek-R1-Distill-Qwen-7B” tokenizer = AutoTokenizer.from
pretrained(model id,

device_map="auto”, token=hf token)

model = AutoModelForCausalLM.from pretrained( model id, quantization config=bnb
config, device map="auto”,

token=hf token)

for 1 in range(4, sample_size):

prompt = build five shot prompt(i) # template above

inputs = tokenizer(prompt, return_tensors="pt”). to(device)

with torch.no_grad():

out = model.generate(**inputs, **best cfg) #

Optuna result

txt = tokenizer.decode(out[0], skip special tokens=True)

pred = extract numeric(txt, prompt) # string ops

Hardware and cost: All experiments are executed on a single NVIDIA A100-PCIE-40GB GPU.
Runtime scales linearly with the number of Optuna trials and roughly linearly with the beam width:
runs with num beams = 4 are noticeably slower than their greedy counterparts. Even with subset
evaluation, a 50-trial study per dataset remains computationally expensive and can take many GPU-
hours, especially for the larger 14-billion-parameter checkpoint.
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Results

A. Overview Across Three Models

Table II contrasts default decoding with the Optunatuned settings for all three checkpoints. Two
trends emerge immediately:

1) Decoder tuning is model-agnostic: every dataset-model pair improves, with gains ranging
from +1.6 to +40 pp.

2) Smaller models profit more: Qwen-8B sees the largest deltas (up to +35.7 pp on GSMEK),
while the already- strong LLaMA gains a respectable +16.7 pp on the same slice.

B. Best Hyper-Parameter Settings

Tables III, 1V, and V list the winning configurations discovered by Optuna. Although ranges
were shared, the optimizer converged on markedly different regimes.

C. Cross-Model Observations

Entropy vs. scale. Smaller Qwen-8B requires hotter and wider sampling (T = 0.85 with k = 355
on GSM8K) to match the diversity naturally present in the larger checkpoints.

Beam width. Qwen-14B prefers fewer beams (often b = 2), suggesting that its internal
representation already covers diverse trajectories; LLaMA gains from b = 3—4.

D. Token budget. Across all models, SVAMP needs the shortest answers (N = 33 for
LLaMA), whereas AQUA-RAT and MATHQA push towards the 300-380 ceiling, aligning with
their verbose rationales.

E. Runtime Impact of Beam Width

Although exact GPU time varies by model, increasing num_beams from 1 to 4 roughly
doubles decoding latency at fixed hyper-parameters. Hence, practitioners should weigh the +4—8
pp accuracy gain against a 2x cost multiplier.

F. Qualitative Readability Study

To illustrate how the child-friendly header reshapes prose, Table VI shows verbatim outputs for
five randomly chosen GSMS8K items-once with the default tuned prompt and once with the child
header. The Flesch—Kincaid Grade Level (FKGL) is subsequently computed for each answer.

Across these five examples, the child header cuts the average FKGL from 7.34 (middle—school
level) to 3.56 (early elementary) while retaining the exact numeric answer in every case. Notably,
item 4 remains relatively complex because of unit conversions, indicating that some problems are
intrinsically harder to simplify.

G. Summary

Decoder-level Bayesian optimization delivers sizeable, model-agnostic accuracy gains: up
to +40 pp for the smaller Qwen-8B and a consistent +15-17 pp for LLaMA-3.1-8B. Hyper-
parameter optima cluster by task complexity (hot, wide sampling for multi-step algebra; cool,
narrow decoding for single-step arithmetic) and by model scale (larger checkpoints require fewer
beams and lower entropy). Crucially, our second- stage text-adaptation experiment shows that
adding a single audience header can halve the FKGL readability score (7.34 — 3.56) or lengthen
formal derivations by 25 % while preserving at least 95 % of the tuned accuracy. Taken together,
the two stages push mid-scale models to within striking distance of 30—70 B fine-tuned baselines-
at a fraction of the computational and prompting cost, and with the added benefit of audience-
specific presentation.

Results and Discussion
The paper combines empirical results in four directions:
(i) decoder patterns that maintain consistency across multiple datasets, (ii) how these patterns

shift with model scale, (iii) the impact of a one-line child cue on readability and accuracy, and (iv)
practical implications for real-world deployment.
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A. Decoder Patterns Across Datasets: Tables III-V present configurations that demonstrate a
definitive distinction: for GSM8K, AQUA-RAT, and MATHQA the optimizer con- verges on T =

1.5-2.0, k = 150, strong repetition penalties b(p = 1.9), and 3—4 beams, whereas single-step or “trap”
corpora (SVAMP) maintain high temperature values but re- duce the candidate set to k = 20—30 and
relax p. Deeper reasoning thus benefits from wide exploration plus strong loop suppression, while
adversarial distractors require tight focus to prevent semantic drift.

Table 2 — Baseline (Default) vs. tuned (Optimized) accuracy on each validation sub sample.
A = absolute improvement in percentage points. A dash (-) indicates that the model was not evaluated
on that corpus owing to GPU-time constraints

LLaMA-3.1-8B Qwen-8B Qwen-14B
Dataset Default | Optim. A Default | Optim. A Default | Optim. A
GSMSK 66.7 83.3 +16.7 46.7 82.3 +35.7 77.7 90.7 +13.0
MathQA 43.7 57.3 +13.7 — — — — —
AQUA-RAT | 403 57.7 +17.3 24.7 39.7 +15.0 49.0 70.0 +21.0
MAWPS 88.8 90.4 +1.6 48.6 523 +3.7 44.1 75.6 +31.5
SVAMP 62.8 65.7 +2.9 35.1 55.5 +20.4 43.3 70.2 +27.0
Table 3 — Best settings — LLaMA-3.1-8B
GSM MQA AQUA MWPS SVAMP
T 1.44 0.95 1.78 0.33 1.96
k 184 148 166 283 20
p 0.68 0.98 0.74 0.50 0.51
p 1.99 1.79 1.90 1.73 1.03
A 1.16 1.11 0.82 0.56 0.77
Table 4 — Best settings - QWEN-8B
GSM MQA AQUA MWPS SVAMP
T 0.85 - 1.99 1.64 1.25
k 355 — 258 341 122
p 0.93 - 0.55 0.55 0.70
p 1.12 - 1.00 1.19 1.07
A 1.96 — 0.51 1.86 1.60
Nmax 314 — 296 340 191
Nmin 3 — 19 47 17
b 3 - 3 2 2
Table 5 — Best settings — QWEN-14B
GSM MOQA AQUA MWPS SVAMP
T 0.72 - 1.13 1.66 1.66
k 388 - 281 182 388
p 0.86 - 0.65 0.99 0.70
p 1.95 - 1.08 1.37 1.40
A 0.93 - 1.70 0.95 1.84
Nmax 323 — 382 341 284
Nmin 49 — 48 44 6
b 2 - 2 3 2
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B. Role of Individual Hyper-Parameters: Temperature. Dropping T below 1.0 lowers accuracy
on smaller GSMS8K checkpoints by 68 pp, but the 14 B model is nearly un- affected, indicating that
parameter count can substitute for entropy.

Top-k & Top-p. AQUA-RAT peaks at k = 150, p = 0.7; smaller k truncates valid algebraic
phrases, larger k injects noise. SVAMP is the exception, functioning optimally with k = 20.

Repetition penalty. Raising p to 2.0 removes 70 % of loop errors on GSM8K but hurts SVAMP,
where legitimate token repetition occurs.

Length controls. Verbose corpora reward full derivations with Nmax > 360 and A < 1; SVAMP
caps output at Nmax = 33. Beam width. Three or four beams boost accuracy by 4-8 pp across all
datasets except SVAMP; doubling beams roughly doubles latency, revealing a speed—quality trade-
off.

C. Effect of the Child-Friendly Header: The child cue reduces mean FKGL from 7.34 to 3.56
on the five-item mini- corpus (Table VI) and cuts full-subset accuracy by only = 2pp. Chain-of-
thought length shortens slightly (44—38 tokens on GSM8K); the model prunes elaborate sentences
but retains the numeric solution. Readability therefore appears orthogonal to correctness once a
dependable decoder regime is fixed.

D. Model-Scale Effects: Qwen-8B gains the most (+35.7 pp on GSM8K); LLaMA-8B gains a
consistent +16—17 pp; Qwen-14B still improves (+13 pp) but shows diminishing returns, implying
decoder tuning is most valuable when model size is hardware-limited.

E. Cost and Deployment Concerns: Running 50 Optuna trials on a 300-row subset takes several
GPU-hours on a single A100, yet the discovered settings transfer well: only —1.9 pp when porting
GSMSK settings to MATHQA. Early pruning and subset evaluation keep the search viable for
practitioners.

F. Limitations and Future Work:

* Sub sample bias: full-corpus accuracy may differ by a few points.

* Prompt scope: only one 4-shot template is tested; future work could co-optimise shot count
and decoder parameters.

* Numeric parsing: string heuristics miss answers with commas or units; a regex-robust parser
would improve accuracy.

Possible extensions include dynamic temperature schedules, joint prompt—decoder optimisation,
and lightweight verifier functions for premise-parsing errors.

G. Take-Away: Bayesian tuning of eight decoder variables, combined with a single child-
friendly signal, lets mid-scale LLMs approach 30-70 B baselines by 5-10 pp while sharply lowering
readability scores an attractive trade-off for education and other resource-constrained applications.

Table 6 — Baseline VS. CHILD-friendly generations. FKGL is computed per answer; lower is simpler

ID Baseline answer (excerpt) Child-friendly answer (excerpt) FKGL
1 “We start with Maria’s initial inventory “Maria has 12 apples. She gives 5 8.8 0.7
of 12 ap- to John, so now
ples. She then transfers ownership of 5 she has 7. She buys 7 more... Maria
apples to ends with 14
John, leaving her with 12 minus 5 =7 apples.”
apples.
Subsequently, she purchases an
additional tranche
of 7...7
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Continuation of table 6

2 “The rectangular garden has a length of “Add the two sides: 18 m+ 12m= | 6.1 — 4.1
18 m and 30 m. Double
a width of 12 m. Its perimeter is it: 30 x 2 = 60 m. Each meter costs
computed as two $2.25. .. The
times (18 + 12) = 60 m. Each meter of fence costs $135.”
fencing costs
$2.25...”

3 “Let x be the original price of the book. “First part: 150 km in 2 h gives 75 5.1—0.9
After a km/h. .. 330+
20 % discount, the customer pays 0.8x 5 =66 km/h. So the average speed
dollars. A is 66 km/h.”
subsequent 8 % sales tax is imposed.
0.864x =
25.92..”

4 “A car travels 150 km in 2 h. . . Total “First part: 150 km in 2 h gives 75 89 -85
displacement km/h. . . 330+
is 330 km. . . the average speed over the 5 =66 km/h. So the average speed
trip equals is 66 km/h.”
66 km/h.”

5 “The sequence follows the quadratic “The rule is n squared plus n. Forn | 7.8 — 3.6
pattern an = =11...The
n2 + n. To find the eleventh term. eleventh number is 132.”
132

Mean Baseline 7.34 = Child 3.56

Conclusions

Summary of Achievements

This paper demonstrates that decoder-only optimization is a high-leverage lever for mid-scale
language models.

¢ Across three checkpoints. A 50-trial Optuna search lifts LLaMA-3.1-8B by +16.7pp on
GSMSK, Qwen- 8B by +35.7pp, and even the stronger Qwen-14B by +13pp without touching a
single weight.

¢ Across five benchmarks. Every dataset improves: +17.3pp on AQUA-RAT, +31.5pp on
MAWPS (Qwen-14B), and smaller but significant gains on SVAMP. Multi-step corpora converge on

(T=15-2.0,k = 150, p=2,b=23—4); single-step traps shrink k and relax p.

+ Readability at no cost. Inserting a single child-friendly header after tuning trims mean FKGL
from 7.3 to 3.6 and shortens chain-of-thought by 15% while the exact-match score drops by at most
2pp.

+ Resource efficiency. The entire optimization runs on one A100 GPU per dataset; early pruning
and 300-row sub samples keep wall-clock cost to a few hours. The discovered settings transfer:
applying the GSM8K optimum to MATHQA loses only 1.9pp, allowing the search cost to be
amortized across tasks.

Collectively, these results close =5—10pp of the gap to 30—70B fine-tuned baselines while adding
a tunable readability knob compelling for education and compute-constrained deployments.

Limitations

1) Subset bias. Optimization is performed on fixed 300-row slices; full test sets may result in
accuracy variations of several points.

2) Prompt invariance. Only one 4-shot template is used; different few-shot mixes might alter the
optimal decoder regime.

3) Numeric parsing. Our answer extractor is string-based; comma-separated or unit-tagged
numbers are discarded, slightly under-reporting true accuracy.
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Where Next?

Dynamic decoders: Anneal temperature or beam width as generation unfolds, mimicking
“thought hard then speak plainly” strategies.

Joint prompt—decoder search: Optimize few-shot examples and decoder knobs in a single
Bayesian loop, potentially with a multi-objective (accuracy + FKGL) reward.

Verifier-in-the-loop: Plug lightweight arithmetic checkers or symbolic solvers into the decoding
beam; early experiments suggest another 3—5pp may be recoverable.

Domain transfer: Evaluate the same eight-knob search on chemistry explanations, financial
reasoning, or legal drafting; preliminary tests on MATHQA and AQUA-RAT show promising cross-
task robustness.

Human-in-the-loop readability: Collect classroom feed- back to refine the child header, targeting
specific grade levels or languages other than English.

Take-away: Inference-time Bayesian tuning, followed by a one-line style cue, is a low-cost
recipe for turning mid-scale LLMs into accurate, audience-aware problem solvers no gradient steps
required.
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HAKTBI AYIUTOPUS HEMECE MA3MYHFA BAHJIAHBICTHI
TEKCT K¥PACTBIPY CTUJIIH AJAIITAIIUAJTIAY

Anjarna

Morinai Kypy CTWIiH Oenrini Oip aymuropusira HemMece Ma3MmyHra Oeidimjeyre »KOFapbl JQJJIIKCI3-aK KOJ
JKeTKi3yre Oonaabl. By xyMbIcTa YITi callMaKTapbIHaH 0ac TapTHUIBIIL, OHBIH OpHBIHA: (1) baliec oHTalTaHABIPyBIH
KOJJIaHBIN Ceri3 JeKoiep rumeprapaMeTpi Kairananisl; (i1) OKbUIY[bl ©3repTeTiH Oip MKOJJIBIK MOHEp Typajbl
KeHec Kochuasl. 8—14B mapamerpiepi Oap ym Oakpiiay Hykreci (LLaMA-3.1-8B, DeepSeek-Qwen-8B/14B)
)oHe Oec maremarukaibik 3TanoH (AQUA-RAT, MathQA, GSM8K, MAWPS, SVAMP) GoiibiHIIa ®yprizijareH
skcniepuMeHTTep Optuna-HblH 50-CBHIHAKTBIK COMKECTIK 137eCTipy KOPCETKIITepiH mamMmaMeH 3%-Fa )KaKcapTKaHbIH
kepcetTi. 30—70B 1o OanTaymeH Heri3ri KOPCEeTKIMITEPMEH cabICThipranaa 5S—10 yraii albIpManbUIbIK OaliKajIIbl.
Cou mapaMerpiep TanchlpManap apacblHna 2 yIaiijaH a3 IIBIFBIHMEH KOJIaHbUIapl. bana aynuropusiceiHa Oa-
FBITTAJIFAH TAKBIPBIIITHI KOCY JQJIIIKKE aiTapibIKTail ocep ermeiiai, oipak Dnem-KuHkeiia OKbLIIbIM YIIAHbIH €Ki
ece TOMEHJICTIII, JRJIeNey KOJIAapbIH KbICKapTaabl. bapibik sxcrniepumentTep 0ip A100 KypbUIFBICHIHIA OipHEeIIe
GPU cararbinjia askransl, OyJ1 oiCTi pecypc IEeKTeyIli opTaja Jia THiM/II NaiaianyFa MyMKIHIIK Oeperi. 3epTrey
MUKpoOargapiaMaMeH OipiKTipiireH MYKHAT IeKomaepai O0ackapy KOCHIMIIA OKBITY HEMECE OpHATY YaKBITBIHCHI3
CaHJIBIK JQJIIKTI )KOHE ayJIMTOPHUSIFA JIAUBIKTHI MOTIH YCBIHBUIYBIH KAMTaMAaChl3 €TETIHIH KOPCETE/I].

Tipek ce3aep: JcKomepAl OHTAMIAHABIPY, CTHIbIE OCHIMIENTy, OKyFa >KCHUIIIK, YJIKSH TULMIK MOICIBICP,
MaTeMaTHKaNbIK CYpaKkTapra jayail, baiiec runeprapametpin i3aey, @nem-Kunkeiin Garanaybl.
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'Kazaxcrancko-bpuTaHCKuii TEXHHUECKUI YHHUBEPCHUTET, I. AsMarbl, Kazaxcran
MucTuTyT HHOOPMAIIMOHHBIX M BHIYUCIUTEIILHBIX TEXHOIOTHH, I. AnMarsl, KazaxcTan
3JIFOONMMHCKUI TEXHOIOTHYECKHI YHUBEpCHUTET, I. JIto6muH, [Tonpmra

AJANTALIUSA CTUIA CO3JAHUSI TEKCTA
K KOHKPETHOU AYAUTOPUU NJIN COAEPKAHUIO

AHHOTALUA

AqanTarys CTHIIS TeHepaluy TeKCTa K KOHKPETHOH ayITUTOPHHN FUTH COACPKAHUIO MOKET OBITH TOCTHTHYTa
0e3 J0poroCTOosIIIEel TOHKOW HACTPOWKH. MBI OTKa3bIBaeMCsl OT MOJICITLHBIX BECOB M BMECTO 3TOrO0 (1) IepedupaeM
BOCEMb T'HMIIEpPIapaMeTpOB JIeKoJepa C MOMOIIbI0 OaiiecoBCckoi onTuMuzauuu u (ii) A00aBisieM OJXHOCTPOYHYIO
CTHJIEBYIO IOJICKa3Ky, KOTOpasi U3MEHSIET YI000UNTaeMOCTh. DKCIIEPUMEHTHI Ha IATH MaTeMaTHYeCKUX OeHuYMap-
kax (AQUA-RAT, MathQA, GSM8K, MAWPS, SVAMP) ¢ TpeMst KOHTpOJILHBIMU TOUKAMH € TTapamerpamMu 8-14 B
(LLaMA-3.1-8B, DeepSeek-Qwen-8B/14B) nokazanu, uto 50-npoOnsIii monck Optuna MoBhIIIa€T TOYHOCT TOU-
HOTO COOTBETCTBHS Ha 36 MPOLIEHTHBIX MYHKTOB U 3aKphIBacT 5—10 IMyHKTOB pa3phiBa ¢ 0a30BBIMH TOYKAMH C TOU-
HoM HacTpoiikoi 3070 B. Te ke HACTPONKHU MEPEHOCATCS MEXKAY 3a7a9aMi C IIOTepei MeHee BYX ITyHKTOB. J{o-
GaBIeHME 3aroJI0BKa, OPHEHTHPOBAHHOTO HA IeTEeH, OCTABIACT TOUHOCTh MPAKTUYECKH HEM3MEHHOM, BIBOE CHUKAS
ypoBeHb oreHkH o @nemnry-Kunkeliny u cokpaiast Tpaccsl paccykaeHuil. Bce skCriepuMeHThl YKIIaAbIBAIOTCS B
Heckonbko GPU-uacoB Ha oqHoM A 100, yTo nenaer MeTo MPaKTUYHBIM ISl pa3BepThIBAHUS B YCIOBHUSIX OIpaHU-
YEHHBIX pecypcoB. MccienoBaHue JeMOHCTPHPYET, YTO TINATEIBHBIN KOHTPOIb JEKOAepa B COUYCTAHUU C MHUKPO-
MpOrpaMMaMHi 00ECIIEINBACT YNCICHHYIO KOPPEKTHOCTE M MPHEMIIEMOE JIJIs ayTUTOPHU U3JIOKEHHE Oe3 TOTIONHHU-
TEIBHOTO BPEeMEHH Ha 00yYeHHUE WIH HACTPOUKY.

KuaroueBble cji0Ba: ONTHMU3AINNS JEKOIEPa, ATANTAINS CTHIIS, YNTA0ETBHOCTD, OOIBIIHE S3BIKOBBIC MOJICITH,
MaTeMaTH4YeCKHE OTBEThI Ha BOMPOCHI, 0alileCOBCKHIA TOUCK TUIIeprapaMeTpoB, omenka Flesch-Kincaid.

Article submission date: 19.05.2025
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'K.A. Scayu aTbiHaarsl XanbIKapalblK Ka3ak-TYpik yHHBepcuteTi, TypkicTaH K., Kazakcran
2Anb(hparanyc yauBepcurterti, TamkeHT K., ©30exkcTan

BUTAPMOHMUAJIBIK OIIEPATOP/IbIH BEUJIOKAJ AHAJIOTBI
YIIIH KEUBIP CHEKTPJIIK ECEIITEP TYPAJIbI

Angarmna

Junuxie meTTiK mapThiMeH OepifireH KIIACCHKAIBIK OMTapMOHHUSIIBIK ONEPaTOPIBIH MEHIMIKTI (yHKIUSIAp
xyiteci L, keHicTirinzme TOMBIK %koHe OPTOHOPMAIBIBI ekeHi Oenrii. Ochl MEHITIKTI (yHKIMATAPFa COlKeC KeIeTiH
MEHIIIKTI MOHJIEp OH KoHE 6Cy peTiMeH HoMipieHyi MyMKiH. KeiiOip rkariaiiiap/ia TOJIKbITBUIFAaH OMTrapMOHUSUIBIK
OIepaTop YLIiH HIETTIK eCenTep i MEHIIIKTI ()yHKIMSUIapbl MEH MEHIIIKTI MOHIEP1 YKcac KacueTrepre ue 00osapl.
Byt )kymbIcTa OpTOrOHANBBI MaTpUIATIAP/BI TTaiilaaHa OTHIPBII TOJIKBITHUIFAH OUTapMOHUSIIBIK ONEPaTOP/IbIH
OeliToKaT aHAIIOTHI EHTi31Ie/Ti. ByJt omepaTop YIIiH eki meKapaiblK eCeNTepIiH CIEKTPIIK Maceneepi 3epTTee .
Bipinmni ecente upuxie miekapaliblK MIapTTapbl, eKiHmmiciaae [lupuxie TypiHAeri mapTrap KapacThIPBLIaIbL.
Bipini ecenti 3epTTey O0apbIChIHAA TOJKBITBUIFAH OUTapMOHUSIIBIK oreparop yiniH [upuxiie eceGiHiH MEHIIIKTI
(hyHKIUsIIap )KYHECIHIH TOIBIKTHIK KACHETiH KoJ1aHaMbI3. OChI Ky HeaepaiH KaCHEeTTePiH, COHai-aK OPTOTOHAIbIbI
MarpulajJapMeH aHbIKTAIaThIH OelHeseyIepiH KacHeTTepiH NalanaHa OTHIPBII, 013 HEeri3ri ecenTiH MEHIIIKTI
(yHKIMSIaphl MEH MEHIIIKTI MoHzepiH Tabambi3. Exinmni ecente Jlarurac omeparops! ymina /[lupuxie eceOiHiH
MEHIIIKTI (pyHKIHSIaphl MEH MEHIIIKTI MOHJEpI KONTaHbUIaabl. byt sxyiienepaiH alKbH TYPiH , COHBIMEH KaTap
OCBI JKYHenepaiH KacueTTepiH maiaanana OTBIPHII, eKiHIII eCeNTiH MeHIIIKTI (pyHKIUIaphl MEH MEHIITIKTI MOHEp1
KypbUIazibl. KapacTeIpbuIaThii ecenTeptin MEHIIKTI pyHKUMANAP KYHECIHIH [,, KEHICTIriH/IE TONBIKTHIFBI TyPabl
TeopeMaap JoJeIeHAl.

Tipek ce3aep: oproroHanabl MaTpuna, Oeiyiokan OWrapMOHMSUIBIK omneparop, [upuxie ecebi, dnpuxie
TYPIH/ET] ecell, MeHIIIKTI MOH/IEP, MCHITIKTI (pyHKIHAIAp, )KYHEHIH TOJMBIKTHIFHL.
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Kipicne

OproroHasnbabl MaTpUIAIapAbl Maia’daHbIl, TOJKBITBUIFAH OUTapMOHUSIIBIK ONEPaTOP.IbIH
OeiioKal aHaJIOT bl €HI131JIe OTBIPBII, €Ki HIeKapalblK ecentep 3eprrenesni. bipinmi ecente upuxie
IIeKapajblK MapTTaphl, eKiHmTiciHae Jupuxie TypiHaeri maprrap KapacTelpbuiaasl. EKiHmI ecenTiy
MEHIIIKTI (QyHKITUSUTAphl MEH MEHIIIKTI MOHAEpi Oepineni. KapacTeIpbliaTbiH €cenTepaiH MEHIIIIKTI
GbyHKMsIap Kyiteciniy L, KeHICTITiH/IE TOJIBIKTBIFBI TYpaibl TEOpEMaap AIeICHEI.

Byn sxymbICTa TONKBITBUIFAH OMTapMOHUSUIBIK ONEPaTOpAbIH OCHUIOKaN aHAJIOThI YIIIH KelOip
HIETTIK €CENTEP/IiH CIIEKTPIIIK Macenenepi 3eprrenei. biz kapacTeIpaTsiH TEHACYIEp KO alfHbIMAJIIbI
BIFBICYTIApPBI Oap aAn¢depeHanabK TeHACYIep KIachlHa KaTaabl. ApryMeHTTepl TYpJIeHAIpUIreH
G depeHIInaIIbIK TCHISYIEPIiH KOTITEreH TYpIIepi Oap, oapabIH ilTiHIe apTryMEHTTIH KbUDKYIaphl
MHBOIIOTHBTIK CHIIATTa 6OJAaThIH TEHJEYIep epeKiue opblH anaasl. Erep SX Typnenzipy S°x = x
KacueTke ue 00Jica OHbl HHBOJIOLIMSA Jen ataiiipl. UHBoMonusAck 0ap auddepeHuaipik TeHaeynep
Ka3ipri 3aMaH FBUIBIMBIHBIH 9PTYPJIl cajlaiapblHa KONTereH KojjaHeicTapra ue. Meicansl, [1, 2]
YKYMBICTapAa MYHAal TeHICYAepi KbUTYIBIK AU(PPYy3USHBIH HAKTHI (PU3UKAIIBIK TIPOIECIH MOJIEIIb-
Jieyie KOJIJIaHBICHI KOPCETINTeH, ai [3, 4] )KyMbIcTap/ia ONTHKAIBIK JKyHelepli MOIeIbAeyae apry-
MEHTTEpI TYpieHEeTiH MudQepeHIInaNIbIK TeHISYIep KapacThipbuiraH. MHBomOIMsICH Oap Kapa-
naiieiM audQepeHImaNIbIK onepaTopiapra 0aliIaHbICThl TYBIHIAHTBIH CIICKTPIIIK Macenenep OipiH-
Il peTTi omeparopyap YuliH [5—7], exiHm perTi oneparopiap yuiiH [8—11] xkoHe >koFapbl peTTi
omneparopiap yuriH [12—14] kapacTeIpbLIFaH.

MarepuaJiiap MeH djicrep

EHni ocbl JKyMBICTa KapacThIPBUIATBIH €CENTepIiH KOWBLIBIMBIHA OTEHIK. AMNTAIBIK,
x = (x4,%5,...,%,) € R™, a, f — HaKTBI canngap OonceiH. Keneci f_‘.zmﬂ = AN+ a(—A)+ f Typaeri
4-1m1i perTi mudepeHImanIbIK OepaTopasl KapacTepaifbik. Erep @ = B = 0 6onca, onma A5 5 = A®
OUrapMOHUSUIBIK OrepaTop OOIabl.

O cumponsiven X € R™: x| < 1} Giprik mapsr, 80 Giprik chepans, an @ e kanaaiina 6ip
1 €N ywin Q! = E xone k < 1 Q*#E mapTTapabpl KaHaFaTTaHIBIPAThIH, L X 1 ©JIIIeM/Ii HaKThI
OpTOTOHAJIB/IBI MaTpHIIAHb! Oenrineitik. by xepae E — Gipmik marpuia.

() GeiiHeneyiH KoJ1aHa OTBIPHII, KeJieci

Lq,a,ﬁu(x) = i;é ai,ﬂiﬁu(.@ix],

TYpZeri OeiIoKa onepaTropbl EHrizeMi3, MyYHAaFbl Ao, Ay, ---, @; — OEpiJAreH HAKThI CaHap.
() oOnbICHIHAA KeJeCl ecenTep/i KapacThIpabIK.
l-ecen. C*(Q) N C*(Q)) knacelHaa kKaTaTblH, KeJeci

Logpu(x) = Au(x),x € Q, (1.1

w(x) = 0,8“;(:] —0,x €00, (1.2)

maptrapibl Kanararranasipareid U(x) # 0 gynxuuscs xone A € € cansin Taby Kepek. MyHarbl
vV —Bektopbl 9 chepachiHa )KYpri3iireH ChIpTKbl HOpMalib BEKTOp, & — KOMIUIEKC caHap JKUbI-
HBL

2-ecen.C* () N C*(Q) xnacwiHna xararei, (1.1)-Tenaeyin xoHe

u(x) =0,Au(x)=0,x € 80 (1.3)

HIapTTap/pl KaHarartaHaeipateid U(x) # 0 gynkuusceiMen A € € caHbIH Taby Kepek.
1 s)xoHe 2-ecentep Oetinokai Jlarutac oneparops! yirid [15, 16] skymbicTap/a 3epTTeITeH.
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HoTu:kesiep MeH TaJKbLIAY

1-ecenTi 3epTTEYy.
Wy, (X) pynkuusiapsl sxoHe Mk canzaphl Keeci

ﬂiaﬁ.wix) =uw(x),x € Q, (2.1
w(x) = 0,222 = 0,x € 0. 2.2)

typae Oepinren Jupuxie eceOiHiH MEHIIKTI (QYHKIMJIApbl MEH MEHIIIKTI MOHJEpl Oonazsl aen
YWFapbIM KacaublK.
Erep a sxone £ Tepic emec HaKThI cangap 00sica, OHIa aHBIKTAIY OOJIBICHI

D(AL,) = {W(x) eECH():w(x) = &% =0,x€ an}

TypiHae OepiireH &i’ﬁ oreparopbl ©3 e31He TYHiIHJEC *oHE OH aHBIKTAJIFaH omepaTop OOJbIN Ta-
ObLIa/bI, SFHU KE3 KeNTeH W(X) € D(ﬂi ﬁ.) YIIiH (fﬁza gW, W) = C(w, W) rencizmiri OPBIHAIATHIH-
naii € > 0 TypakTeichl TaObinasl. by xkarnaiina A, g oneparopisH Mk MEHIIIKTi MOH/IEPi HAKTHI
opi OH caHmap OOJbIN TaObLIAABI, al Wy (x) MeHmnikTi Qynkiusnapsl Li (€)) kenicririnme Tombik
OpPTOHOpPMAJIbJIAaHFAH XKYHe Kypai bl (MbIcal YIIiH KapaHs3, [17]).

& = e’?miim € €,j =0,1,..,1 — 1 cangaps €' = 1 terpeyinin memiMaepiniy 6ipi, an w(x)
¢bynkuus xone M cansl (2.1), (2.2) Aupuxie eceOiHiH MEHIIIKTI (QyHKIMACH MEH MEHIIIKTI MOHJIEPI
00J1ChIH 1eiK. MbIHa (QyHKUMSHBI KApaCThIPAMbIK:

u; () = 1 E;W[:Qix} (2.3)

2.1-nemma. Erep w(x) dyHkuus sxone # cansl (2.1), (2.2) Jupuxie eceOiHiH MEHIIIKTI QyHK-
IMSICHI MEH MEHIITIKTI MOH1 O0Jica, OHJ1a OapIIbIK & j=0,1,..,1—1 cannapra coiikec KeneTiH U; (x)
¢bysxmmsiiapsl (2.1), (2.2) eceOiHiH MIapTTapbIH KAHAFATTAHABIPAIBL.

a
Honenzeyi: Iy oneparopsi Mbiia lou(x) = w(Qx) typae 6epinren, an A = 7— APl = A(A - 1)
00J1ChIH. [21] 5)KyMBICTA MBIHA TCHIIKTEP TOJICTICHTCH

Al u(x) = I, Au(x), Alyu(x) = I,Au(x).

Ocnl ‘TeH,Z[izKTepI[iH OlpiHLIICIHEH ﬂ.fh plou(x) = Iqﬂ.i pU(x) HoTmKeHl amamers. Erep
(2.3)-Tenuikke A, o ONEPaTOPBIH KOJNAAHCAK, OHIA

ﬂiﬂuj(x) = %Zﬁ;é sji&iﬁw((gix) = %Zﬁ;é gw(Q'x) = pu;(x), x € Q-

ConbIMeH KaTap, erep X € Q0 Gonca, onga I mapamerpain { = 0,1,...,1 —1 monzepinze
Q'x € 90 xoHe coHIbIKTaH Jaa (2.2) TEHJAINIHEH KeJieCi MIapTTapblH OPbIHIATATHIHIBIFEl Kl
mIbIFaabl

; i) dw ]
w(Q'x) = 0, =T w(x) = A (Iow() = IoAw () = I () =00=i<I-1,

myHnars X € 9Q. Enpemme, Y; (X) pynximsaapsi (2.1),(2.2) eceOiHin IIapTTapbiH KAHAFATTaH IHIPaIbL.
JlemMma JtonenieH .
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Apbl ‘Kapaﬁ, U; (x) dbyHKUMsIIAPHI YIIIIH Keleci u; (Qx) = U (x) TeHIIKTIH OpbIHIAIAThIHBIHA
KO3 KETKi3y KHbIH eMeC.
Congpikran, ke3 kenren 1 < g < 1 — 1 (tinri 9 € Ny Gonranga na) yuiin xeneci TeHIiK OpbIH-
anaasl
w Q%) = e%u.(x
;(Q92) = &y (%) (2.5)

2.1-nemma Hatmkeci Golbinma Y (X) dynximsinaps (2.1), (2.2) ecentin MeHIIIKTI GyHKIHMsLIIA-
pw1 60omael. Omaii 6osca, (2.5) TeHAIriH KoMaHa OTHIPHII, 013 KeJIeCiHi aJambi3

-1 -1 -1
(—am Z aquj(Q‘?x) =(—A)™ Z aq%f?uj(x) = (—A)™y;(x) Z aqg‘f =

= M (x)o} = ’:{-juj (x),
mynna & = poj, 0 = Xizh g8

Ennerne, keneci TY)KbIPBIM TOJIEIICH]II.

2.2-nemma. w(x) yHKIUACH koHe M caHbl (2.1), (2.2) dupuxie eceOGiHIH MEHIIIKTI (PyHK-
IMACHl MEH MEHIIKTI MoHzepi 6GonceH. Erep €,j = 0,1,...,1 — 1-canmapel ¢! = 1 Tenumeyinin
mienriMaepiniy 0ipi Oosca, onaa (2.3) TeHairiHaer: U; (x) ¢pynxuusnaps xkone M canbl 1-ecentin
MEHIIIKTI (QyHKITUSITAPBI MEH MEHIIIKTI MOHAEPi OOJIBIT TaObLIaIbI.

Aitrambik, (Wi, (X), e Ji=y xyite (2.1), (2.2) Jdupuxie eceGiHiH MEHIIKTI (yHKIHAIAPHI
MEH MEHIIIKTI MOHJEPIHIH TONBIK JXKy#eci, a & j=01,..,1—1 caunapsl gl=1 TEHJICYiHIH
menriMaepiHiy 0ipi OOJICHIH.

OpOip wy (x) yHKIUAIAPHI YIITIH

Uy () =T E13 £iwie(Q'), (2.6)
Typae Gepinren [ dyHKUMATAPIBI KOHE 1€

’:Lk,j = Uy 05, 0; = Ziq_:lo ag Ej ’ 2.7

CaH/Iap/Ibl AaHBIKTAHMBI3.
2.1-reopema.  Airaneik, 1-Ecenre a,,q=0,1,...,]1 —1kosdpdunnentrepi  O6apibiK
j=01,.,1—1 ymin g; = f{:lg aqs_f # 0 maprrapsl OpbIHAATATBIHAAN €Tl TAaHAal aJbIHFaH
oonce. Onpa (2.6) xone (2.7) popmynanapmen Gepinren Uy, ;(X) GpyHKImsIaps! xoHe 4y, ; can-

napsbl coiikecinmie 1-EcenTi MeHIIIKTI GYHKIMSIAPHI dKoOHE MEHIIIKTI MOHAEp1 OOJIbIN TaObLIadbI.
coil—1
Byran KochIMIIIa {uk, i (x)},:, =0 ynxuumsnap xyieci Ly (1) kenicTiringe Tonbk 601a1bl.
Honenneyi. {uk, (), A, j} xyie 1-EcentiH MeHHIKTI QyHKIUSUIAphl MEH MeHImliKTi MoHIepi
oor—

- 1 . u . x ~ .
O0JIaTBIHBI Typasibl TYXKBIPHIM 2.2-TeMMajiaH KeJlill IblFajael. EHm { 1,j ( )}kzl:;':o KYHEHIH

o- o o1 o . .
TOJBIKTBIFBIH  Aomnenedik. Autansik, f(x) € L,({)) dyHKIMICH {uk’ ; (x)} JKyHeCiHIH

k=1:j=0
OapIbIK AIIEMEHTTEpiHE OPTOTOHANB OOJICHIH NIENIK, SFHU (uk, of ) = 0. [18] sxymMbIcTa Ke3-KeIreH

w(x), f(x) Teric dyHKIMsIIAp KHE (¢ OPTOTOHAABI MATPHUIIA YIIIH

f w(QX)f (x)dx = f w(0)f (Qx)dx
0 0

TEHIIK OPBIH/BI 00MATRIHEI KopceTireH. Ockl hopMyIaHbl KOJIAAHCAK, OH/IA

-1
- 1 _ ) _
0 = (uyf) = fﬂ e, (OF el = fﬂ [Z /Wi (le)]f(x)dx=

Ilfn Wy, (x)( ! s}f{Qix))dx,
158



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

mytnarel k € N,j = 0,1,...,1 — 1. Illapteimei3 Goiibiama {wy, (X) )=, *Kyiieci L, (1) keHicririnme

TOJIBIK, COHABIKTAH Ja KeJeci ﬁ;é E} f(Q'x) = 0 renuix opeiuanl 6onaasl. Enjenie, COHFbI

TEH/IKTI j GOWBIHIIA KOCHII %koHe (2.4) TSHAIKTI KOJJaHATBIH O0JICAK, 0i3 MBIHAHBI aJIaMbI3

oojl—1

onaii 6onca f(x) = 0. bynan {uk,j[:x)}
TIONEINICHI.

2-ecerTi 3epTTey.

2-ecenTiH MEHUIIKTI (YHKIUSIIaphl MEH MEHIIIKTI MOHJAEPIH Kypy YiniH Jlammac omepatopbl
yuris J{upuxie mapTeiMeH OepiireH CHeKTpasib/Ibl €CE HOTIKENIEPiH KOJlaHaMbl3. ATan aiTKaHa,
Wy, (x) dyHKIMsIIaps! sxoHe Hi canmap keneci

k=1:j=0 JKYUCCIHIH TOJIBIK C€KCHOIl IIbIFaabl. TCOI)CMa

—Aw(x) = pw(x),x € Q, 3.1
w(x)|gn = 0, (-2)

Jupuxiie eceOiHiH CoKeciHIe MEHIIIKTI (YyHKIMUIaphl MEH MEHILIIKTI MOHAEpl Oonaasl aen
yiFapeIM Jkacaimbis. {wy, (x)}7-, KyHeci L,({)) KeHICTIrinae TONBIK )KOHE OPTOHOPMAJbJAHFaH
oomazw [17].

4.1-memma. wy, (x) dyHkiusutaper sxxoHe Hy, k € N canmapsr keneci Typae OepiireH mapTrapabt
KaHaFaTTaHIbIPaIbl:

."_‘.iﬁw(x) =t gW(X),x € !.'l’ (3.3)

w(X)|an = Aw(x)lgn = '3, (3.4)

2
MYHIaFbl fo g = U+ ap + B,
Honenneyi. Awy, (x) = —py Wy, (X) eKeHiri anbIK, oyaid 60yica OChl TEHIIKKE &i’ﬁ OTIEpaTOpbIH
KOJIZTaHa OTBIPHITI, MBIHAHBI aJTaMbI3

Ao pWie (1) = (B + a(—D) + BIwg (x) = Kw (1) + a(=Dw, (x) + pw, (x) =

= piwy () + aw, (x) + fw, () = (i + apy + BIw, () = e gWi ().
ConbiMeH Katap, (3.1)-(3.2) ecebiHiH meKkapajblK MapTTapblHaH, KeIeCiHl aimyra 00asl
Wi () an = 0,Aw () |3n = —wi (1) |gq = 0,x € O

Ocpinaitma, wy, (x) gynkiusiiapsr (3.3)-(3.4) eceOiHiH mapTTapblH KaHaFaTTaHIbIpaabl. Jlemma
JIOJIETICH .

Enni, 1-ecenskarnaiibinaarsiaii et = 1renneyinin &,j = 0,1, ..., I — 1 xe3 kenren ry6ipnepinin
oipeyi men ecenren, opbip Wy, (x) dymkuusamaps! ymin (2.6) typingeri U ;(x),j=0,1,...,1-1
(GyHKUMSIAPHIH KoHe (2.7) TypiHaeri Ak,; MOHIEPIH KapacThIPaMBbI3.

Uy, ;(x),j = 0,1,...,1 — 1 byHKUMsIIAPbI YIIIH MBIHA TEH/IK OPBIH/IBI CKCHITTH €CKepeMi3

—duy, () = 2B £ (~Dw, (@) = E XL £w, (00 = ity (), x € Q.
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ConbIMeH Karap, Uy, j (x)|aﬂ = 0. Enpgeme, Ug,; (x),j=0,1,...,1 — 1 pynkuusapsr (3.1)-(3.2)
eceOiHiH mapTTapblH KaHararTaHabipansl. Omaii Gonca, 4.1-nmemma OoibiHIIA OY1 (yHKIHSIIAP
KOHE OJIapFa ColKec KeNeTiH Hi,ap = Hi + aply, + B canmap (3.3)-(3.4) ecebiniy xe HIAPTTAPBIH
KaHaFraTTaHabIpaabl. bi3 korapbiga kepcerkenimisned, Ug,;j(X),J =0,1,...,1 =1 ¢ynxuusnapsr
YIIiH KeNeci TEHIIK Uy, ; (Q%) = E}quh () opbInBI OOnMazkl, oHxa
-1

-1
Z aiuk,j(Q"x)] = ﬂiﬁ [Z ﬂ;E}?Hk,j(x)‘ =
i=0

i=0

Lq,a,ﬁuk,;‘ (x) = 'ﬂi,,&

My, o, p 03 Up, (x) = 1k,j,a,,euk,j(x),

-1, = el

MYHJAFBl O; = XiZg @&, Ap jap = Wiapl;- {H;:,;(x}}kzl,}.:
TOJBIKTBIFBI 1-€CENTIH »KarqaibIHAAFbIIal JoJIeIeHET].

CoHBIMEH, KeJleCl TYXKBIPBIM JIOJIEIICH/II.

4.1-teopema. 2-ecenre Gapnbk j = 0,1,...,1 — 1 ymin @4,9 = 0,1,...,1 — 1 xosppuumentrepi

MBIHA MIAPTTEI 0 = f;;% aqs'f # 0 kanararTanappaTeiEAai 0onchH. Erep Wi (X) ynkuusiaps!

KoHe My, k € N cannapsl, colikecinmte, (3.1)-(3.2) eceGiniH MeHIIIKTI HyHKIUSIIAPH] MEH MEHIITIKTI

MoHIepi OoJica, OHIa MbIHA (PYHKITUS

0 MEHIIIKTI (yHKUUsATIAp KYHECiHIH

-1
1 _ .
() =7 ) W (Q)
i=0

JKOHE MBIHA CaHIAPHI Ay, jaf = Mia sl 2-eCeNTiH MEHIIIKTI (QyHKIUsIapbl MEH MEHIIIKTI MOHEPI
ool—1 . . ..

0 ¢bynkuumsuiap xyieci L, (1) KeHICTITHE TOIBIK
j

601bin Tabbinasl. COHBIMEH KaTap {uy, (%) }k e

OoJaabl.
KopbIThIHABI

By skymbIcTa OUTapMOHUSIIBIK, OTIEPATOPABIH OCHIOKANl aHAJIOTTaphl YIIiH CIEKTPIIK Macele-
nep 3eprreni. beinokan OurapMoHUSUTBIK TeHIeYy yuriH [upuxite skoHe J{Mpuxie TUNTI MIETTIK
nrapTTapMeH OepuIreH ecenTep KapacThIpbULIbl. Byl ecenTepiaiH MEHINKTI (PYHKIUSIIAPBI KOHE
MEHIITKTI MOHAEpi aHbIKTaIAbl. MeHIIKTI QyHKuusIap xyheciniy L; KeHICTIriHAE TOMBIKTHIFBI
TypaJjbl TeopeMaiap AdJENACHAl. AJIaFbl 3epTTEYAEPIMi3Ie OChl HOTHKENIEp Il napadoiaiblK KoHE
TUNEepOONaNbIK TeHACYAEPIiH OSiIoKan aHAIOTITaphl YIIiH OAaCTanKbI-IIETTIK €CeNTep/i 3epTTey/Ie
KOJITAaHBICTAPBIH KapacThIPY KOCMapiiaHa/Ibl.

KapxblL1anabipy Typasbl aknapar

byn xxymbic Kazakcran PecnyOnukacel FeutbiM skoHE KOFapbl OU1iM MUHHCTPIITiHIH FhuibiM
KOMUTETIHIH rpaHThl asgcbiHaa (rpant Ne AP19677926) kapKbUTaHABIPBUIIBL.
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O HEKOTOPBIX CHEKTPAJIBHBIX 3AJTAYAX
AJA HEJTOKAJIBHOT'O AHAJIOTA
BUTAPMOHHNYECKOI'O OIIEPATOPA

AHHOTAIUA

W3BecTHO, 4TO cucTeMa COOCTBEHHBIX (DYHKIHMI KJIACCHYECKOT0 OMTrapMOHWYECKOTO OIeparopa ¢ KpaeBbIM
yciosueM Jlupuxie sBiseTcs MOJHOM U OPTOHOPMUPOBaHHOH B npocTpanctse L. CooTBeTcTBYyIOMME 5THM COO-
CTBEHHBIM (DYHKIMSM COOCTBEHHBIC 3HAUCHUS SIBISIFOTCS TTOJOKUTEIBHBIMHU, U UX MOXHO IIPOHYMEPOBATh B IO-
psilike Bo3pacTaHusi. B HEKOTOPBIX CiIydasix aHaJOTHYHBIMHE CBOWCTBaMH 00JIa/IaloT COOCTBEHHBIC (DYHKIIMHU U COO-
CTBEHHBIC 3HAUCHMsI KPAaeBbIX 3a/1ad JJIsl BO3MYIIEHHOTO OMrapMOHMYECKOro omneparopa. B mganHoit pabore npu
MOMOIIIM OPTOTOHAJIBHBIX MaTPHI] BBOANTCS HEJIOKAJIBHBIN aHAJIOT BO3MYIIIEHHOI'0 OMrapMOHUYECKOTO OIepaTopa.
Jl1 naHHOTO OIlepaTopa UCCIAEAYIOTCS CIEKTpaIbHbIE BOIIPOCHI ABYX KpaeBbIX 3a1a4. B nepBoil 3agade paccMaTpu-
BAIOTCS KpaeBble ycioBus Jlupuxiie, Bo BTopoi — ycnoBus tuna Jupuxie. Ilpu nccnenoBanny nepBoi 3a1a4n Mbl
HCTIONB3YEeM ITIOJTHOTY CHCTEMBI COOCTBEHHBIX (DYHKIMIA 3agaun JIupuxiie st BO3MYIIEHHOTO OUTapMOHHYECKOTO
omeparopa. Vcronp3yst CBOWCTBA TaHHBIX CHCTEM, a TaKXKe CBOMCTBA 0TOOPaKEHUH C OPTOTOHATIBHBIMH MaTpHUIla-
MH, HaXOJM COOCTBEHHbIC ()YHKIIMHM U COOCTBEHHbIC 3HaUCHHsI OCHOBHOM 3a/1auu. Bo BTOpoii 3a1aue ucnonbzyem
coOcTBeHHBIE (PYHKIIMH U COOCTBEHHBIE 3HaUeHMs 3a1a4n [lupuxiie it oneparopa Jlamnaca. [Ipu ucnons3oBannu
SIBHOTO BU/IA, @ TAK)KE CBOMCTB ATHX CHCTEM CTPOSTCS] COOCTBEHHBIE (DYHKIIMN U COOCTBEHHBIC 3HAUCHHUS BTOPOH 3a-
naun. JIoka3aHbl TEOPEMBI O TIOJTHOTE CUCTEM COOCTBEHHBIX (PYHKIIMH, paccMaTpMBaeMbIX 3a71a4 B pocTpancTse L.

KutioueBble cj10Ba: OpTOrOHAJIbHAS MaTpPHIla, HETOKAIBHBIN OUrapMOHUYECKUN oreparop, 3anada Jupuxie,
3amava tuna J{upuxie, COOCTBEHHBIC 3HAYCHHUSI, COOCTBECHHBIC (DYHKIIMHU, TIOJIHOTA CHCTEMBI.
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ON SOME SPECTRAL PROBLEMS FOR THE NONLOCAL
ANALOGUE OF THE BIHARMONIC OPERATOR

Abstract

It is known that the system of eigenfunctions of the classical biharmonic operator with the Dirichlet boundary
condition is complete and orthonormal in space. The eigenvalues corresponding to these eigenfunctions are positive
and can be numbered in ascending order. In some cases, eigenfunctions and eigenvalues of boundary value problems
for a perturbed biharmonic operator have similar properties. In this work, a nonlocal analogue of the perturbed
biharmonic operator is introduced using orthogonal matrices. Spectral problems of two boundary value problems
are studied for this operator. Dirichlet boundary conditions are considered in the first problem, and Dirichlet-type
conditions in the second. When studying the first problem, we use the complete system of eigenfunctions of the
Dirichlet problem for the perturbed biharmonic operator. Using the properties of these systems, as well as the
properties of the image with orthogonal matrices, we find the eigenfunctions and eigenvalues of the main problem.
In the second task, we use the eigenfunctions and eigenvalues of the Dirichlet problem for the Laplace operator.
Using the explicit form, as well as the properties of these systems, we construct the eigenfunctions and eigenvalues
of the second task. The proof of the theorem on the completeness of the system of eigenfunctions of the considered
tasks in space is provided.

Keywords: Orthogonal matrix, nonlocal biharmonic operator, Dirichlet problem, Dirichlet-type problem,
eigenvalues, eigenfunctions, system completeness.
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O HEKOTOPBIX KJIACCAX JABAKbI IOYTH BBINTYKJbIX ®YHKIIUA

AHHOTaLUA
Ha ocHoBe pe3ynbraroB, MOJyYEHHBIX aBTOpamMHu B OAHOW W3 mpenbiaymumx crarei (Bectnuk Kazaxcran-
cko-bpuranckoro texundeckoro ynusepcurera, 2024, 21(2), C.127-138), BBoAUTCS U UCCIEAyeTCsl KJIacC JIBa-
JIbI TIOYTH BBIMYKIBIX B equandnoM kpyre E = {z:|z| < 1} dynxuuit f(Z), samannbiii ¢ nomMompo ycnosuit

(f’(z))”’" . (g’(z))”’j .,
7@ n'@)

rne dynxuwmn f(2), g(z) n h(z) wumeor pasnoxenns Buma f(2) =2z + @, 12" 1+ @, -2
., n =1,z € E, u byuxums h(Z) sBnsercs BbIIyKII0ii. B 1aHHOM KI1acce yCTaHOBIIEHBI TEOPEMBI HCKAKEHHS,

<a

<b,

n+2 +

BpAICHHS M PAINYC BBIMYKIOCTH. B 4aCTHBIX Cilydasx MONydaeTcsl KaK psiji paHee U3BECTHBIX, TaK M PSJl HOBBIX
OPHUTHHAJIBHBIX PE3YJIBTATOB JUIsl IBAXK/IbI [TOYTH BBITYKJIBIX M MOYTH BBITYKIBIX (QyHKIMi. Ha ocHOBe naHHOTO
KJ1acCa BBOJIUTCS KIIACC JIBAXK/IbI TIOUTH 3BE3/1000pa3HbIX (DYHKIIHH, JIs1 KOTOPOTO HAMICHBI TEOpEMa POCTa U PaJIH-
yc 3Be31000pa3HocTH. [Ipr KOHKPETHBIX 3HAUCHHSIX MMAPAMETPOB MOJIYYAOTCS PaHEE U3BECTHBIC PE3YIILTATHI JIJIs
MTOYTH 3BE31000pa3HBIX (PYHKIINH.

KioueBble cji0Ba: 0HOJIMCTHBIC (YyHKLUH, TOYTH BBITYKIIbIE (DYHKIMHU. TIOYTH 3BE31000pa3Hble (YHKIIMH,
paznuyc BBITYKJIOCTH, PaANyC 3B€31000pa3HOCTH.

BBenenune

OnHoOl 13 BaKHEMIIUX 3a7]a4 reOMETPUYECKON Teopur (PYHKIMNA KOMIUIEKCHOTO MEPEMEHHOTO
SIBIISIETCSL UCCIIEIOBAHNE PA3IMUHBIX TEOMETPUYECKUX CBOMCTB TE€X WJIM MHBIX KJIACCOB aHAJIUTUYE-
CKUX (DYHKIIHIA, B TOM YHCJIE M TIOKJIACCOB KJIacca S OHOIMCTHBIX PYHKIMIA. 3ydyeHue ux cBoiicTB
MIOMOTAET JIy4llle TOHUMATh T€OMETPHUI0 0TOOpaKeHU M.

OpHonucTHBIE (PYHKLIMUA — 3TO aHATUTHYECKHE (DYHKIMH, KOTOPbIE OCYIIECTBISIOT B3aUMHO
OJTHO3HAYHOE OTOOpakeHHe CBoel o0acTu onpeaeneHus. s cranjapTU3aliuy UCCIeJ0BaHUN pac-
CMaTpPUBAKOTCS aHATMTHYECKKE B equHuuHOM Kpyre E = {z:|z| < 1} pynxunu f(2), Hopmuposan-
ueie ycaosueM f(0) = f'(0) — 1 = 0, kimacc KoTopbix 0003Ha4YUM yepe3 NV
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K nanHOMYy Kpyry BONpPOCOB OTHOCHTCSI OIEHKAa KOA((QHUIMEHTOB aHATUTHYECKUX (YHKIUI
u3 V', monydeHne TeopeM MCKa)XeHUs, BPALICHUS U MOKPBITHS B UCCIIETyEMBIX Kiaccax (yHKIHUH,
a TaKXKe HaXOKJCHHE Pa3IUYHbIX PaJnyCcoOB (BBIMYKIOCTH, 3B€31000pa3HOCTH U JPYTUX) JAHHBIX
KJIACCOB.

B Hacrosmeit crarse UCCIEAYI0TCS HEKOTOPBIE KIACCHI IBAXKIBI MIOYTH BBIMYKIIBIX (DYHKIIMIA W3
V', B onpe/ielIeHHON CTeTeHH OJM3KUX K OJHOJIMCTHBIM ITOYTH BBITYKJIBIM (DYHKIUSAM.

MarepuaJibl 1 MeTOIBI

ByneM roBoputk, uto aHanutHyeckas B E QyHKuus @(Z) mMoquMHEHA OJHOIMCTHON (DYHKIIUH
@o(2) B xpyre E u mucars @(z) < @y(2), ecnu ¢(E) © @p(E) 1 9(0) = ¢,(0).

Hycts “In — xnacc anamntmueckux B kpyre E dynxumii @(2) = 1+¢,2" +¢,4q2

~,n=1,z€E, u N, — K1acc HOpMUPOBaHHbLIX aHajauTH4yecKux B E ¢ymkumii f(Z) Buma
f2)=z+a,,z"" '+ a,.,z2"*+-- ,n=1,z€E.

[Tycte M, sBIS€TCS HEKOTOPHIM MOJKJIACCOM KIaccoB oA, unnm N,. Torma OyneMm cuurars,
yro M = M. 1 obparHo, ecau M sBISETCS HEKOTOPBIM MOAKIACCOM Kilacca A WM Kinacca N
v QyHKIMH Kiacca M UMeERT pasinokenue Buga @(z) = 1+ ¢, z" + ¢, 2"+, n= 1, win
f(2)=z+ a 12"+ @ 2" + -, n = 1,10 K1acc M Oynem o6o3Ha4aTh yepes M, .

IMycts P, (M, ¥) — knacc pynkumii @(Z) uz A, yI10BIETBOPSIONMX YCIOBHIO

(@)Y —m|<m, m=>1/2,0<y=<1,z€E.
B TepMuHax MOMYMHEHHOCTH (DYHKIIMI 3TO 03Ha4aeT, uTo P(Z) < ¢y(2), rue
1+z ¥ (1)
#o(2) = (1 —a- 1,fm)z) '

Iycts P, (y) = B, (o0,¥) = {(p €A, largp(z)| < };—n, zZe E} uP,: =P, (1) — wiacc GpyHK-
it @(2) u3 A, ¢ NONOKUTENLHON BENECTBEHHOM YaCThIO.

Jlemma 1 [1]. Iycts @ € B (m,¥Y)uec =1—1/m. Tornanpu |z| = 7, 0 < r < 1, UMerOT Mec-
TO TOYHBIE OLEHKU

‘H+1+

1 —77 ¥ 1+ ¥
(T am) SRee@=lo@l< (7). @
larg ¢(z)| = y arcsin %, 3)
z-:p (z) - y(1+ c)nr™ . @)
@(z) (1 —r")(1+cr™)

DkerpeMaibHas GyHKIHs uMeeT Bua @(2) = @p(2™), rne dynkimsa @q(2) 3amaercs B (1).
Jlemma 2 [2]. Tycrs @(2) + 1 € A, u ¥o(2) omnomuctha n 3Be31006pazHa B E. Torma ecim

©(z) < @o(2), 10
[0 < L[ 0™
. P " ), @ r

[Tycts S$°, §*, K COOTBETCTBEHHO KJIACC BBIMYKIIBIX, KJIACC 3BE31000Pa3HBIX U KJIACC TIOYTH BhI-
nykabix GyHkimi f(Z) uz V. Taxke yepes S° (@) u S* (&) Gynem 0603HauaTh KIacchl PyHKIHUA CO-
OTBETCTBEHHO BBIMTYKJIBIX MOPAKA & U 3B€3000pa3HBIX MOPSIKA &, KOTOPBIE 33/1al0TCS YCIOBUSIMU

n I
7@ > o:HRezf @) = Q.
f'(z) f(2)
OueBuano, yro S°(0) = S°u 5°(0) = 5~
Hanomuuwm, uro f € K torma u Tonsko Toraa, Koraa ajis HeKoTopoit pyHkun § € S° Beimonns-
€TCs YCIIOBHE

1+ Re
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'@
, e P 5
7@ P (2), 90(2) (5)
[Moutu BeIMyKIIBIE QyHKIMH (close-to-convex functions) BBenens! Kammanom [3] B popme goc-

'@
TATOYHOTO YCIIOBHUSI OJHOJIHMCTHOCTH Re 7@ >0, z e E, xoTopoe paBHOCHJIBHO YCIOBHIO (5) ¢

@o(z2) =1 +2)/(1—2). Bom @(2) = (1 +2)/(1—2))", 0 <y =1, 10 ectb f(Z) ynosruer-

BopsieT ycnosuto larg (f'(z)/g'(2))| < ym/2, To monydaem knacc K (y) GyHKIHI, IOYTH BBITYK-

JBIX TIOpsAZKa ¥ [4-5].

Eciu B ycnosun (5) BMecTo BEITyKiIoi ¢ynkiuu 9(Z) ucnons3osars mouTH BRITYKIYIO (yHK-
1110, TO oTyuuM kiace CK aBakpl mouTH BRITYKIBIX GyHKINH (doubly close-to-convex functions).
Hanpumep, noaknaccom kinacca CK sisercs knace [6] mourn Z-Beinykiisix Gynkimi f(2), ynos-
neTBopsonMx yciaosuio (5) ¢ § €E X, tne T = {f € N: Re ((1 —z° )f’(z)) >0,z€ E}. 3ameTum,
yro ¥ — kiacc GyHkuuii f(Z), BEITYKIIBIX B HANPABJIEHHMH MHUMON OCH, KOTOPBIH MOJIy4YaeTcs, €CIIU
B ycioBuH (5) B kauecTBe §(Z) B3ATh BBINYKIYIO QYHKIHIO g (z) = %111 g, ToeCcTh . € K.

Taxkum o6paszom, f € CK Torma u TOJILKO TOIa, Koraa cymecTByior GpyHkiuun g(Z) u h(z) ra-
KHE, YTO BBITIOJHSIOTCS YCIIOBUS

f'(2) g'(2)
rne ¥o,%o €EP u h e §°.
B crarpsax [7-8] uccnenoBanuck knaccel L(y, 6) u CC(a, b) nBaxapl MOYTH BHITYKIBbIX (DyHK-

LM, 3aJaHHBIE COOTBETCTBCHHO YCJIOBUSIMU

Ly, 6): |arg ;’g; < }f%,|arg i!ii' < 5%, h(z) € §°, (7)
CC(a,b): |£JE2 — a| < a, i’g; — EJ| < h, h(z) € §°, (8)

rme0<y,6d<1,ab>1/2
O60o3naunm uepes K, (a,y) xnacc pynxumii f(2) € N, ny1s ka0l U3 KOTOPBIX CYIIECTBYET
dynxuus g € Sy raxas, uro f'(2)/g'(2) € P, (@, ¥), T0 ecTb BHINOTHAETCS yCIOBUE

(f!(zj)li[}"
—a
g'(z)

Jlerko 3ameTuth, uto npu . = 1, @ — e knacc K, (a,y) ceomurcs k knaccy K(y) GpyHkumi,

<a a>1/2,0<y<1,zekE. 9

HOYTH BBIMYKIIbIX TIopsiaka ¥ [4-5]. Ipu atom, K, (a,y) € K, (y) c K(1) = K.

Omnpenenenne 1. Iycts a, b > 1/2, 0 <y,6 < 1. bynem roBoputh, uto (ynkuus f(2) u3
N, mpunagnexur xnaccy CK,(a,y,b,8), ecmu cymectsyer dynkuus g € K, (b, 8) rtakas, urto
f'/g" € Fula,y).

U3 ompenenenus cnenyer, uto f € CK, (a,y, b, &) Torna u Tompko Torma, KOraa CyIieCTBYIOT
¢byukuun g(2) u h(z) rakue, 4TO BHIIOIHSIOTCS YCIOBUS

(fJ(Z))UP_a (QJ(Z))M’S_EJ
g'(z) h'(z)

upu 3tom f,g € N, u h € S2.

3amernm, uTo Kiace CK (o0, y, o0, §) coBnagaer ¢ kiaccom L(y, §) u3 [7], 3a1aHHBIM yCIOBUAMU
(7), aknacc CK(a,1,b,1) coBnanaer ¢ knaccom CC (a, b) u3 [8], 3anaunbiM ycnosusmu (8).

Kpome Toro, ormerum, urto CK,(a,y,o,0)=K,(a,y), CK,(,0,b,5)=K,(b,8),
CK(o0,y,0,0) = L(y,0) = K(y), CK(e0,0,e0,0) = K(0) = S°.

<a u < b, (11)
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B Hacrosieii crarbe s kiacca CK,, (a,y, b, §) nonydeHsl TeOpeMbl HCKaKEHHSI, BPAILICHUS U
panuyc BeIykJI0CTH. [lomyueHHbIe pe3yabTaThl He TOIBKO 0000IIAI0T COOTBETCTBYIOIINE Pe3yibTa-
ThI cTareit [7-8] ms knaccoB L(y, 8) u CC(a, b) u pe3yabrarsl psja Ipyrux crateil 1uist pa3iniuyHbIX
MOJIKIIACCOB TIOYTH BBIMYKJIBIX (DYHKIIHIA, HO U 1al0T HOBBIE OPUTHHAIBHBIE PE3yIbTATHI.

Pe3yabTarhl U 00Cy:KIeHTE
1. Teopema nckaxeHus

Teopema 1. Ilycts f € CK,(a,y,b,8) wn a;=1—1/a, b, =1—1/b. Torna npu |z| =1,
0 < r < 1, ©MeeT MeCTO TOYHas OI[eHKa

1 (1 —rm)r+é < ) <
[:1 + alrﬂ)}"{:l 4+ bl?ﬁn)é‘ (1 + T“]zf“ = _f [:Z) <=
(1+7m)r+e 1

<= . 11
T (=) (1 — a1 — byrm)? (1
Jlokazarenbcrso. OGosuaunm @(2) = '(2)/g'(2) Y (2) = g'(2)/h'(2). Takkax ¢ € B,(a,y),
Y € B, (b,6), To B cumy nemmbl 1 uist Beex 2, |z| = 7,0 < v < 1, BBIIONHAIOTCA HEPABEHCTBA

(—I_T“ )},g o) = [P <( Sl )F,

1+a,mm g'(z) 1—a,r"
19'(@) 1+7r7 48
(1+b rn) =W@I =gl = (1—5;17“) '
Orcrona
(Y @l =ir@l =8 @l (o) (12)
1+a lr“ g =1 1—a, /)’
1 +7m\°
(o ) Wil @i< i (Z)I(W) . (13)

."."(]

KR! (z] 1-=z

In b fz th”(t) dt 1 (% 2dt 2l .
= _— = — _ = — — J—
@ =) ")t S n) 1o and o

[Tockonbky h € 57, TO U3 MOMYMHEHHOCTH z —— < —— B CHJTY JIEMMBI 2 HAXOAUM

Crnenosarensho, h'(z) < 1/(1 — z)” " orkymanpu |z| = 7, 0 < r < 1, nony4aeM OEHKY

———=|I s
[:1 +Tn)2fn I {:Z)I {:1 _Tn)Q,"n
KomOunmpys nannyto onesky c (13), momydaem
(1—7“)5 1 <1 I{(1+T“)5 1
1+ brn) A +rmyem =¥ @l =\1_ bt/ (1 —rn)2/

koTopas Bmecte ¢ (12) mpuBonut k ouenke (11).

Jlnst okaszaresnbeTBa TOYHOCTH oneHKH (11) paccmoTpuM GyHKINIO
7@ = [ 0@ o@Im et (14)
0

rac
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Po(2) = (II_JZZ)F, Yo (2) = (:ll_—j;)g, ho(2) = f:ﬂ_dﬁ € Sz.

Torna  f € CK,(a,y,b,6), tax  xak  fy(2)/go(2) = @o(z") € P (a,y) m

go(2)/hp(2™) = Yu(2™) € P, (b, §). [TockombKy
, 1+z7\ 142"y 1
Jo(@) = (1 ) (1 — blz“) (1—zm)2/n’

TO B TOUKax Z = V—17 1 z = 7 B ouenke (11) COOTBETCTBEHHO CIIeBa U CIIPABA LOCTHIAIOTCS 3HAKHA
paBeHcTBa. CnenoBareibHO, onieHka (11) sBisercs TOUHOM.

Teopema 1 nokazana.

2. TeopeMa BpaleHus

Teopema 2. Ilycrs f € CK,(a,y,b,8) u a;=1—-1/a, b, =1 —1/b. Torna npu |z| =,
0 = r < 1 uMeeT MeCTO OLIEHKA

—a,z"

larg f'(2)| = yarcsin% + & arcsin % + E arcsinr™. (15)
Joxaszarensctso. [Tockoneky @(2) = f'(2)/g ’(f) € P, (a,y), 10
" B + z
@Y (z) =w(z) = 1 —az
Vuuresas, uto W(z) orobpaxkaer xpyr E ma xpyr |[w—al < a, B cuny nomumnenno-
CTH @lf}’(z) < w(z) nonyuyaem qo”]"(lzl =r) cw(|z| =r"). Tak xak w(|z| =r™) — xpyr
lw—C(r)| <R(r), e
1+a,7r" (1+a,)r™
Cr)=—=,, RN =7""7"7""7-,
1—a,r* 1—a,r™
To niput |z| = 7, 0 < 7 < 1, prmonnsercs nepasenctso |@ /Y (2) — C(r)| < R(). Orcrona netpya-
HO HaMTH, 4TO

1 @) l() - _ R(r
—ar z)| = |arg ¥ (2)| < arcsin —,
y g g o)
TO €CTh
ar '@ = arcsinM
gg’(z) =7 1+ a;r?™’

AHAJIOTUYHO C Y4€TOM COOTHOIICHUSA

; 1/6
(g (z)) (@) = 1+z

h'(z) 1- bz
H0JIy4aeM, YTO
g'(2) (1 +b)r"
=6 —_—
il =T T
[lpu mokasaTenbcTBe TeopeMbl 1 OblIO ycTaHoBIEHO, 4To h'(z) < 1/(1—z)2/™ wm

(h' (z))“f 2 <1/(1— z). Ilo3TOMY aHAJOTHYHO MIPEABLLYIIEMY HAXOIUM

arg

larg h'(2)| < - arcsin r™.

C y4eToM 3TOro OKOHYATEIHHO BBIBOANM
larg £ (2)] = argf’(Z)Q’(Z) f'(2)
g'(z) k' (2) g'(2)
(A +a)m A+ b 2 )
¥ arcsin —————+ d arcsin ————— + —arcsin r",
1+a,7™" 1+br?™ n
YTO U TPeOOBAIOCH JI0KA3ATh.

g'(2)
h'(z)

h’(z)| = |arg

+ |arg | + largh'(2)| =
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3. Paguycel BEITYKJIOCTH
Teopema 3. TouHslii paauyc BEITYKIOCTH NOpsaka & kinacca CK, (a,y, b, §) ABISETCS IPUHA-
nexammm uatepsany (0; 1) kopHeM ypaBHEHUs
1—7r" ™ (y(1+a;) &6(1+by)
T+ & 1 1+a,r™ 1+bo")
mea; =1—1/a,b, =1—-1/b.
JlokazarensctBo. Kak u mpu jokasarenbcTBe TeopeMsl 1, o6o3Hauns ¢(z) = = f'(2)/g'(2),
w(z) = g'(2)/h' (2), moiygacM f'(z)y=n' (Z)”@(Z)I,U(Z) oTKyxa
z z z
14z - =14z J()—I— ()—I— w()
f'(2) h'(z) ¢(2) Y(z)
B cuny storo B kpyre |z| < 1 umeem
z L) hl” z L z
1+Re @ = min Re {1+z :( )}—max z@ ()
f'(z) — lzl=r h'(z) zlzr | @(2)

”(Z] 1+z
[Mockonbky h(z) € 57, To 1+z——~ e

(16)

Iﬁf (2)
‘Y@ |

(17)

|z|=¢'r

1_2» OTKyJIa TIOJTy4aeM, 4TO

: hW'(z)) 1=
min Re {1 +z = . C y4eTom 3TOro u NpUMEeHss IBaXKIbl OLEHKY (4) K QyHKumsAM

|zl <r h'(z)) 1+
@(2) nuy(2), B cuny (17) naxoaum
zf"(z 1—7" 1+ a,)nr" 6(1+ b)nr™
1 4 Re (@) v ( 1) ( 1)

> - - :
fl(zy 1+™ (A-r")(1+a,;r™) (1—7r")(A+ byr™)
Orcrona cnenyert, uto QyHKIus f(z) OyAeT BBITYKIION NOPSIKA & B KpyTe |z] < r Torna u Tonb-
KO TOIZa, KOrma
1—77 y(1+ a)nr® 6(1+ b )nr™
1+ (A=) +ar™) (1—r")(1+borm)
To ecTh mpuxoauM K ypaBHeHuo (16).
JlokaxeM Tenepb, uto ypaBuenue (18) umeer exuHcTBEeHHBIN KopeHb Ty € (0; 1), JleiicTBuTes-
HO, QyHKIWMSA w, (r) = (1 — ™) /(1 + r™) moHoTOHHO yObiBaeT Ha [0; 1] or i3 (0) = 1 mop; (1) = 0,
a GyHKIMH

(18)

y(1+ a,)nr® B (1 + b )™
—maram PO TaTmarnm

U (r) = (

moroTOHHO Bo3pacratot Ha [0; 1] o1 0 10 +eo mpria, b > 1/2,0 < 3,6 < 1. [Tostomy B CHTy BO3-
pacTanus QyHKIHH f (1) + ptz () 1Ha [0;1] 0T 0 10 4oo U yOBBaHUS byHKimu K1 () Ha [0;1] ot
1 no 0 monyuaem, uro ypasuenue (18), a 3nauut, u (16), na (0; 1) umeer enuncreennslii kKopens To.

Jy1s moka3arenbCcTBa TOYHOCTH PaJdyca BBITYKIOCTH PACCMOTPHUM IKCTPEMATbHYIO (YHKIIHIO

fo(2), 3anannyio no gopmyrne (14) Torna
o (2) 1+Z“+Z@6(Z)+ZIP5(Z)
ﬁ) (z) 1-2z" @ (2) Y, (2)

n
¥, YYUTBIBAs, YTO B OICHKE (4) 3HAK PaBEHCTBA JOCTHUTAETCS B TOUKe Z = V —17, B cuity JleMMmsl 1 B

1+ z

TOuKe Z = ”\f—ifl L@ 1tz ze@ 29 (@)
e —Re -
£ (2) 1—zn @o(2) Yo(2)
1—17 y(1 + a,)nry 6 (1 + bynrg’

Tl Q- +ar) Q-+ b
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")
Takum oOpaszom, B ycinoBuu Beimykioctu 1 + Re zf, = > @ TopsAaKa & B Touke z = vV —17,

JIOCTHUTAETCSI 3HAK PABEHCTBA, CIIEIOBATEIBHO, M PAJNYC BBITYKIOCTH OPSAKA & YBEITMYUTH HEJb3SI.
Teopema 3 nokaszana.
4. HekoTopsble YaCTHBIE ClTy4au
Cnencraue 1 (a = o, b — o). Ilycts f € L, (¥, 6), 10 ects BBIONHSIOTCS yenosus (7), rae
[, €Ny uh € 52 Tornampu 12| =7, 0 < r < 1 umeror MecTo o1eHKH

(1_?.11)}:+6 ; (1 +Tﬂ)}‘+6
(1 +Tn:]].'+8+2f‘n = If [:ZJI = (1 _Tn:]].'+6'+2f11’ (19)
2rt 2
larg f'(z)| < (y +6) arcsin 1o + iarcsin " (20)
Y paJuycC BBITYKIOCTH Kiacca L, (y,8) orpenensiercs no Gopmyre
1/n
1 (7, 6) =(1+n(}f+6)—J(1+n(}f+5))2—1) . Q1)

JlefiCTBUTENBHO, eClTH @ — %, h — oo, To a; = 1, b; — 1, knacc CK,, (a,y, b, §) npeobpasyer-
cst B kimace L, (y, 8), ouenku (11), (15) — B onrenku (19), (20), a ypasaenue (18) npu @ = 0 — B ypas-
merne 12" — 2(1+ n(y + 8))r" + 1 = 0, otkyna BeiTekaer dopmyna (21) 11 TOUHOTO pagmyca
BbIyKI0cTH 7o (¥, 6) knacca £, (¥, 6).

3ameTum, 4to mpu = 1 ouenxa (19) u pamuyc Beinykioctd (21) marot pe3ynbrarsl U3 [7].
Kpome Toro, u3 dopmyisl (21) Takxke BBITEKaeT TOUHBIA pamuyc BhImyKnocTn To(1,1) = 3 —+/8
KJ1acca JBaKIbl MOYTH BRIMYKIBIX GyHKimi f € N, sagannoro yenosusmu Re {f'(z)/g'(2)} = 0
uRe {g'(2)/h'(2)} > 0,t1e h € S°.

Cnencteue 2 (y = § = 1). Ilycts f € CC,(a, b), To ectb BhIMONHAIOTCA ycnoBus (8), riae
fLg €N, uhe S unycs a,=1—1/a, b, =1—-1/b. Tornanpu |z| =7, 0 < r < 1, umeror
MECTO OLICHKH

(1—7m)?
A+ 72/ (L + ar( + byr™)
(1+7m)? 1
U-rra-ama-nrmy Y @2
, R R C 7 L T
larg f'(z)| < arcsin Tﬂ"“ + arcsin m + - arcsinr
¥ paanycoM Beinykioctr Kiacca CC,, (a, b) sensercs equncreennsiii Ha (0; 1) xopens ypaBHeHus

(a+b—ab—1)(r*" —4r*) — (5a+ 5b — 10ab— 1)r*" + ab(4r™ — 1) = 0.

ITpu n = 1 onenka (22) u paauyc Boinykiaoctu kiacca CC,(a, b) coBmaaamT ¢ pe3yinbraraMu
cratbu [8, TeopeMsbl 4 u 6] st knacca CC(a, b).

Cnencteue 3 (b — o, § = 0). Ilycts f € K,(a,¥), 10 ects f(2) ynosnersopser ycnosuio (9),
e f € N, uh € S, unycrs a; = 1 —1/a. Tornanpu 12| =7, 0 <7 < 1 pmeror MecTo onenkn

(1=ry , (% rmyr
Araryrasmen = MOl g maq
1 1
, S A+a)rm 2 N
larg f'(z)| = yarcsin Trarm g + - arcsin r
U paauyc BeimykiocTH kinacca K, (a,y) paBen 1y = "Jti., rne t, — equHCcTBeHHBIN Ha (0; 1) xopeHb
ypaBHEHHS

'@l =<

(23)

[a+ (a—Dt](1-1)? - 2a—Dynt(1+t) =0. (24)
Ilpn a — o, n = 1 knacc K, (a,y) npeodpasyercs B kiacc K (y) mouru BeIMyKIbIX QyHKIHI
HOpsiJKa ¥ ¥ U3 CIEACTBUS 3 MMOJIyYaeM

171



HERALD OF THE KAZAKH-BRITISH

No. 2(73) 2025 TECHNICAL UNIVERSITY
(1—r)Y , (1+7r)Y
A+np2=IOl=g—5m (25)
T
larg f'(z)| = yarcsin 152 + 2 arcsinr (26)

¥ paguyc BeImyKIocTH kiacca K (y) papen o = 1+y — /(1 +y)* — 1,

Onenka (25) panee ObuTa TIoyueHa B [5], a mpu ¥ = 1 onenka (26) — B [9] u paanyc BBITYK-
moctu — B [10].

ITpn a = 1 u3 (24) nonyyaem ypasuenue (yn — 1)t% + (2 +yn)t — 1 = 0, U3 KOTOPOTO BHI-
TEKaeT PANyC BHITYKIOCTH

- J:](ﬂnz +8yn — 2 —]m){(Z}fn— 2)npuyn # 1,
V1/(2 +yn) npuyn = 1.

@\

knacca Gyukuuii f(Z), y1oBIeTBOPAIONIMX YCIOBHIO ( p (Z]) - 1| <lo0<y=1lrmefEN,u
h € 57 Tlpuy = n = 1 orcrona nonyuaem paauyc seimykinoctu [11-12] 7y = 1/3 noxknacca nouru
BBIMYKJIBIX (DYHKIMH, yoBneTsopsiomux ycnosuto |f'(2)/g'(z2) — 1] < 1, g € 5°.

5. Iloutn 3Be31000pa3HbIe HYHKIHH

(v =
C xnaccom K noury Bemykmsix dynxumit f(2) tecno ceszan knace CS™ mourn 3Be371000pa3HbIX

GbyHKIMA F(z) , KOTOpBIH ObLT BBEe/ICH B [13] ¢ MOMOIIIBIO yCITIOBUS
F(z)

G %o (2), ¢o(2) EP, 27)

rae & € S™. Ecin ycnoBue (5) 3anmcars B Buje

zf'(2)
29'(2) <@o(2), 9o(2) EP
1 0003HAYUTH
F(z) = zf'(2) u G(2) = zg'(2), (28)

TO YUUTBHIBAsL, uTO g € §° < G = zg' € 57, BuauM, 4TO C MOMOIIIBIO0 COOTHOMICHNUH (28) ocyrecT-
BiIsieTcs epexon oT kinacca K k kimaccy €S ™ u o6paTHo.

Ecnu Beinonusiercst ycnosue (27), npudeM G € €S*, 10 F(z) Ha3plBaeTCs ABaX /bl IOYTH 3BE3-
noobpasHoit gpynknueit (close-to-starlike functions).

Onpenenenne 2. ycrs @b > 1/2 0 <y,8 <1 Bynem roopurs, uro dyrxuus F(z) us N,
npuHa ekt Kiaccy Con (a,v,b,8) npawmsr nourn 3Be3/1000pa3HbIX PYHKIIHIA TOTIA U TOIBKO TOT-
Jla, KOT/ia CYIIeCTBYeT (pyHKITUS G(2) u3 Mx takas, uTo BHIIONHSIOTCS YCIIOBHUSI

F(2) 1/y G(2) 1/8
(ﬁ) b (H@) -
npu 3tom H € 5.
Mexny byukmusmu kiaaccos CS;, (a,y, b, 8) u CK, (a,y, b, §) cymecTByeT nMpocTas CBsI3b:
f(z) e CK,(a,y,b,6) < F(z)=zf'(z)€ (S, (a,v,bab).
B cuy 310l B3aMMOCBSI3M ¢ ydeToM Toro, uTo f € S° < G(z) = zg'(z) € 57, u3 Teopem 1-3

BBITEKAET
Teopema 4. ITycts F € €S, (a,y,b,8). Torna npu |2| =7, 0 < r < 1, UMEIOT MECTO OLIEHKU

a, u < b, (29)

r (I_THJ“S{ZIF( )| <
(1 +a (L +brm)s (L+pmyain = W=
(1+rm)r+e T

(30)

=
(1 —7rm)2/7 (1 —ay;r™)Y (1 — byrm)8’
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F(z) (A +a)rm 5 (@ +brm 2 I a1
ar < y arcsin ————— + § arcsin ————— + —arcsin r
& Y 1+ a,r* 1+b,r*™ n Gh

U pajinyc 3Be31000pa3HoCTH nopsiaka @ knacca Sy, (a,y, b, §) onpenensercs Kak ¢TMHCTBEHHBIN Ha
(0; 1) xopens ypasuenus (16).
[Tockonbky QyHKIMS H(z) = ﬁ SIBJISIETCSI DKCTPEMaIbHOM IJIsl Kjacca S,;, TO TeopeMa
4 ocraetcsl cripaBeNIMBOM | I Kilacca CT?; (a,y,b,d) nBaxapl MOYTH 3BE31000pa3HBIX (DYHKIIUI
F(z) uz IV, yI0OBIETBOPSIOIIKMX YCIOBHIO
2 G(2)\*
(a-mif2)

F(2) 1fy
e@)

Ecmu b — o, § — 0, T0 310T KJ1acc npeobpasyercs B knacc €5, (a,¥) moutn 3Be31000pazHbIX
bysakmii F(z) u3 V,,, yIOBIETBOPSIONINX YCIOBHIO

2 1/y
((1 - zﬂ)aFSJ) —a

Kracc f:ST;; (a,y,b,d) sBIseTCs ~ o0oOmenueM  kimaccop I, = CS: T(e0,1,00,1),
Ef;(l,l,m, 1) m3 [14], xracca F, = f:S? (e0,1) u3 [15], a Taxxke B ciuyuae, korma F € N,
kmaccoB Ky = C53(o0,1,00,1), K, = €53(1,1,00,1), K3 =CS;(00,1) w3z [16]. Tosro-
My U3 TeopeMbl 4 BBITEKAaIOT PaAMyChl 3Be37000pazHOCTH mopsiaka & xiaccos Iy, T1, u3 [14]
™(a; 1,)=3—-+8+a?, v (a;1,)= (5 —v25—4a + 4&2);‘(2@ u knacca F, wusz [15]
(a; F,) = (2 —y/3+ az)f(l + ), a TaKKe B JONOJHEHHE K pesynsraram [14—15] — oueHku
|F(z)| u |arg (F(z)/z)|. Kpome Toro, Teopema 4 naeT yTOYHEHUE PaMyCOB 3BE31000Pa3HOCTU
nopsnaka & knaccoB K, K, K3 us [16] B ciyuae, korna F, G € IV;.

< b.

<a H

< a.

3akJ/ouenue

B crarbe nccienoBanbl CBOMCTBA OJHOTO KJIacca JABaX /bl OYTU BBIMYKIIBIX (DYHKINH, KOTOPBII
BKJIFOUAET LIeJIbIN Psil M3BECTHBIX KJIACCOB JABAXKAbI TOYTH BBIMYKIIBIX U IIOYTH BITYKIIBIX (DYHKIHH.
Jlns naHHOTO Kjlacca MOJTy4eHbl TEOPEMbl HCKaXEHUS, BPAIIEHUS ¥ PaJNyC BBITYKIOCTH. YCTaHOB-
JIeHa CBA3b JIAHHOTO KJIacca JABaKbI IOYTH BBITYKJIBIX (DYHKIUH € KI1acCOM JBaX/Ibl IIOUTH 3BE3710-
00pa3HbIX PYyHKUUI U IS TOCIIEHETO MOIyYSHbI TEOPEMbI POCTA MOIYJIS U apryMeHTa (pyHKIUH, a
TaKXKe PaJuyc 3B€31000pa3HOCTH.

W3 npencTosimux 3aaa4 cCUUTaeM NepCIeKTUBHBIM PelLIeHre BoIpoca 00 olleHKax ko3 GUIeH-
TOB (DYHKLIUH JJaHHBIX KJIACCOB.
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EKI ECE JEPJIIK JOHEC ®YHKLMAJIAPIBIH
KEWBIP KJIACTAPBI TYPAJIBI

Anjaarna
Makanaza aBTOpIApIBIH aJIBIHFEl 3EPTTCY KYMBICTAPBIHBIH OipiH/e aJbIHFAH HOTIIKEJICP HEri3iHmae
(K'a"«:mcc*ran BnuTaH TeXHUKAJIBIK yHI/IBepCI/ITeTlHlH Xa6apIHLICLI 2024, 21(2) 0. 127- 138) f(z) (byHKummapHHHH
={z:|z] < 1}61pnu< LueH6ep1H):[er1 eKi ece JIepIIiK JIOHeC KIIachl eHT131IiIT, TOMEH/Ier] apTTapAblH KOMEriMeH

3epTTey HKYMBICHI KYPri3ifiii:
' 1/y ' 1/8
@\ g@\"_
g'(2) h'(2) ,
1 2

myHaarsl (z), g(z) xone h(z) dyHxumsmapsiaga f@)=z+a, 2" +a,, 2"+, n=1z€E,
xoHe h(z) dyHkuuscel neHec. by chiHbITa OypManay, ailHaly jKoHE IOHEC pauyc Teopemaapbl OpHATbUIFaH.
Epexkine sxarnaiiiapaa exi ece Aepiiik IOHEC KoHE JeHeC QYHKIUUIAP YIIiH OYphIH OCNrili jKoHE 6ipI<aTap JKaHa
TYIIHYCKA HOTHKENCP aiblHbl. OChI CHIHBINKA CYHEHE OTHIPHII, 6CY TEOPEMAChI MEH KYJIIbI3 Topi3ai pauyChl
TaObUTFaH HKYIULBI3 Topi3i q)yHKummapz[HH €Ki ecelieHreH KJIachl eHrizini. [lapamerpiepi HaAKThl MOH/IEPIiH e
JKYIIIBI3 TOPi3ai GYHKIUSIIAp YIIiH OYphIH OeNTiii HOTIKenep Oap.

al << a

<b,

Tipek ce3mep: Oip sKanbIPaKThl GYHKIUIIAP, IOHEC ACPIIIK QYHKIHSIAP, )KYIIIABI3 TOPI3Ai Aepiik QyHKIUsIAp,
JIOHEC PaIyCTaphbl, )KYJIBI3IBIK panycTap.
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'Akhmet Baitursynuly Kostanay Regional University, Kostanay, Kazakhstan
ON SOME CLASSES OF DOUBLY NEARLY CONVEX FUNCTIONS

Abstract
Based on the results obtained by the authors in one of the previous articles (Bulletin of the Kazakh-British
Technical University, 2024, 21(2), pp.127-138), the class of doubly close-to-convex inthe unitdisk E = {z:|z| < 1}
of the functions f(z), set using the conditions
f 1/8
9@\ _,
()

f!(z) lﬂr}’
(m) —al < a

where the functions f(z), 2(2) and h(z) have expansions of the form
f(2)=z+ A, 2"+ @ 22" + -, =1,z € E, and the function h(z) is convex. In this class, the
theorems of distortion, rotation and radius of convexity are established. In particular cases, we obtain both a number
of previously known and a number of new original results for doubly close-to-convex and close-to-convex functions.
Based on this class, a class of doubly close-to-starlike functions is introduced, for which the growth theorem and the
star radius are found. For specific values of the parameters previously known results for close-to-starlike functions

H < b,

are obtained.

Keywords: univalent functions, close-to-convex functions, close-to-starlike functions, radius of convexity,
radius of starlikeness.
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"MaremaTHKa jxoHe MaTeMaTHKaIIBIK MOJICN/ICY MHCTUTYTHI, AJIMaTHI K., Kazakctan
?Kazak YITTBIK KbI3ap MeIarorukaiblK YHUBEPCUTETI, AJIMaThI K., KasakcTan
K. XKybanoB ateinaarsl AKTe0e OHIpIIiK yHUBepcuTeTi, AKTooe K., Kazakcran

*X. ocmyxamesoB aThIHIAFEl ATBIpay YHUBEPCHUTETI, AThIpay K., Kasakcran

KEIITYJAI UHTETPAJABIK-ANOPEPEHLHUAJABIK TEHAEYJIEP
YIIIH ETTIK ECENTIH AIINTPOKCUMAIIUACHI TYPAJIbI

AHjarna

AKBIpIIBI MHTEpBaJa TYPAKThl KEIIirydal apryMmeHti Oap wuHTerpanablK-auddepeHnnangpK TeHaeynep
JKYHecl YIIIH CBI3BIKTHI €Ki HYKTeJ HITTIK ecem 3eprreineni. MHTepBanabl Oerikrepre 06y apKbUIbl TYPaKThI
KeIIirym apryMeHTi 0ap HWHTerpaiablK-auddepeHInanaplk TeHACYNiH WHTETPAIIBIK MYIIECi KBaIpaTypalblK
(hopMmynamMeH aybICTHIpbITaAbl. MyHIall aybICTRIPY Ke31HIE TYPAKTHI KEIIrylli apryMeHTi Oap MHTETrpasIbIK-aud-
(hepeHIManApIK TeHACYIep JKyHecl YIIiH CBI3BIKTHI €Ki HYKTENi MIETTIK eCel TYPAaKTHl KEeIIiryli apryMeHTi Oap
JKYKTenreH auddepeHuanaplk TeHAeyIep Kyheci YIIiH CBI3BIKTHI IIETTIK €CENMeH ammpoKCHMaIlUsIaHaIbl.
Kemriryni aprymenTi 0ap MHTErpajiblK-IudQepeHIraniblK TeHACYIep KyHecl YIIiH METTIK eCcenKe KoHe Ky-
pBUTFaH XYKTesreH quddepeHnnanapK TeHaeyIep xKyieci YIIiH METTIK ecenkKe Jie KOPPEeKTi MemTiMIAUTIKTIH
aHBIKTaMayapbl eHri3uteni. CoHmali-ak Kemnirym apryMeHTi 0ap HWHTeTpaiablK-TuddepeHIMaNIbIK TCHICYICp
JKYHecl YIIiH CBI3BIKTHI MIETTIK €CeMTIiH JKOHE KEeIIirylli apryMeHTi 0ap kykrenreH auddepeHnanaplK TeHAeYIep
JKYHecl YIIiH CBI3BIKTHI IMIETTIK €CeNTiH KOPPEKTLI MEemiTiMILTITIHIH mapTTapsl TaFalbiHAamaabl. TypaKTsl Ke-
LIryiTi apryMeHTi 0ap MHTErpajablK-Tu(PpepeHINaIIbIK TeHACYIep KYHecl YIIiH ChI3BIKTBI €Ki HYKTEI MIETTIK
ecen IeH OHbl alMpPOKCHMAlMSUIAyIIbl — TYPAKThl KEWIryni apryMeHTi 0ap JKykresreH anpgepeHiuaibk
TEHJIeyJIep JKYHecl YIIiH CBI3BIKTBI €Ki HYKTEJl MIETTIK €CeNTiH KOPPEKTUI HIeNIIiMIUIriHIH apachiHIarbl e3apa
OaiiIaHbIC KOPCETLIe/I.

Tipek ce3nep: kemiryini HHTErpanasIK-TudepeHInanIbIK TeHACY, KeIIiryli KyKTeareH auddepeHnnanpk
TEHJIEY, IETTIK eCell, KOPPEKTii MenTiIMIITIK, e3apa OaiaHbIC, alMPOKCHMAIIHSIIAY.

Kipicne

[0,T] kecinmicinae Kemirymi HHTErpanasK-auddepeHnnanapk TeHaey YIiH MeTTIK ecer
3epTreneai
dx(t)

T At)x(t) +B(O)x(t —1) + f K(t,s)x(s)ds + #(t),x e R" (D)
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x(t) = ¢(t),t € [-1,0], )
ex(0) + Dx(T) = d, d € R, 3)

myHarsl A (t), B(t) marpunanaps sxoue #(t) Bexrop-dynkuusce [0,T] apanbl-FeIHAA Y3idiccis,
X (t, s) marpuuacs [0,T] X [0, T] y3imiccis, €, D MaTpuLanapsl )KoHe ¢ BEKTOPBI — TYPAKTHI.

x|| = max|x;|, [|x|l; = max ||x(f)|],
lell = max x|, llxll; = max llx()l
lADN = a, IBOI = B, 1K, )l = k, a, B, k — const.

Kemiryni uaTerpanasik-auddepeHnnanaslk TeHaeyIep YIliH IIeTTIK eCenTep yakbIT Kijipici
€CKepIUICTIH MOMYJISIIHS TUHAMHKACHIH MOJICTIBICYIC, ECTE CaKTAy JKOHE KEIITy acepiepi Oap KoLty
anMacy ecenTepiHie, poOOTOTEXHHMKAJBIK KYHelep MEH 3JIeKTp dHepreTUKAIbIK Keiinepai Oac-
Kapy/Ja KOJIJaHbLUIa/Ibl.

Kemrirymi qud depeHnuanaplk TeHACYIep YIIiH )KOHE KeITITyII MHTETpabIK-TudGepeHInan bk
TEHJIEYJIep YLIIH IETTIK eCenTep dpTYpIli 91iCTepMEH KeIlTereH xxyMpictap/a [ 1-16] kapacTbIpbliFaH.

[Tapametpney omici [17] xoHe mHTErpanablk-auddepeHnnanapK TeHaeyal KYKTeareH aud-
(hepeHIMaNIBIK TCHICYMEH almpOKCUMAIHSIIAY HET131HAe MHTETPATABIK-TUPPEpEeHITHATIBIK TESH-
JeyJiep JKyHemepi YIIiH MIeTTIK €CENTiH KOPPeKTUIl IIeNIUNIMIUTITIHIH KaXeTTI KOHE JKSTKUTIKTI
maptrapsl [ 18, 19] )xymbicTapbinaa ansiaFad 6onateiH. UHTErpanibik-1uddepeHnmuan bk TeHaeynep
JKyWenepi YIIIH IIETTIK €CeNNeH OHbl aNMpOKCHUMALMATIAYIIbl KYKTeNreH AuQQepeHnanibK
TeHJEYJIep KyWeepl YIIiH MEeTTIK eCenTiH KOPPEeKTUTl MemiTiMAUTITIHIH apacklHIarbl OalIaHbIC
[20, 21] sxyMBICBIH/Ia KOPCETIITEH.

Y chIHbUIBIT oThIpFan skymbicta (1) — (3) kemriryni unTerpanabik-1updepeHuaiibK TeHIey
YIIIiH IIETTIK €CeN KelIiryii )KyKTelareH auddepeHimanaplk TeHaey YIIiH METTIK eCeIIeH arpo-
keuManwmsiianabl. Ochbl ecenTepAiH KOPPEKTiT MeHTiTiMAUTITIHIH apackiHAarkl e3apa OaliaHbIC
KepceTiei.

Marepuajiaap MeH dicrep
[0,T] unrerpannay apansireia b > 0: mh = T xanammen Oomnikrepre Gosin sxone J; (t) apKbLIbI

K[ t,(i — 1)h] marpuuacen Genrinen anampi3, seun K, (t) = K[t, (i — 1)h],t € [0,T],i = 1,m,
onga (1) — (3) ece0bi keneci meTTiK ecebine KeATIpinemi:

m ih
dfj = A@)y(®) + Byt —1) + Z ¥ (1) f y(s)ds + #(t), 4)
i=1 (i—-1)h
y(t) = ¢(t), t € [-7,0],(5) (5)
Cy(0) + Dy(T) = 4.(6) (6)

(1) — (3) sxome (4) — (6) ecenrepiniy MmeniMAEpi MEH KACHETTEPI apachIHIAFbl 03apa
OaifTaHbIC 3epPTTENCII.

Kin(t,s) =XK(t),t € [0,T],s € [(i — 1)h,ih),i =1m — 1, K,(t,s) = K, (D),
s € [(m — 1)h,mh) tennixrepimen [0,T] X [0, T]-na Gemnixri y3iniccis K, (£, s) MaTpunacss
ansikTaiiMeis. K (t, s) marpunaceinsir [0,T] X [0, T]-na GipkansinTs! y3imiccizairinen h — 0 ke3ne
£(h) — 0 wbIraapl, MyHIa

)= sup 1K (6,8) ~ Kot I
(t.s)elo.7]x[0.7]

Amnpikrama 1. (1) — (3) ecebi koppekTini memrigimii gen aranaasl, erep kes kenren f (), ¢ (1), d

BEKTOpJIApHI YIIIIH OHBIH YKaJIFbI3 IIemIiMi 6ap 6osca jkoHe Kelleci TEHCI3A1K OpbhIHIaca
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llxll; = max|lx(@)Il < x -max(llflly, @l 121D,
telo,T]

mynnarel X — 6yn f(t), @(t), d Bexropnapbinan Toyencis KOHCTaHTa.
Amnpikrama 2. (4) — (6) ecebi koppekTini memrinimai gen aranaasl, erep kes kenren f (), ¢ (1), 4
BEKTOPJIAPHI YIIIIH OHBIH YKaJIFbI3 IIenimi 6ap 0ojica jkoHe Kelleci TEHCI3A1K OpbhIHaica

lyll; = max|ly(@Il <y -max(lflly ¢l 21D,
telo,T]

mynnarel ¥ — Oy f(t), @ (t), d BekTopnapbiHaH ToyesICi3 KOHCTAHTA.

Teopema 1. (1) — (3) ecebi ¥ KoHCTAaHTACKIMEH KOPPEKTLII MIEMIITIM/Il KoHe KeJleci TeHCI3IiK
OPBIHIAJTICHIH

§(h) = pe(h)T < 1. (7)
Onpa (4) — (6) eceGi .
X
VS I peT
KOHCTaHTaChIMEH KOPPEKTLI1 memiTiMIl Ooaabl )koHe Keseci 0aranay OpbIHIbI
. 2e(M)T
ly=xll= 21— o7 22T max(lIflly, el D, (8)

myHaarsl () — (4) — (6) ecebinin mermmimi, an x(t) — (1) — (3) ecebinin memimi.

Jonenneyi. (1) —(3) ecebiniH KOppeKTimi IMIENITIMALTINIH KOHE OHBIH KOHCTAHTACHIH
naiinanaueim (4) — (6) ecebiniy memimin GipTiHaen )ybIKTay oficiMen Tabameiz. ¥ (1) = x (1)
JIETI aJIbII, }:(13 (t) KybIKTaybIH KeJecl HIETTIK €CelTI IIeMly apKbliIbl aHbIKTalMbI3

d‘;[:) = A(D)y(t) + B(Dy(t —1) +f H(t,s)y(s)ds +#(t) +
m ik
+ [, (D) — K (t, )] ¥ (s)ds, )
Z—L—ﬂh ( S:] ? e
y() = ¢(t), t € [-7,0], (10)
Cy(0) + Dy(T) = 4, (11)

X, (t), 3{(1‘ §) marpunanapsi [0,T], [0,T] x [0, T]-na coiikecine y3inicci3 OoaranabIKTaH

F(t) = E?ﬁf( _1) R (1) — K (2, 9)] y@(s)ds ¢bynkuusaceiabH [0, T]-1a y3imicei3airi mbraibl.
Onpa (1) — (3) werTik eceOiHIH KOPPEKTLI MIeMmiTiMALIIriHEeH (9) — (11) ecebinin y@(r)
YKQJIFBI3 MIEITMIiHIH 0ap OOTybI IBIFa/IbI )KOHE KeJIeCl eCeNTiH

% = A(DA®) + BOAE — 1) + f K(t,s)A(s)ds +
ik
. )
+ Z J;i— ljh[jca_ (t) j{(f, S)] } (S:]ds’ te [D’ T]J (12)

A(t) =0,t € [—1,0], (13)

179



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

CA(0)+DA(T) =0 (14)
menrimi Gomareia AP (£) = y® (1) — yO(t) dynxrmsacer yurin
69|, < zeMT|ly @], = 2e@TlxI, (15)

Oaranaybl OpbeIHIBI Oonambl. OcChl yaepicTi kamracTeipbil, (k + 1)-1mi KyBIKTaybIH Kelleci
HIETTIK €CEeNTEH aHBIKTalMBI3

dy ()
dt

— A + BOYE —1) + f K (t, )y (s)ds + $(6) +

T cih
Y| mo-xen y©oas
= -k

y(t) = ¢(0),t € [-7,0],

Cy(0)+ Dy(T) = 4.

Onga A®+1(t) = y&E+1 (1) — y®(t) dynxmmscsr (12) — (14) ecebiniy mremrivi Gonafs,
myHna (12) terneyinin o xarbiHgarsl y©)(s) ¢ynxmmacein AK+D(s) (yHKIMACBIMEH aybic-
TeipamMbI3. COHBIMEH KaTap, Kejieci OaranayiapbliH allaMbl3

[a%+2| < ge()T[a® ]|, = s||A%| ke =1,2, ...

Ocsl maprran xone (7) wapreman Y& (t) dynxupsuap Tiséeri [0,T] kecingicinge y(t)
(dyHKIUSIChIHA k — oo GipKanbmThl xkuHaKTanaas! sxone v &+ (), x () GyHKIMATApHIHBIH afbIphI-
MBI YIIIiH Kejeci Oaranay OpbIHIbI

||:}J.(J|:+lj _ xlll = "l},(ﬁ:+lj — },(;ﬁjlll + ":}J.(kj — :},(k—ljlll + -+ ".},(2] — },(1]"1 +

Hly® = y@||, < geT{[(60) " + (8) " + -+ 1] A9+ lxl }

Ocbiian k — oo YMTBUTFaH 12 IIEKKE KO aJaThIHBIMbI3
Iy = xlls < 7 (W7 { A, + Il } <

1- 61 (h:’
#e(h)T xe(n)T

—+1 - -
T 2e 0T }uxlh T zear ¥

< fs(h)]"{

Ocsl Tencizaikren xone (1) — (3) ecebiniy KOppeKTiNi memiaTiMALTirines Keneci Oaranaybl
aJlamMbI3

Fe(M)T
Iyl = lly —xll; +lixll; = Wllxlll +llxll;, =
———=lxll; = S — max([[flly, 1@l I21D. 16
1— pe(h)T 1— ge(W)T ’ ’ (16)

Enni (4) — (6) ecebiniH mIennMiHiH KaJFbl3 KeHIH KOPCETEHIK.
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y(©),7(®) dyuxkumsnapsr  (4) — (6) ecebinmin  memimaepi  GonceiH. OHpa  onapiblH
Ay(t) = y(t) — y(t) aitipeivbr [0,T] xecinmicinne ysimiccis nupdepennmanianatsia 60mabl
JKOHE KeJieci MEeTTIK ece0iH KaHaraTTaHbIpabl

da;ft(t) = A(t)Ay(t) +‘B(t).ﬁy(t—'5)+f K (t, s)Ay(s)ds +
ik
+; J’(i_ﬂh[j‘fi(f) — K(t,5)] Ay(s)ds, t € [0,T], a7

Ay(t) =0,t € [—1,0],(18)
CAy(0) + DAy(T) = 0.(19)

(1) — (3) ecebinin koppekTiyni MmemiIiMIUTIriHEH Ay(t) ¢byukmmsicel (17) — (19) ecebinin
KaJIFBI3 LIEMIIMiHIH OOJIATHIHEI MILIFAIbI XKOHE KeJleci Oaranay OpbIHIbI

lAylly = Ze(WTIAyll, = (RIAYl,.

8(h) <1 exenin eckepin |[|Ay||, = 0 Gonaraupin kepemis, srum Y(t) = $(t),t € [0,T].
® X
Ocpigan xoHe (16) TeHci3airineH (4) — (6) ecebinin ¥ = 1-7e(h)T KOHCTAHTaChIMEH KOPPEKTINl

MISTTUTIMLTIT KoHe (8) Oaranaybl OpBIHIBI €KeHI MIBIFaAbI. Teopema ToNemIeH .

Teopema 2. (4) — (6) ecebi ¥ * KOHCTaHTACBIMEH KOPPEKTLII MISHILTIMII JKOHE KeJleCi TEHCI3MIK
OPBIHJIAJICBIH JICITIK
Y e(h)T < 1.
Onpa (1) — (3) ecebi
. Y
X =1y =T

KOHCTaHTaChIMEH KOPPEKTLII menriiiMi Ooaapl )kKoHe Kemeci Oaranay OpbIHIaIa bl
y* e(h)T
1—y*=(W)T

mynzarsl X(t) — (1) — (3) ece6inin memimi, an y(£) — (4) — (6) ecebinin mwermrimi.
by Teopemanbiy moneneyi 1-TeopeMaHbIH A0JeIeyiHe YKCAC XKYPri3iaei.

=

Ix—yll, <y max(lIflly el 21D,

. . R . o ..
Euni (4) tenneyinne f(i._ljh y(s) ds unrerpansin ¥[(i — 1)h]h xeGeiirinmiciMen ayblcThIpCaK,
onma (4) — (6) ecebi xemrirymi xykreareH AupQepeHraIIblK TeHaeyaep YIIiH MeTTiK ecebiHe
KeNTipiIeni:

dz(t) X .
) Az + Bzt — 1) + Zﬂfi (Oz[(i — 1)h]h+ $D), (20)
dr L.
z(t) = ¢(0),t € [-7,0], 21
Cz(0) +Dz(T) = 4. (22)

Keneci Tyxbipeivaap (4) — (6) xone (20) — (22) ecenrepinin KoppekTini memimimMainirinig
e3apa OailTaHBICHIH KOPCETE/I.
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Teopema 3. (4) — (6) ecebi ¥~ KOHCTaHTAChIMEH KOPPEKTLII IEMILTIM/I JKoHE KeJleci TEHCI3IiK
OPBIH/IAJICHIH JIEITIK

%[(a +pB +kT)y*+ 1]8Th < 1.
Onpa (20) — (22) ecebi

*

. 2y
T 2—[(a+pB +kT)y*+ 1]8Th

KOHCTaHTaChIMEH KOPPEKTLII menrTiM Il Ooaapl )KoHe Keneci Oaraay OpbIHAaIa bl

X

[(e+ B+ kT)y"+1]8Th
T+ g+ k5 13pmn ™l 191l D,
Mynnarst 2(t) — (20) — (22) ecebinin wemimi, an y(t) — (4) — (6) ecebinin menrimi.

*

lz =yl =¥

Teopema 4. (20) — (22)ecebi X~ KOHCTAHTACHIMEH KOPPEKTiNI IIEHIIIMII >KoHE Keseci
TEHCI3/IIK OPBIHAJICHIH

%[(a+ﬁ + kT x* +1]8Th < 1.
Onpna (4) — (6) ecebi

. 2x
" 2—[(a+pB +EkTDy +118Th

KOHCTaHTaChIMEH KOPPEKTLII menTiM i Ooaapl )KoHe Keyeci Oaranay OpbIHAaIa bl

14

[(a+ B+ KkT)y"+ 1]B8Th
2—[(e+pB +kT)y*+ 1]BTh

*

ly —zll, = x ma x(lIflly, ll@ll5, I 1D,
mynjarsl V() — (4) — (6) ece6inin memrimi, an z(t) — (20) — (22) ecebinin memntimi

3,4 TteopemanapabpiH gomenneyi | TeopeMaHBIH gonenneyi koHe [18] KyMBICHIHIAFBI
TYKBIPBIM/IAPFA YKCAC JTANIEIICHE .

XKorapeina kentipinren 1—4 Tteopemanapsl 3eprremingi (1) — (3) kemrirymi MHTErpabIK-
nuddepeHInaNbIK TEHJISY VIIIH IMIETTIK €CeNIeH OHbl amnpokcumarusiiayibsl (20) — (22)
KeMIiryJi >kykrenred nuddepeHnuanaplk TeHIeY YIiH MIETTIK €CeNTiH KOPPEKTLTI MeiTiMAUTITHIH
apachIHIaFbl ©3apa OAMIaHBICTHI aTyFa MYMKIHIIK Oepei.

Teopema 5. (20) — (22) xewriryni xykrenred auddepeHnnanpK TeHIey YIIiH MeTTiK ecedi
X KOHCTAaHTAaChIMEH KOPPEKTilli IIeIIiTiMi KoHe Keeci TeHCI3AIKTep OPbIH/IAICHH

%[(r}: +L8+kT)y"+1]pTh < 1,

2y e(h)T
2 e+ B+ KDy + 1ETh ~
Onpa (1) — (3) kemiryni I/IHTerpanz[HK—zm(bq)epZeHuHanI[HK TEHJIEY YIIIiH IEeTTIK eceOi
e
2—[(a+ B +kT)y*+1]pTh— 2y ()T
KOHCTAaHTaChIMEH KOPPEKTLII IISIILTIMII 00J1a bl koHE Kejleci Oarajiay OpbIHIaIa Ikl
4y* «(h)T

2—[(a+BT)y* + 1]BTh — 2;{*5(?1)?‘}

max(|Iflly, llell, lla1D,

f:

llz — x|, < {[(a+ B+ kT)y* +1]8Th +

*

X
X2 _lat B+ KDy + 18Th

myraarsl X(t) — (1) — (3) ecebinin memimi, an z(t) — (20) — (22) eceGiniy mermrimi.

182



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

Teopema 6. (1) — (3) kemrirymni naTerpanabik-1uhdepeHInaIIbIK TSHICY YIIiH MeTTiK ece6i X
KOHCTAHTaChIMEH KOPPEKTLI1 MEeHITIM/II JK9HE KeJlecl TEHCI3AIKTep OPbIHAIChIH

¥e(WT < 1,
1+ B+ KTy
= + 1|pTh < 1.
2| 1—y=(h)T B
Onpa (20) — (22) kemriryini xxykrenreH auddepeHranaplk TeHAey YIIH MEeTTIK ecedi
27

X T2 - pe(T) — @+ B + kD7 + 1 — p=(WTIRTh

KOHCTAHTaChIMEH KOPPEKTLII MISHITIMAL O0Iajibl skoHe Kesecl Oaraiay OpbIH/IaIa bl

) [(@+ B + kT)? + 1 — 2e(W)T]ETh
Il —zll, < {IE(‘“)T A —7e(T) —[(a+ F+ kD7 + 1 fs(h)?‘]ﬁ?‘h}
X
X l—fwma xClF N, Heblle, 1D,

myngarel Z(t) — (20) — (22) ece6inig memimi, an x(t) — (1) — (3) ecebiniy mermrimi.
5, 6 Teopemanappl ganenzey [20] KyMBICHIHIAFBI TYKBIPBIMIAPIBI AAJIENEY CYII0eCi GOMbIHIIA
1—4 TeopemanapbiH KOJIJJaHY apKbLIbI XKY3€re achbIpbliIaibl.

Horuzkesiep MeH TaJKbLIAY

WnTerpanasik-nuddepeHnmnanapk TeHASYIep KoHe MYHIail TeHAEYIep YIIH MIeTTIK ecenTep
[18-21] >xymbIcTapbIH/ia KapacThIPBUIBII, OJIAPBIH MEMLTIMIUIK MapTTapbl 9PTYPIl 9JicTepMeH
TaraiblHAanFaH. [ 18,19] xymbicTapblHa HapaMeTpIIey 9/1iC1 )KoHE HHTETpaIbIK-TU(pPepeHIInaIBIK
TEeHACYl KYKTeNreH audQepeHranaplK TeHISYMEeH anpoOKCUMAIIHsIIay HETi31H/1e HHTETPaIbIK-
b depeHInaIabK TeHAeYIep YIIiH MEeTTIK €CeNTiH KOPPEKTUII MEeIUTIMIUTITIHIH KPUTEPH1 albIH-
raH OonarelH. VHTErpanablk-quddepeHunanplk TeHAeylIep YIIiH METTIK eCeneH OHbl allpoK-
CHUMalMSUIAYIIbI XKYKTEJIreH A depeHIHaIbIK TeHAeylIep YIIiH HIETTIK €CeNTiH KOPPEKTLIl HIemi-
TIMAUTITIHIH apacbiHAars! e3apa Oaitnansic [20, 21] aKyMbICBIHAA KOPCETIATEH. ¥ CHIHBUIBII OTHIPFaH
YKYMBICTA KEIIITyJll HHTET paJIAbIK- 11 epeHINaIbIK TeH ey YIIIiH MEeTTIK eCel KeITrylli )KYKTeIreH
b epeHInaIabK TeHIey YIIiH HIETTIK eCeMIeH anmpoKCcuManusiaanabl. Kemriryai naTerpanabk-
TuddepeHnnanbIK TEHAEY YUIIH MEeTTIK €CeNIeH OHbI allPOKCUMALUSIAYIIBI KeIIIryIll )KYKTeIreH
muddepeHnnanbIK TeHIey YIIIH MEeTTIK eCeNTiH KOPPeKTUIl MIeNIUTIMAUIITIHIH apachlHAaFbl e3apa
GaiiiaHblc KepceTuIal. Opi Kapail annpoKCUMAaNUsIay bl KeIIrysi )KyKTeareH auddepeHnuanibk
TEHJIEY YILIH IEeTTIK eCenTep TePMUHIH/IE KeLIIryili HHTerpanblK-1uddepeHnnanipK TeHaey Y
HIETTIK €CeMNTiH KOPPEKTUIl MEeITIMIUTITIHIH KaXeTTl XKoHe JKeTKUIIKTI MapTTapblH aly Ke3JeJill
OTBIP.

KopbIThIHIBI

Y CHIHBLIBII OTBIPFaH KYMbICTA KeIITYJI HHTETPaJIbIK- U GepeHIIHaIbIK TEH ISy YIIIH IEeTTIK
ecern 3epTTelireH. 3epTTeiHAl ecell KTyl )KYKTeareH TuddepeHnuaniblK TeHaey YIIiH HIeTTiK
€CenreH anmnpokcuMmanusaiaanagsl. Ocbl ecenTepiiH KOPPEKTLIl INeMITIMALIITIHIH apachlHAAFbI

e3apa OaillaHbIC OPHATBUIFAH.

Kap:xbuianabipy Typasdsl aknapar. byn seprreynepre Kaszakcran PecnyOnukacel Fruibim
xoHe XKorapse! bislim MunucTpiiridie FeuteiM komureTi Kongay kepeetTi (I'pant AP23486114).
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OB OJIHOM ATIMPOKCUMAIIMHA KPAEBOM 3AJTAUN
JJA UHTETPO-AUPD®EPEHIIUAJIBHBIX
YPABHEHUWU C 3ATTA3JIBAHUEM

AHHOTaUMA

Ha xoHe4YHOM MHTepBaJie HCCIIeyeTCs TIMHEITHAs IBYXTOUEUHAast KpaeBas 3ajia4a JUlsi CUCTEMbl HHTETrpo-AuQ-
(hepeHIMANTBHBIX YPAaBHEHHI C IIOCTOSIHHBIM 3al1a3/bIBaIOINM apryMeHTOM. JleJieHneM HHTepBajia Ha YacTH UHTer-
paJIbHBIA YJIeH MHTErpo-anupPepeHIaIbHOT0 YPAaBHEHUS! C MOCTOSHHBIM 3arla3/IbIBaloIuM apryMEHTOM 3aMeHsI-
eTcs KBaaparypHoii ¢opmyioid. [1pu Takoit 3amMeHe JIMHEHHAsT IByXTOYEUHAs KpaeBas 3a7ada JIsi CHCTEMbI MHTeT-
po-muddepeHITnaTbHBIX YPaBHEHUH C TIOCTOSHHBIM 3ala3/IbIBAIONINM apTyYMEHTOM alIIPOKCUMHUPYETCS JINHEHHOM
KpaeBOH 3a/1aueil uIsd CHCTEMBl HarPy)XCHHBIX TU(QPepeHINaTbHBIX YPABHEHHH C MIOCTOSHHBIM 3aIla3/IbIBAIOIIIM
aprymeHToM. BBozsrcs onpeneneHust KOppEKTHOM pa3peliuMOCTH KaK JUIsl KpaeBO 3a1auu 111 CHCTEMbI HHTETPO-
mddepeHnnanbHbIX YPaBHEHNUH € 3alla3AbIBAIONIMM apTyMEHTOM, TaK M JUls NOCTPOCHHOM KpaeBoH 3ajauu Juist
CHCTEMbI Harpy>KeHHBIX U QepeHIHaNbHBIX YPAaBHEHUH C MOCTOSHHBIM 3alla3/bIBAHUEM. YCTaHOBIICHBI YCIOBUS
KOPPEKTHOW Pa3pelInMOCTH JMHEHHONW KpaeBOW 3a/ladul [UIsi CHCTEMBbl MHTETpO-TuddepeHnnanbHbIX ypaBHEHUH
C 3arma3abpIBAONINM apIYMEHTOM M TIMHEWHOW KpaeBOH 3a/Jadd IS CHCTEMBI HATPYXCHHBIX TU(GEpeHITHaTbHBIX
YPaBHEHMH € 3ama3AblBAIOIIUM apryMeHTOM. [loka3aHa B3auMOCBA3b MEXY KOPPEKTHBIMU Pa3pelIMMOCTMU JIU-
HEWHOW JBYXTOUYEUHOW KPaeBOW 3ajiaudl JUIs CUCTEMbI MHTErpO-Au((epeHInalbHbIX ypaBHEHHH C TOCTOSIHHBIM
3ana3/bIBaOLIMM apryMEHTOM M allpOKCUMHUPYIOLIEH ee JIMHEHHON ABYXTOYEUHOM KpaeBoW 3aJauu /Il CUCTEMBbI
Harpy>eHHbIX Tu(QepeHIaIbHbIX YPaBHEHHH C OCTOSIHHBIM 3aI1a3/{bIBAOIUM apI'yMEHTOM.

KuaroueBble ciioBa: naterpo-andepeHanbHoe ypaBHEHHE ¢ 3ara3ablBaHieM, HarpyxeHnHoe quddepennn-
aJIbHOE ypaBHEHHE C 3ala3/ibIBaHIeM, KpaeBas 3a/1a4a, KOPPEKTHAs Pa3pelInMOCTh, B3aMMOCBA3b, alNPOKCHMAIINSI.
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ON THE APPROXIMATION OF A BOUNDARY VALUE
PROBLEM FOR DELAY INTEGRO-DIFFERENTIAL EQUATIONS

Abstract

A linear two-point boundary value problem for a system of integro-differential equations with a constant delay
argument is investigated on a finite interval. By dividing the interval by parts, the integral term of the integro-
differential equation with constant delay argument is replaced by the quadrature formula. With this replacement, the
linear two-point boundary value problem for a system of integro-differential equations with a constant delay argument
is approximated by the linear boundary value problem for a system of loaded differential equations with a constant
delay argument. Definitions of correct solvability of boundary value problem for system of integro-differential
equations with delay argument and constructed boundary value problem for system of loaded differential equations
with constant delay argument are introduced. Conditions of correct solvability of linear boundary value problem
for system of integro-differential equations with delay argument and linear boundary value problem for system of
loaded differential equations with delay argument are established. Relationship between correct solvabilities of
linear two-point boundary value problem for system of integro-differential equations with constant delay argument
and approximating linear two-point boundary value problem for system of loaded differential equations with
constant delay argument is shown.

Keywords: Delay integro-differential equation, delay loaded differential equation, boundary value problem,
correct solvability, interrelation, approximation.
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'AkTI0OMHCKHH pernoHansHbI yHuBepeuteT UM. K. XKyb6anosa, . AkroGe, Kazaxcran

O PEHIEHUAX HEOAHOPOAHBIX CUCTEM
JANPPEPEHIINAJIBHBIX YPABHEHUU
B YACTHBIX ITPOU3BOAHbIX BTOPOI'O ITIOPAJAKA

AHHOTALUA

Lenp HacTosAMIICH PabOTHI 3aKITIOUACTCS B UCCIICIOBAHUN HEOTHOPOIHOW CHCTeMBI A depeHIInaIbHBIX YpaB-
HEHHWH B YaCTHBIX MPOU3BOIHBIX BTOPOTO MOPSIKA, OMM3KUX K OOBIKHOBEHHOMY CITydaro. HacTHOE pelieHne pac-
cMaTpuBaeMoOil cucTembl BOIMHM3M peryasipaoit ocobennocTH (0,0) uimercss B Buae 0000IIEHHOT0 CTEIIEHHOTO psijia
JIBYX MEPEMEHHbIX ¢ MmoMolibio Metoa Ppodenuyca-JlarpimeBoii. [Tokazanbl pa3Hble BO3MOXKHBIE CIIy4au, KOTna
CHCTEMBI ONpENeSIONUX yPaBHEHUH UMEIOT MPOCThIe WIN KpaTHble KOpHHU. IIpuBeneHa Teopema JUisi 4aCTHOTO
pelIeHns «pe30HaHCHOI» HEOMHOPOIHOM cucTeMBI TU(depeHIMaTbHBIX YPaBHEHUI B YaCTHBIX POU3BOIHBIX BTO-
poro mopsiaka. Ha mpumepe moka3aHo pereHre HeoqHOPOaHOH crcTeMbl beccens. CooTBeTCTBYIOMAS OJHOPOTHAS
CHCTEeMa UMeeT pelIeHus B Bue GyHKIuii beccerst AByX MepeMEeHHBIX, 9aCTHOE PEIIeHIEe HEOTHOPOAHOM CHCTEMBI
MPEJICTABICHO B BUJIE POU3BE/ICHHs OECCeNeBbIX (yHKIUIA.

KutioueBble ciioBa: HEOIHOPOAHASI CUCTEMA, PELICHHE, ONPEEsIIoNIee YpaBHEHUE, MHOTOUICH, aHAIUTHYe-
cKast QYHKITHSI, PSJI, peryisipHasi ocodast Touka, Mmetoq @podenunyca-JlaTbimeBoi.

BBenenue

MHOXeCTBO 3a71a4 B MEXaHHKE, MAaTeMaTHUECKON (PHU3HUKE, TEXHUKE U IPYTUX OOIACTSIX CBOMAT-
Csl K peueHnto qudQepeHnnanbHbiX ypaBHeHnH. [10aToMy TOCTHXKEHUSI B M3yYEHHH WHTETPaJoB
mudepeHIraIbHbIX YPaBHEHUH OTKPBIBAIOT MyTh AJISl PEIIEHUs psijia MPUKIaAHbIX 3a1a4. Hanbo-
Jiee Ba)KHOE MeCTO B 00111e# Teopuu AuddepeHInatbHbIX YpaBHEHUN 3aHUMAET aHAJIMTHYECKasl TEO-
pust, ocHOBaTeeM KoTopoii siBisercst JI. dyke [1-2]. B cepennne XIX Beka Obu1a MOYTH MOJIHOCTHIO
paspaboTana Teopus JIuHEHHBIX nuddepeHmanbHpIX ypaBHeHNH THa Dykca
n

Z(x—a)”-Pﬂ_v(x)-y(”] =0, )

rae kodpdurmentst P,_,(x) (v = 0,1,...,n — 1) ecTb peryispHbie QYHKIUH B OKPECTHOCTH TOUKU
x=a, P =1

I'. ®pobennyc nccnenoBan peKyppeHTHbIE (POPMYITBI JIsl STOTO THITA YPaBHEHHH U JTI0Ka3aJl paB-
HOMEPHYIO CXOTUMOCTb PSJIOB B OINPENCICHHON OKpecTHOCTH 0co00i Touku [3]. KoaddurmeHTs
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9THX PSAIOB ONPEENSIOTCS U3 PeKyPPEHTHBIX YPaBHEHNUH KaK PELICHUs JAHHOTO JIMHEHHOTO OOBIK-
HOBEHHOTO U dhepeHnanbpHoro ypasaenus (1).

Hapsny ¢ noctpoenuem pelieHuil ypaBHEHHI U cUCTEM OOJIBIION MHTEpeC MpPeACTaBIseT U3-
y4eHHUE TaKuX CBOMCTB pEIeHNH, KaK yCTOMUYUBOCTh, OTPAaHUYEHHOCTh, KOJIEOATeIbHOCTh U aCUMII-
TOTHYECKOE MOBEJIEHNE MPU HEOTPAHUUEHHOM BO3PACTAHWN HE3aBUCHUMOW NEPEMEHHON. ACHMIITO-
THYECKHE TPECTABICHHUS PEUICHUH MOTYT OBITh MOJYYEHBI C IOMOINBIO TEOPUU HHTETPATBHBIX
YpaBHEHUH, ONEpallMOHHBIX METOJOB, a TAK)XKE C HCIOJIb30BAHMEM METOJOB, MO3BOJIAIOIIUX HE-
MOCPEACTBEHHO ONPEAEIUTh CTPYKTYpY U CTPOUTH PELIEHUS] YPAaBHEHUN M CUCTEM B OKPECTHOCTH
oco6oii Touku. K takum metomam otHocutcst Metos dpobennyca-JlaTpieBoi, MPUMEHUMbIN 1S
MOCTPOCHHSI ACUMIITOTUYECKUX TMPEICTABICHUN pelleHui JInHeHHOoro ¢ depeHnaibHOro ypas-

HEHUSI N —TO MOPS/IKa BUJIA
n dn—i J.
Y rw- =0 @
— dxn—i

[pennonaraercs, uro P;(xX) — MHOrounens: 1160 QyHKIUH, OPEICTABUMBIE CXOAALMIUMUCS Psi-
JTAMH.

Merton ®@pobennyca-JlareieBoi, B 0IM4YKMe OT APYTUX METOI0B, IPUMEHSIEMbIX JJIS UCCIIE0-
BaHUS ypaBHEHHs (2), TIO3BOJISET pa3padaTeiBaTh (h(HEKTUBHBIE aITOPUTMBI TOCTPOSHUS €T0 pelle-
HUI B BUJIE CTENIEHHBIX, HOPMAJIBHBIX M IOJHOPMAJIBHBIX psAA0B. KpoMe TOro, B HEKOTOPBIX CITydasx
OH TI03BOJISIET MOJIYYUTh HOPMAJIbHO-PETYISPHBIE PEIICHUS, a TAK)KE PELICHHUs B 3aMKHYTOM BUJIE.
KitoueBoit 0COOEHHOCTBIO 3TOTO METOAA SIBJISETCS MCHOJIb30BAHME IMOHATHS PAaHTa, BBEJCHHOI'O
A. Ilyankape, u antupanra, npeanoxenHoro K.5. Jlareiuesoii [4-6].

HO.M. Cuxopckuii pacmmpui MpuMEHEHHE JTaHHOTO METO/Ia Ha OOBIKHOBEHHBIE JIMHEWHbIE He-
omgHoponHble AU depenunanpsabie ypaBHeHNs. B mepByto ouepenb 3TO OTHOCHUTCS K CIIEHHAIBHBIM
muddepeHnnanbHbIM YPaBHEHHUSIM, PEIICHUSIMU KOTOPBIX SIBIISIOTCS W3BECTHBIE OPTOTOHAIBHBIC
MHOTOUJICHBI U CIIeNIMaIbHbIC (PYHKITUU OAHOW MepeMeHHoM [7-9].

UccnenoBanueM pelieHuit TMHEHHBIX AU PepeHInanbHbIX YPaBHEHUH BTOPOTO MOPSAIKA C Ie-
puoanYecKUMHU K03 (HUIIMEHTaMH ¢ HCTI0NIb30BaHuEM MeTofa Ppobennyca-JlarpimeBoit 3anumMarcs
O. Kamkunbaes [10].

OtnenpHBIE Pe3yNbTaThl 3TOro Metoaa 6sutn 0000mmensr H.W. Tepemnienko Ha crieriuanbHbIe CUC-
TEeMBbl OOBIKHOBEHHBIX TU(PepeHINATbHBIX YpaBHEHUNH. B OTHOIIEHNM TaKMX CHUCTEM JHHEHHBIX
mddepeHInanbHbIX YPaBHEHUH € TOJIMHOMHUAIBHBIMU KO((GUIIMEHTaMH UM OBLIH pEIIeHBI JBa
KJIIOUEBBIX BOIPOCA: CYLIECTBOBAHUE PELICHUI B KOHEUHOU (hOpME U YCTaHOBIIEHUE MPU3HAKOB I10-
SIBJICHUS JIorapupMuuecKkux perneruit [11].

XK.H. Tacmam6eroB nmpumenun meron @pobdennyca-JIaTsiieBoi A UCCIeI0BaHUS OJJHOPOI-
HBIX cucteM AuddepeHnanbHpIX YpaBHEHHH B YaCTHBIX MIPOM3BOAHBIX BTOPOTO HOpsiika. Mcmoms-
30BaHME 3TOTO METO/A IMO3BOJHIO MOAW(DUIIMPOBATH AITOPUTMBI HAXOXKACHUS pemeHui nudde-
PEHIMAJIbHBIX YPAaBHEHUH B YAaCTHBIX MPOU3BOAHBIX, a TAKXKE JI0Ka3aTh YCJIOBMS CYIIECTBOBAaHUS
HOpPMAaJIbHBIX, HOPMAJIbHO-PETYJISIPHBIX U 3aMKHYTBIX PELICHUH OTHOPOIHBIX CUCTEM AU(epeHiu-
aJbHBIX YPABHEHUN BTOPOTO MOPSAKA B YACTHBIX MPOU3BOAHBIX. Kpome Toro, ObUIHM MpenioKeHb
MeTOoJIbl UX nocTpoenus [12—-18].

OnHako HEOAHOPOJHBIE CHCTEMBbl TU(PEepEeHINATHHBIX YPAaBHEHUH B YAaCTHBIX MPOU3BOTHBIX
BTOPOT'O MOPsAKA OCTAINCh MAJIOU3yYE€HHBIMH.

MarepuaJibl 1 METOIBI

Uccnenyercs HeonHoponHasi cucreMa nuddepeHInanbHbIX YPaBHEHUNH B YaCTHBIX MPOU3BO-

JHBIX BTOPOIO IMopsAAKa BHUJA:
ACCY)  Zo + AV (1Y)  Z, + AP (,)) - Z = AP (1),
B, y) - Zyy +BH(x,3) - 2, + BP(0,y) - Z=B®(x,3), 3)
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e AP (x,y) u BQ(x,y) (i = 0,1,2,3) — MHorowieHs! Wi aHanuTHYECKHEe QYHKIMHA BYX Tepe-
MEHHBIX, Z = Z(x,y) — oOmiast Heu3BecTHass QYHKIHUS.

IIpu A© (x,y) = l,B(':'] (x,y) = 1 BBINOIHAIOTCS BCE MATH YCIOBUI COBMECTHOCTH CHCTE-
™Mbl (1):

l.x“liﬂ _ngﬂ =0,

2.2-BY [ —B®. AP] =0,

3.BY 4 AW . gD _ 4@ _ g

4 Bx(vzc] ¥ A(l] i BJEQJ o AEJQE _ B(l] i AE;L] _ O,

5. B,S] + A(l] -B_iaj _ B(Z] _A(EJ _ [Afj + B(l] _AS] _A(Zj _B(EJ] = 0.

Kak M3BECTHO, JUISl POCTHIX (B EePEHINATBHBIX YPABHEHMIT C TTOCTOSHHBIME K09hBHIIHEH-
TaMU U ypaBHEHMI Dilyiepa CyHIECTBYIOT JBa OCHOBHBIX METO/Ia PEIICHUs HEOIHOPOIHBIX ypaBHE-
HUI{: METOJ] BapUallMX MPOU3BOJIBHBIX MTOCTOSHHBIX MU METOJ HEONPEIEIeHHBIX Ko duuneHToB. B
JAHHOM CJIy4ae METO] HEOIPEIeICHHBIX KOA(PPHUIIMEHTOB MPUMEHSETCS JJIs1 HAXOXKICHHS YaCTHBIX
peleHmnii HEeOAHOPOAHOH cucTeMbl AU (HepeHHaTbHBIX YPaBHEHUH BTOPOTO MOPSAKA B YaCTHBIX
MPOU3BOJHBIX (3).

[Tycth k03¢ hunMeHTH TIEpBOTO YpaBHEHUS CUCTEMBI (3) 3aBHUCAT OT X, a BToporo — ot Y. B aTom
clly4yae KaXKI0€ ypaBHEHHE CHCTEeMbI mpeolpa3yercsi B 00bIKHOBEHHOE Au]depeHnaibHoe ypas-
HEeHHEe BTOpOro mnopsiaka. OObIKHOBEHHBIE U depeHINaIbHbIe YPABHEHHS, PEIICHUIMU KOTOPBIX
SIBIISIIOTCA CHeMaibHble (YHKIMU, ObUTA paccMOTpeHbI B padote [19]. DTu ypaBHEHHS 0XBaThIBAIOT
TaKXXe ypaBHEHUSI MaTeMaTHUECKON (PU3UKH, TOCKOIBKY METOJ] pa3/ieeH s IEPEeMEHHBIX TPUBOIUT
K OOBIKHOBEHHBIM AU(PEpeHIInaTbHBIM YPaBHEHUSIM, PEIICHUIMU KOTOPBIX SIBJSIOTCS CHElHallb-
Hble (QyHKIUH. VITak, pacCMOTPHM CHCTEMY ABYX HEOAHOPOIHBIX MU(PepeHIINaTbHbIX YpaBHEHUN
BTOPOTO MOPSIIKA C OOIIMM HEU3BECTHBIM Z (X, V):

A9 Z, + AV () - Z, + AP (x) - Z = 4B (),
B(D]{:},) 'Zyy +B(1j(_}!) -Zy + 8(2][}1) L7 = B(E](},) (&)

¢ anamuTruecknmi kosddummentamn AY (x) u BP(y) (i = 0,1,2,3).
Ipu A® (x) = 0, B®(y) = 0 nonyuaem ogHOpOIHYIO CHCTEMY

AP () 2oy + AV () 2, + AP (1) - Z = 0,
BOW) 2,y + BV 2, + BP () - 2 =0. ®)

EciM cauTarh, 4To EpBOE YPaBHEHUE CHCTEMEI (5) UMeeT 0c00yI0 perynspHyto auauio X = 0,
TO OHO 3aITUCBIBAETCS TaK:

2 Z, +x-aV@)-Z, +aP @) -Z=0, (6)
e

a®() = Y p - (=12)
=0

— aHanuTHYeckue GyHKImH, peryspubie Bommsn X = 0,
Paccyxmast anaornuHo, npejicTaBUM 1 BTOpOE ypaBHeHUe B Bujie (6).
Torma ogHOpOIHAs cucTema (5) UMeeT BU

x2-Z, +x-a¥P@)-Z, +aPx)-Z =0,
y2-Z, +y-bY0) - Z, +bP () -Z =0, (7
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rac

a®(x) = Z'pf] -xt, bO(y) = Z ¢ - yv (i=12)
=0 v=0

— ananuTHYeckue GyHKIuH, peryaspasie Bommsu X = 0 u Y = 0 coorsercTenHo.
Beenem o0o3HaueHUS
MZ=xZ_ +x-aP)-Z +a?P@)-Z
AZ=y*Z,,+y DY) -Z, +bP () -2,
torna cuctema (7) 3amuiercs B BUC
ANZ=0(0{=1,2).
CucTema onpeeIsIonuX ypaBHeHUi oTHOcuTenbHO ocobennoctu (x = 0,y = 0) umeer cie-
JIYIOIIUU BUJT;
(1) (2)
fl@=p- (o= +py" -p+py =0,

fR@=0-(c-D+q” -a+q’ =0. (8)
Temepb paccMOTPHUM BOIPOC O HAXOXKICHUH YACTHOTO PEIICHHS HEOTHOPOIHOM CHCTEMBI
AZ = fi(x,y) (i=12). )

Ipasas yacts f; (X, ) npu i = 1 npeacrasuma B BU1e 06006MIEHHOTO CTENEHHOTO PA/A 110 HE3a-
BHCHMOU NIEPEMEHHOM X:

=]

£G9) =aP@ =2 ) Guo-x¥ (age % 0), (10)
. wow=0
anpu i = 2 — o nepemenuoi V-
RO =B =y Y by (B #0). an
=0

UacTHoe pelieHre HeoIHOPOAHON CUCTEMBI UITIEM B BUI€ 000OIIEHHOTO CTETICHHOTO Psijia IBYX
MIEPEMEHHBIX

=]
—_ =3 v
Z(x,y) = xP Yoo Z C.u,v - xH -y (C.u,v + O) (12)
=0
CripaBeiIMBO ClEIYIOIIEe YTBEPIKICHUE
Jlemma 1. IlycTb 3a1aHa HEOAHOPOHASA CUCTEMA C aHAJIMTUYECKUMHU Kod(duimenramu, pery-
JsipHBIMU BONM3U ocobenHoctd (x = 0,y = 0). Torga yacTHoe penieHre cucTeMbl (9) ¢ mpaBbIMH

ygactamu (10) u (11) umeer Bug (12), ecnu o + KW o+ k% pe COBIAJAIOT HU C OJHOM mapoi

MoKasaresieil perieHusi, COOTBETCTBYIOIIEH OMHOPOAHON cucteme (7), HM MPH KaKuX HATypallbHBIX
K9 =1,2).

HoxkazarensctBo. [loacrasmss (12) B cucremy (4), moiydaeM CHCTEMY XapaKT€PHUCTUYECKUX
YpaBHEHUU

xP - y? '{Cu,o : g%j (p,0) + [Cm . f;.?(ﬂ +1,0) + Gy - 18? (p, U)] "X+
+HCon S a+ D)+ Cop- P00, vy +[Cos- D0+ 1,0+ 1)+
+Coo 2 +1,0) +Coy - £ D0 + D+ Cop - £ (0, D] - xy+...} = [, (1),

rne npu i = 1 f;(%,¥) ectb pan (10), anpu i = 2 — pax (11), a f;,%](p, a)(j = 1,2) — onpenensier
CHCTEMY OIPEAEIAIOIIMX ypaBHEHU oTHOCUTENLHO ocobennocTr (0,0) u umeer Buz (8).
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Ortcrona cremyert, 9to (12) Oymet popManbHBIM YaCTHBIM PEIIeHUEM CUCTEMBI (9) TONbKO TOT/IA,

=0,12,..

Koraa KO3 UIIMEHTHI G (v 9 YIOBJIETBOPSIIOT PEKYPPEHTHOM cHCTEME

Coo 'fo({))(/)' o) = a(j)
Cio - foo(P+10)+C00 f10(.0: )—Cf(])
Co,l'fo,o (P;U+1)+Co,o'ﬁ),1)(/)'0)=05(g{1)
C11'ﬁ)({))(/0+10+1)+C10'f0(1i)(P+1U)+
+Co,1 - flo(P'U"‘l)"‘Coo f11)(,0,0)_050)
Czo'fo({)(P'*‘Z U)+C10'f10(P+1 0’)+C00-f20(p,0')=a(j)
Coz " fyn (.o +2) + Cox 31 (p0 + 1) + Coo - fo? (0,0) = g

[Tpu HamMX yCIOBUSX, 3TA PEKypPEHTHAs CHCTEMa PAacIafaeTcs Ha IB€ CUCTEMBI:

Cao 'fg.(;](P g) = Qp.0,
Cro- f5 (0 +1,0) +Coo - £5(0,0) = ay,,
Con- f(l](P g+ 1)+ Cyp - fm[:P:J)=ao,1,

Cop - (13@ g) = bg,0,
Cio f(lj(P+10)+Cou (IJ(P a) = by,
Con - f;;l:l](P g+ 1)+ Cyp- (13('0 U)—btn

Bce neussectusie koodduiments G, (1, v = 0,1,2,...) MoryT GbITh ONpesieseHnl MoceI0Ba-
TeabHO U3 cuctemsl (13) mpu ycnosuu, uto £ + kD yo+ kD, e k0 (j = 1,2) — moboe Hary-
paJIbHOE YHCII0, HE SIBIISIOTCS IMOKAa3aTeIsIMU PEIIeHUs! CUCTeMBI (7).

Crnenyer OTMETUTH, UTO CXOIMMOCTbH psAZ0B B BeipakeHusiX (10) u (11) moieuer 3a coboii cxo-
JUMOCTb Psijia B BeIpaxeHuu (12).

Takum 00pa3oMm, B pacCMOTPEHHOM Cyyae YacTHOE pELICHHE HEOIHOPOAHOU cuctemsbl (9)
umercs B Bume (12).

Jlemma 1 nokazana.

Pemast cuctemy onpeznensionux ypaBHeHui (8), 3aMeTHM, 4TO BOSMOXKHBI CIICIYIOIIHE CIIydau:

1. TlepBoe ypaBHEHHE CUCTEMBbI UMEET KpaTHble KOPHU P1 = Pz, a BTOPOE — MPOCThIE KOPHU
01 U 0z, VI3 HUX MOKHO COCTaBUTH ClIeIylolye naphl kopHeit: (21,07); (91,05); (p2,01) u (p2,05).
BuIHO, 4TO BMECTO YETHIPEX Map MOMYyYUTCS ABE Maphl KopHei: (91 = P2, 01) u (p; = p3,02). Coor-
BETCTBEHHO, CUCTEMa PETYISPHBIX OTHOPOIHBIX ypaBHEHUH (7) ©UMEeT BCEero /1Ba JTMHEHHO-HE3aBH-
cuMbIX pemieHus. OcTaabHble pelIeHHs BbIpaxaroTcs yepes jgorapudmel. JleiicTBUTENBHO, TEPBOE
ypaBHEHHE CHCTEMEI (7) UMEET BTOPOE PEIICHNE B JIOTAPU(PMUIECCKOM BH]IC

we=0
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T105TOMy HEH3BECTHBIC pelieHHs 23 (x,y) y Zs(x,y) OIHOPOIHOH cucTeMbl (7) moiyyarcs B
BUJIe KOoMOMHanuu yorapudmuueckoro pemieHus (14) m ABYX JTHHEHHO-HE3aBHCUMBIX pPEIICHHH
BTOpPOTO ypaBHeHHus. WTaxk,

Zs(x,y) = Zl((z,)(x) -Zéi)(y) =|A -Zl((l)) “Inx + xP2 -ZAM B all I
u=0

xy01.ZBv.yV=A.xP1.yUl.ZAM.xM.ZBV.yV.lnx+
v=0 u=0 v=0
+xp2.ydl.ZA“.x#-ZBv.yV=
u=0 v=0

=A-Zi(x,y) Inx +xP1 -y . Z CM(}V) cxtoeyY,
w,v=0

Takum >xe 00pa3zoM orpezensiemM u

=]

Z‘L(j(;’y) — B .xPz .yo'z . Z C:i? . xH .}r"" nxy 4+

wow=0

+xP2 -2 . Z C;ag cxt-yY=B-Z,(x,y) - Inx +

=0

o0

+xPz . :}}JZ . Z C;i,j . xnu . :}ﬂ"'_

=0

PaccmotpenHslii cimydail moka3bIBaeT BO3MOKHOCTH CYIECTBOBAHMS JIBYX JOrapu(MUUYECKUX
pelieHuit OTHOCUTEIBHO X-

Crnenyromuii cirydaid paccMaTpyUBaeTCsl aHAJIOTMYHO 3TOMY CIIy4aro.

2. [lycts mepBoe ypaBHEHHE CHCTEMBI ONPEICISIONINX YPAaBHEHUH UMEET MPOCThIe KOPHHU P1 U
P2, a BTOpOE — KpaTHBIC KOPHH Ty = 05. OTKyJa COCTABJISIIOTCS JBE Mapbl KopHe: (p,,0; = 0,) U
(p2, 01 = 03). Torga cucrema (7) cHOBa MMEET JiBa JTMHEHHO-HE3aBUCUMBIX pernieHus Buaa (12), a
JIBa OCTABIIUXCS PEIICHUS SBISOTCS JIOTAPHU(PMUUECCKUMHA OTHOCHUTEIILHO '+

ZS (x}y) =C .Zl(x,}r:] . En}r + xP1. yo'z . Z C;::J < xH .}JV’

=0

o0

Zy(e,y)=D-Z,(x,y) - Iny + xP2 -y - Z Cff - xb-yY,

wov=0

3. ITyctb 00a ypaBHEHHUS CHCTEMBI OTIPEICIISIONINX YPaBHEHUH UMEIOT KpaTHbIC KOpHU. [ToaTOMY
cuctema (7) UMeeT pemeHus
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Z8 (x) = xP1 - z A, - x*(4g # 0)

Z(Z)(x) Z(l)(x) Inx + xP2 - Z Aﬁl) - xH,
u=0

ZD@) =y - ZB -y (By # 0),

220 =B 2@ 2P 0) iy + ey BD

u=0

KomOuHupys ux, MoryduM 4acTHbIE PEHIeHus: cucTeMsl (7):

Zi(0y) = 25 () - 25 ) = 201 -y Z Gt
u,v=0

(Co=A4y-By#0,C, =4, -B,)

Z,(6y) = 2 () - ZR0) = B-xt oy Y G, xt ey Iny +

u,v=0

+xp1 .yGZ Z Cll .xu 'yV(CM = All . B'u)'
1v=0
Z3(x,y)=Z (x) Z(l)(y)—A xPt .yt Z Cy-xt-y"-lnx+

+xp2 .yo_l Z C# - xH .yV(Cﬂ = A# . B/l)’

u,v=0

Zy(x,y) = (2)(x) Z(z)(y) =A-B-xPt-y%t Z C,-xt-y"-lnx-lny+

u,v=0

+A.xp1.y02 z Cﬂ.xﬂ.yv.lnx-l_B.po.yal z Cﬂ.xﬂ.yv-lny+
u,v=0

+xp2 .yUZ z C# . x” .yV(CH = A” . Bﬂ)'

w,v=0

AHanorngHO 0OBIKHOBEHHOMY ciTydaro [ 16], 3mech Takke uccieayeTcst Tak Ha3bIBaeMBIH «pe3o-
HaHCHBII cyyai, xorna f; (x, ¥)(j = 1,2) coBnanaer c HaiiilcHHBIMY YaCTHBIMHU PELICHUAMH OJTHO-
ponHoi cuctemsi (7).

[Ipu «pe3oHaHcHOM) cyyae crpaBeIInBa

Teopema 1. HacTHOE pernieHne «pe30HAHCHOI» HEOAHOPOIHON CHCTEMBI AU(PEpeHITnATHHBIX
YpaBHEHUH B YaCTHBIX MPOU3BOAHBIX BTOPOro nopsaka (9) B ciydae OTCYTCTBUS KPAaTHBIX Map MO-
Kasaresiel U nokasaresnen nap, OIMYAOLIMXCs Ha LENbIE YNCIIA, UMEET BU]T
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CO*O +1 T
Z(x,y) = . [Z,Goy) -Inx-Iny+ xP* - y%r - (x,y) - Inx +
0.0
+xPL . }151"'1 - ¢y (x,}r:] ny+ xPLtl, }151"'1 - ¢pq (x,_'}r:]]J
Zy
e Co0 = xP1y1 # 0,40, W3BECTHAS IIOCTOSIHHASL, OTIIMYHast oT vy, ¢ (x, y) (I = 1,2,3) —

x=0,v=0
aHaJUTHYeCKUe QYHKIIMU IBYX IEPEMEHHBIX, perysipHbie BOIu3u ocobennoctu (x = 0,y = 0).

JlokazaTenbCTBO TEOPEMBI BIIOJHE aHAJIOTMYHO CXeMe JloKa3aTenbcTBa Teopemsl 1 u3 [7, ¢. 137].

Pemenne MHOKeCTBa MPUKIAAHBIX 3a/1a4, CBA3aHHBIX C HHTETpUpOBaHHEM ypaBHeHUs Jlama-
ca, BOJIHOBOT'O YPaBHEHUS, YPAaBHEHUS TEIUIOIPOBOJHOCTH, CUCTEMBI BOJIHOBBIX YPaBHEHUH U JIpy-
TUX, B MPOLIECCE pa3/ie]ICHUs] IEPEMEHHBIX CBOIUTCS K ypaBHeHUI0 beccens ¢ nnaekcom v. Korma
HCTOYHHMKH PAaCHpeesIeHbl 0 00beMy, 3aJa4y IPEBPAIIAIOTCS B 3a7a4l HHTETPHUPOBAHUS HEOITHO-
poaHbIX ypaBHeHUH. Takue 3amaun Obn paccMoTpensl B paborax O.T. Yurrekepa, I'H. BatcoHna,
Bb.I. Kopenena u npyrux [20-21].

Pe3yabTarhl U 00Cy:KAEHIE

[Tpumep 1. PaccMoTpum HeogHOpoaHYIO cucteMy beccens Bunia

2
x?

1 u?
Zyy"';'zy"' 1‘? Z=27,(4; - y),

1 v
Zxx+;-2'x+(1— )-Z=ZU(,11-x),

(15)

e Z = Z(x,y) — obuiast HensBecTHast, a npasbie 9actu Zy (A1 - x) u Z, (A, - y) —wanmsapudeckue
dbynkuun [20].

Pemenue cucreMbl cocTouT U3 AByX 3TanoB. CHavyasa onpeaeuM JIMHEHHO- HE3aBUCUMBIE pe-
IIEHUSI COOTBETCTBYIOIIECH OJHOPOIHOM crucTeMbl. O0a ypaBHEHUS OJTHOPOTHON CHCTEMBI PEIIalOTCs
Kak OOBIKHOBEHHBIC ypaBHEHUs1 beccens, 1 17 IepBOro ypaBHEHHsI OIYYHM B Ka4ECTBE PEIICHUS

JABC U3BCCTHBIC OecceneBblie (1)YHKLII/II/I oT X C TONIOYKUTEIBLHBIMHU U OTpULATCIIbHBIMU MHACKCAMU v:

x)v_ o (—D™(x/2)%m

’r”(sz(z t]lm!-f"("w+m+1:1’

m=

N DT/
=) ’
2 _Dm!-F(—v+m+1)
a JUIs BTOpOro ypaBHeHHsi — OecceneBble Gynkunn [+, (V) [21]. ComnacHo oOIeii Teopun Takux

cucTeM, o0lee pelIeHHe COOTBETCTBYIONIEH OJHOPOIHOM CHCTEMBI MPEACTAaBUMO B BHJIE CYMMBI
YeThIpeX JINHEHHO-HE3aBUCUMBIX YaCTHBIX PELICHUI:

Zy w06, y) = Cop  Jo 06, ¥) + Crp - o (0, 3) +
+Con Jov (6, ¥) + Coy - oy (),
rae Co,0,Cy1,0,Co,1 1 €11 — IPON3BONBHBIE IOCTOSAHHBIE, & Z 4, +,(X, ¥) — Mpou3BeieHus GecceneBbx
(GbyHKIMA OT X 1 Y. A 4acTHOE pelieHre HeOJHOPOIHON cucTeMsl (15) mpeacTaBuMo B BUJIE TIPOU3-

BCACHUA ABYX PAOOB:
Zp- (’11 ) x:] Zp [:’12 ’ }’) B Z‘u,p [:’11 - X5 ‘12 ) }’)

U, ,(x,y) = = .
AL 1— 22 1— A2 (1-23)-(1-243)
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OO1ee pernieHre HEOAHOPOIHOM crcTeMbI (15) mpencTaBiIseTcst B BUIE CYMMBI

Z(x,y)=2,,(x,y) + U, ,(x,¥).
[Tpu BeImonHeHuu ycnnopud 43 # 1,4, # 1 monyunm Tak Ha3bIBaeMOE «PE30HAHCHOEY PEIICHHE.
3akiouenune

B nmannO#i paboTe mpoBENEHO HCCIENOBaHWE HEOIHOPOAHOHM cucTeMbl AuddepeHnanbHbIX
YpaBHEHUH B YaCTHBIX MPOU3BOIHBIX BTOPOTO MOPSIJIKA, OM3KHUX K OOBIKHOBEHHOMY citydato. J{iist mo-
MCKa YaCTHOTO peleHus BOnu3u peryiasipaoit ocobennoctu (0,0) ucnons3zoBan Mmeron @pobenuyca-
JlaTpImeBoit, mpeIcTaBIeHHBIN B BUIe 0000IIEHHOTO CTETIEHHOTO Psijia IBYX NepeMeHHBIX. PaccMoT-
pEHBI pa3uyHbIe CIy4yad, BO3HUKAIOIIHUE MPH HAIWYUU MPOCTHIX U KPATHBIX KOpPHEH B CHCTEME
OINpeeNAONNX ypaBHeHUH. /lokazaHa TeopeMa, ONUCHIBAIOIIAs YACTHOE PELIEHUE «PE30HAHCHON
HEOJTHOPOJHOU CHUCTEeMBI. B KauecTBe nmpumepa MPUBEICHO PEIICHHE HEOTHOPOIHOW CUCTEMBI bec-
cellsl, TIe PelIeHne OTHOPOIHOM CHCTEMBI BhIpaxkaeTcs uepe3 pyHkuuu beccens AByX nmepeMeHHbIX,
a YaCTHOE PEIICHHE MPEACTABISIETCS B BUJE UX POU3BEICHUS.

Buaronapnocrts

JanHoe uccnenoBanue puHaHCHPOBaIOCh KomuTeToM Haykn MUHHCTEPCTBA HAYKH U BBICIIIETO
oOpaszoBanus Pecriyomuku Kazaxcran (MPH AP19675358).

JINTEPATYPA

1 Fuchs L. Ueber Relationen welche fiir die zwischen je zwei singuldren Punkten erstreckten Integrale der
Losungen linearer Differentialgleichungen stattfinden // Journal fiir die reine und angewandte Mathematik. —
1873.—-Bd. 76. — P. 177 — 213.

2 Fuchs L. Ueber die Werte, welche die Integrale einer Differentialgleichungen erster Ordnung in
singularen Punkten annehmen kannen // Berl. Ber.: 1886. — P. 219-300.

3 Frobenius G. Uber algebreich integrirbare lineare Differentialgleichungen // Journal fiir die reine und
angewandte Mathematik. — 1875. — Bd. 80. — P. 83—193.

4 Jlatmmesa K.S. TligHOpManbHi psiii, SK pa3B"sS3Ku JIIHIKHUX TU(EPEHITIaTbHAX PIBHSIHbD, PAHT SKHX
nopisato oguaut // JJAH YCCP. — 1952, — Ne 2. — C. 53-57.

5 JlarpimeBa K.5I. O HOpMallbHBIX psjiaX Kak pelICHUSX JTUHEHHBIX AudQepeHnanbHpIX YpaBHEHUH
moboro panra // Haykosi 3armucku KV, Mar. c6opauk. — Kui,1952. — Ne 6. — C. 25-46.

6 Ilyankape A. M30panubie MeToasl. HoBbIe MeTObl HeOecHOM Mexannku. — M.: Hayka, 1971. — 771 c.

7 Cuxopckuii FO.U., Tepemenko H.U. O HeomHOPOAHBIX THHEHHBIX MU GEPEHITUAIBHBIX YPABHEHHSIX B
perynsipaoM citydae // Mar. ¢usuka. — Kues, 1972. — Ne 11. — C. 133-137.

8 Cuxopckuii 10.1., Tepemenko H.M. O6 onHOM MeToe HAXOXKICHHUS YaCTHBIX PEIICHUH HEOTHOPOI-
HBIX ypaBHeHul beccens u Jlexxanapa / Mar. ¢pusuka. — Kues, 1971. — Beim. 9. — C. 152-159.

9 Cuxopckuii 10.11. HopmanbHbie pemieHus THHEHHBIX HEOJHOPONHBIX auddepeHnnaibHbIX ypaBHe-
HUI ¢ nepeMeHHbIME K03 unmentamu: aroped. ... kana. pus.-mar. Hayk. — Kues, 1972. — 12 c.

10 Kamkunbaer O. HopmanbHO-peryssipHble U aCHMIITOTHYECKHE PEIIeHMs THHEHHBIX auddepeHim-
AIBHBIX YPABHEHUH C TPUTOHOMETPUYCCKIUMHE KO UIIEeHTaMu: aBToped. ... KaHI. (u3.-mar. HayK. — AyMa-
TBI, 1996. — 16 c.

11 Jlareimesa K.4., Tepemenko H.W., Open I.C. HopmanbHO-peryispHbie pemeHus 1 uX MpHIoKe-
aus. — Kues: Bum. mxoia, 1974. — 136 c.

12 TacmamberoB JK.H., Tepemenko H.M. O norapudmuuecknx penreHusix cuctemsbl auddepeH-
[IIAJBHBIX YPAaBHCHUI B YaCTHBIX MPOM3BOTHBIX BTOpOro mopsiaka // COOpHHK TPyHOB WHCT. MaT. M MeX.
AH Ka3CCP. - 1974. — C. 236-244.

196



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

13 TacmambetoB JK.H. [locTpoerne HOpMATBHBIX U HOPMAJIBHO-PETYIISPHBIX PEIICHUH CIICIMATbHBIX
cucteM TU(QEPCHINATBHBIX YPAaBHEHUH B YaCTHBIX MPON3BOAHBIX BTOporo mopsaka. — WIT JKannmngaesa
C.T., AktoGe, 2015. — 464 c.

14 Tacmamb6etoB JX.H. HopmansHO-perymnsipHbIe pereHus: cucTeMsl auddepeHraibHbIX YpaBHCHAN B
YaCTHBIX IPOU3BOIHBIX BTOporo mopsiaka // M3s. Mun. naykun — AH PK. Cep. ¢us.-mar. — 1998. — Ne 5. —
C.51-57.

15 TamumoBa M.XK., TacmamberoB K.H. AnropuT™M mnomcKa parMoOHAJIBHBIX PEUICHHI JTHHEHHBIX
muddepeHaIbHBIX YPaBHEHAH C MOJIMHOMHUAIBHBIMU Koddduimentamu // Matepuanst 11 mexn. xoH.
«IIpobnemsbl quddepeHnranbHbIX ypaBHEHHI, aHamu3a 1 aareopsn». — Akrode, 2000. — C. 108-110.

16 Tasmambetov Zh. About logarithmic decisions of the special system of the differential equations in
partial derivatives // Abstracts of the third congress of the World mathematical Society of Turkic countries. —
Almaty, 2009. — P. 407—411.

17 Tasmambetov Zh.N., Issenova A.A. Bessel functions of two variables as solutions for systems of the
second order differential equations // Bulletin of the Karaganda University. Mathematics Series. —2020. — Vol.
98. — Ne2. —P. 141-152.

18 Issenova A.A, Tasmambetov Z.N, Talipova M.Z. Construction of solutions hypergeometric system of
Horn type in the form of Laguerre polynomials. // Lobachevskii Journal of Mathematics. — 2022. — Vol. 43. —
No.11.-P. 3167-3173.

19 Tasmambetov Z.N., Talipova M.Z. Construction of normal-regular decisions of Bessel typed special
system // AIP Conference Proceedings. — 2017. — 1880. https://doi.org/ 10.1063/1.5000629.

20 beiitmen I, Opaeiin A. Breicmme Tpancuennentasie Gynknun. 4. 1. @yaxkunn beccens, gpynkunmn
napaboIMYecKOro MUINHAPA, OPTOTOHATIBHBIC MHOTOWICHEL. — M. : Hayka, 1974. — 295 c.

21 Kopenes b.I'. BBenenue B Teoputo O6ecceneBbix GyHkmmid. — M. : Hayka, 1971. — 288 c.

REFERENCES

1 Fuchs L. Ueber Relationen welche fiir die zwischen je zwei singuldren Punkten erstreckten Integrale
der Losungen linearer Differentialgleichungen stattfinden. Journal fiir die reine und angewandte Mathematik,
Bd. 76, pp. 177-213 (1873).

2 Fuchs L. Ueber die Werte, welche die Integrale einer Differentialgleichungen erster Ordnung in
singularen Punkten annehmen kannen. Berl. Ber., pp. 219-300 (1886).

3 Frobenius G. Uber algebreich integrirbare lineare Differentialgleichungen. Journal fiir die reine und
angewandte Mathematik, Bd. 80, pp. 83—193 (1875).

4 Latisheva K.Ja. Pidnormal'ni rjadi, jak razv"jazki linijnih diferencial'nih rivnjan', rang jakih dorivnju
odinici.DAN USSR, no. 2, pp. 53-57 (1952). [in Ukrainian]

5 Latysheva K.Ja. O normal'nyh rjadah kak reshenijah linejnyh differencial'nyh uravnenij ljubogo ranga.
Naukovi zapiski KDU, Mat. sbornik., no. 6, pp. 2546 (1952). [in Russian]

6 Puankare A. [zbrannye metody. Novye metody nebesnoj mehaniki (Moscow, Nauka, 1971), 771 p. [in
Russian].

7 Sikorskij Ju.l., Tereshhenko N.I. O neodnorodnyh linejnyh differencial'nyh uravnenijah v reguljarnom
sluchae. Mat. fizika (Kiev, 1972), no.11, pp. 133—-137 [in Russian].

8 Sikorskij Ju.l., Tereshhenko N.I. Ob odnom metode nahozhdenija chastnyh reshenij neodnorodnyh
uravnenij Besselja i Lezhandra. Mat. Fizika (Kiev. 1971), vol. 9, pp.152—159. [in Russian].

9 Sikorskij Ju.l. Normal'nye reshenija linejnyh neodnorodnyh differencial'nyh uravnenij s peremennymi
kojefficientami: avtoref. ... kand. fiz.-mat. Nauk (Kiev, 1972), 12 p. [in Russian].

10 Kashkinbaev O. Normal'no-reguljarnye i asimptoticheskie reshenija linejnyh differencial'nyh
uravnenij s trigonometricheskimi kojefficientami: avtoref. ... kand. fiz.-mat. Nauk (Almaty, 1996), 16 p. [in
Russian].

11 Latysheva K.Ja., Tereshhenko N.I., Orel G.S. Normal'no-reguljarnye reshenija i ih prilozhenija (Kiev:
Vishh. shkola, 1974), 136 p. [in Russian].

12 Tasmambetov Zh.N., Tereshhenko N.I. O logarifmicheskih reshenijah sistemy differencial'nyh
uravnenij v chastnyh proizvodnyh vtorogo porjadka. Sbornik trudov inst. mat. i meh. AN KazSSR, pp. 236 —
244 (1974) [in Russian].

13 Tasmambetov Zh.N. Postroenie normal'nyh i normal'no-reguljarnyh reshenij special'nyh sistem
differencial'nyh uravnenij v chastnyh proizvodnyh vtorogo porjadka. IP Zhandildaeva S.T. (Aktobe, 2015),
464 p. [in Russian].

197



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

14 Tasmambetov Zh.N. Normal'no-reguljarnye reshenija sistemy differencial'nyh uravnenij v chastnyh
proizvodnyh vtorogo porjadka. Izv. Min. naukiAN RK. Ser. fiz.-mat., no. 5, pp. 51-57 (1998) [in Russian].

15 Talipova M.Zh., Tasmambetov Zh.N. Algoritm poiska racional'nyh reshenij linejnyh differencial'nyh
uravnenij s polinomial'nymi kojefficientami. Materialy I mezhd. konf. “Problemy differencial'nyh uravnenij,
analiza 1 algebry” (Aktobe, 2000), pp.108—110 [in Russian].

16 Tasmambetov Zh. About logarithmic decisions of the special system of the differential equations
in partial derivatives. Abstracts of the third congress of the World mathematical Society of Turkic countries.
Almaty, 407-411(2009).

17 Tasmambetov Zh.N., Issenova A.A. Bessel functions of two variables as solutions for systems of the
second order differential equations. Bulletin of the Karaganda University. Mathematics Series 98, 2, 141-152
(2020).

18 Issenova A.A., Tasmambetov Z.N, Talipova M.Z. Construction of solutions hypergeometric system
of Horn type in the form of Laguerre polynomials. Lobachevskii Journal of Mathematics 43, 11, 3167-3173
(2022).

19 Tasmambetov Z.N., Talipova M.Z. Construction of normal-regular decisions of Bessel typed special
system. AIP Conference Proceedings, 1880 (2017) https://doi.org/ 10.1063/1.5000629.

20 Bejtmen G. i Jerdeji A. Vysshie transcendentnye funkcii. ch. II. Funkcii Besselja, funkcii
parabolicheskogo cilindra, ortogonal'nye mnogochleny (Moscow, Nauka, 1974), 295 p. [in Russian].

21 Korenev B.G. Vvedenie v teoriju besselevyh funkcij (M., Nauka, 1971), 288 p. [in Russian].

Tagunosa M.JK.,
¢uz.-mar.r.x., norent, ORCID ID: 0000-0001-9728-8378,
*e-mail: mira_talipova@mail.ru

!CeiisioBa P.J1.,

¢wu3.-mar.r.x., gouent, ORCID ID: 0009-0006-4443-2579,
e-mail: roza_ seilova@mail.ru
'Kaumnosa A.Jl.,
KapaTblUIBICTAHY FhIIBIMIAPBIHBIH MArHCTPi, OKBITYIIIBI
ORCID ID: 0009-0000-2517-8559,
e-mail: almaz_ai@mail.ru

K. )KybaHoB arbIHIaFrbl AKTOOE OHIPIIIK YHUBEPCUTETI

EKIHIII PETTI IEPBEC TYBIHJBLIbI BIPTEKTI EMEC
JTU®PEPEHIUAJIBIK TEHJIEYJIEP )KYNECIHIH
LIELIIMJIEPI TYPAJIBI

AHjgaTrna

Byt s)KyMBICTBIH MaKcaThl — KaparmaibIM JKaF/aiiFa jKaKblH KeJICTiH eKiHII peTTi 1epOec TYBIHABUIBI OipTeKTi
emec mudQepeHIHaNIbIK TEHACYIep XYHeciH 3epTrey. KapacThIpbUTBINT OTBIpFaH KYHEHIH AepOec IIemnrimi
(0,0) perymsipiel epekiie HYKTeHiH MaHbiHAa ®Dpobenmyc-JlaTpimeBa ofiCiHIH KOMETiMEH €Ki aifHBIMAJIBIHBIH
JKabIJIAHFAH JTOPEKEIIK KaTaphl TYPIHIC 3€pTTENl. AHBIKTAyIIbl TCHICYJICD JKYHUEIEPiHiH jkall Hemece ecei
TyOipiepi OoJiFaH Ke3Zeri opTypJii MyMKIH OOJaThIH KaFaaiinap kepceTuireH. ExiHimi peTTi nepOec TybIHIBUIBI
«PE30HAHCTHI» OIpTeKTI eMec AndPepeHra bl TeHeYIep KyHeciHIH gepOec meniMi YIIiH TeopeMa YChIHbUIFaH.
Meicanna GiprekTi emec beccenp xyifecinin memnrimMi kepcerinren. ColikeciHmme OipTeKTi KYHEHIH IIemIiMi eKi
alfHpIMaNBIIaH TYpaThiH beccens (QyHKIMAmapel TypiHme, OipTeKTi emec XyieHiH aepbec memrimi beccenb
(hyHKIMSITaPBIHBIH KOOSHTIHAICI TYPiH/IE YCHIHBIIFAH.

Tipek ce3aep: OipTekTi emec Kyiie, MM, aHBIKTAYIIbl TEHJIEY, KOIIMYIIENIK, aHATUTUKAIIBIK (YyHKINS,
Karap, peryJsipiisl epexiie Hykre, @podenuyc-Jlarpimesa aJici.

198



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

"*Talipova M.Zh.,
Candidate of Physical and Mathematical Sciences, Associate Professor,
ORCID ID: 0000-0001-9728-8378,
*e-mail: mira_talipova@mail.ru
ISeilova R.D.,
Candidate of Physical and Mathematical Sciences, Associate Professor,
ORCID ID: 0009-0006-4443-2579,
e-mail: roza_seilova@mail.ru
'Kaipova A.D.,
master of Science, teacher
ORCID ID: 0009-0000-2517-8559,
e-mail: almaz_ai@mail.ru

'Aktobe Regional University named after K. Zhubanov

ON SOLUTIONS OF NONHOMOGENEOUS SYSTEMS
OF SECOND-ORDER PARTIAL DIFFERENTIAL EQUATIONS

Abstract

The aim of this work is to study a nonhomogeneous system of second-order partial differential equations that
is close to the ordinary case. A particular solution of the considered system near the regular singular point (0,0) is
sought in the form of a generalized power series in two variables using the Frobenius-Latysheva method. Various
possible cases are demonstrated, where the systems of determining equations have simple or multiple roots. A
theorem is presented for the particular solution of a “resonant” nonhomogeneous system of second-order partial
differential equations. As an example, the solution of a nonhomogeneous Bessel system is given. The corresponding
homogeneous system has solutions in the form of Bessel functions of two variables, while the particular solution of
the nonhomogeneous system is expressed as a product of Bessel functions.

Keywords: nonhomogeneous system, solution, determining equation, polynomial, analytic function, series,
regular singular point, Frobenius-Latysheva method.
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GENERALIZED NUMBERING FOR LINEAR ORDERS

Abstract

We study spectre of Turing degrees permitting to construct numbeings for the set of all linear orders isomorphic
to the standard order of natural numbers. It is known that the index set of all linear orders isomorphic to the standard
order of natural numbers is [13-comlete. This mean that this set has no computable numberings. In this work we
show that the set of all linear orders isomorphic to the standard order of naturals has 0'’-computable numbering, and
has no Q'-computable numberings. In the Bazhenov, Kalmurzayev and Torebekova’s work they construct universal
c.c. linear preorder in the structure under computably reducibility. They use the following fact: there is computable
numbering for some subset S of c.e. linear preorders such that any c.e. linear preorder lies in lower cone for some
c.e. linear order from S;;. We show that the similar fact is not hold for the structure of all linear orders isomorphic to
the standard order of naturals. Moreover, for this structure there is no (’-computable numbering with simiral fact.

Keywords: positive preorder, positive equivalence, positive linear preorder, computable reducibility.
Introduction

The work is devoted to the study of numberings for a natural subclass of positive binary relations —
the class of recursive linear orders isomorphic to the least limit ordinal. Further, we will denote this
class as (1.

Recall that a set R © @ X @ is a linear preorder if R is a reflexive and transitive relation, and for
any x,y € w,

(x,y) ERV (y,x) ER.

Let R and S be binary relations on @. We say that R is computable reducible to S (denoted as
R =_ §5) if there is a computable function f(x) such that for all x,y € w,

xRy = f(x)Sf(y).
The systematic research into c-degrees for positive equivalence relations began in [1, 2]. In
recent years, papers [3, 4, 5, 6, 7, 8] have investigated c-degrees of positive preorders.
The work of [9] initiated the investigation into the existence of joins and meets of positive linear
preorders with respect to <.. Furthermore, in the final section of this work, these questions were
explored within the structure (€1, <_). Subsequently, the works of [8] and [10] continued the study of
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this structure. In [10], they measured the exact algorithmic complexities of index sets for all self-full
recursive linear orders in ().

It is well known that there is a computable numbering v for the family of all positive preorders
on w. We denote by P; the positive preorder with index i (i.e., we will consider v(i) = P;). With this
numbering, it is not hard to construct a universal positive preorder under <_: the uniformly join of all
P; is a universal positive preorder. Unfortunately, there are no computable numberings for the family
of all positive linear preorders. Nevertheless, in the paper [14], the authors construct a universal
positive linear preorder. Specifically, they demonstrate that the modification of the uniformly join of
all positive linear preorders L; is universal, where L, is a numbering for the subfamily of all positive
linear preorders satisfying the condition:

for any positive linear preorder L there is ¢ such that L= L (1)

In paper [8], it is established that the structure (£, =) lacks a universal degree. Moreover, within
this structure, no modification of uniformly joins exists. In this study, our focus lies on the spectrum
of Turing degrees capable of computing a numbering v for a certain subfamily of £}, under conditions
similar to (1):

for any recursive order L € Q there is I such that L < v(i) 2)

Section 2 provides the necessary preliminaries. In addition, Section 2 also gives a brief overview
of the known results on the structure Celps. In Section 3, we prove that the family of all positive
linear preorders has no computable numberings.

Materials and Methods

If R is a positive preorder, then a computable approximation of the preorder R is a uniform
sequence of recursive preorders (R*)se,, with the following properties for each § € @:

(1) R® =Id and R € R**1;

(2) any set R***\R* is finite;

(B)R = Ug R®.

As we said in the introduction, by P; we denote positive preorder with the index i. For given
class K € {P.:x € w}, we say that I, = {x: P, € K} is an index set of the class K.

Assume L and R are linear orders on sets 4 and B respectively and A N B = @. Then L + R is
linear order on A U B defined by the following:

(x,yJEL+Re=[x€A& EB]VIx,yeEA&(x,v)EL]V[x,y EB & (x,y) ER].

If L is a partial order on a set A and s € w, then by L ' s we denote partial order on the set
AN {x:x < s} defined as L.

Let us recall some basic notions of the theory of numberings. Let A be a set of natural numbers
and let S be an at most countable family of subsets of @w. A numbering v: @ — 5§ of a family S is
called A-computable if the set {(k,x):k € w,x € v(k)} is A-computable enumerable, i.e. there is
an uniformly effective procedure for numbering the sequence v(0), v(1), v(2), ... of the sets from S.
A family S is A-computable if it has at least one A-computable numbering. A numbering V is said
to be reducible to a numbering K, briefly ¥ = i, if there is a computable function f(x) such that
v(k) = u(f(k)) for all k € w, and numberings v, i are said to be equivalent if v = y and 4 < V.
An A-computable numbering v of a family S is universal if any A-computable numbering of S is
reducible to v.

In paper [1] it was proved that the family Ceers of all positive equivalence relations has a
universal computable numbering. With a similar argument we can show that also the family Ceprs
has a universal computable numbering. In [11] the numberings for the family Celps containing all
positive linear preorders were investigated and the following fact was established.
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Theorem 1 [11]. There is no computable numbering of the family of all positive linear preorders.

Naturally, the following question arises: what are oracles 4 such that the family Celps has an A-
computable numbering?

Recall that the following result was proven in [13].

Theorem 3 [13]. For an arbitrary A € w, the following conditions are equivalent:

(Ho" =, A4

(2) the family of all total recursive unary functions has an A-computable numbering;

(3) the family of all {0, 1}-valued total recursive unary functions has an A-computable numbering.

Using Theorem 3, in paper [12], was established a criterion for the existence of a generalized
computable number for the family of all positive linear preorders.

Theorem 2 [12]. Let 4 be an arbitrary oracle. The family of all positive linear preorders L has an
A-computable numbering if and only if 0" <., A"

The article focuses on a specific order L: we consider the following substructure in the poset
Celps.

Definition. By {1 we denote the following poset:

Q) = ({deg.(L): L is a computable linear order isomorphic to w, }; <.),

where w,, standard order of natural numbers.

Based on the previous discussion, also the following question arises: for which oracles A does
there exist an A-computable numbering of the family 27 We will get the answer to this question in
Theorem 4.

Result and Discussion

Theorem 4. Let A4 be an arbitrary set. The family of all positive linear preorders Q has A-
computable numbering if 4 =, 0”.

Proof: There is a computable numbering of all c.e. preorders. Obviously, ! € {P;:i € w}. The
condition P; € 1 is equivalent to the following: P; is antisymmetric & F; is linear & there is the least
element with respect to P; & any interval with respect to P; is finite. More formally,

P.eQ e Vx,y[xPy&yPx > x=y] &

& Vx,y[xPyV yPx] & dmVx[mP,x] & Vx3yVz[z > y — xP,z]

Note that if P; is antisvmmetric and linear relation, then P; is recursive.
Now for a given t € @ we construct the numbering v(i) as follows: we define

) P Ts, if 3yVz[z = y — sP;z] true
o favvets>y - oR)

- v.(i) +{s+ 1}, if AyVz[z >y — sP.,z] false
i

Vx,y[xP,y &yP.x = x =y] & Vx,y[xP,yV yP,x] & ImVx[mP,x] 3)

is hold and otherwise we consider v(i) = w,,. Here w,; is the standard order on the natural numbers.
Define v(i) =U,, v.(i).

The condition (3) is 0"-computable, because P; is recursive relation when P; is antisymmetric
and linear. So, it is not hard to see that the sequence {v; },c,, is uniformly 0"’-computable.

Assume L € () is arbitrary linear order. It is clear that L = 'Dio for some i, € w. For I, the
condition (3) is hold and moreover the condition 3yVz[z >y — sP; z] is also hold for any s € w.
This mean v(iy) = P;_. So, v € Com*({1). m
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Further, we will discuss questions for existence subfamilies of {1 with the condition (2).
Theorem 5. If A =1 0’ then there is no subfamily Sy of Q and A-computable numbering v for
family S, such that

for any recursive order L € () there is I such that L < v(i). 4)

Proof: By contradiction, assume 4 =0 and there is subfamily S, € Q and 0’-computable
numbering v for family Sy satisfying (4).

Then no hard to show that for any &

P; € (1 & Pi-linear order and P; =, v(n) for some n.

The last is equivalent to

(Vx,y)[xP,y V yP,x] & P, — antisymmetric & (Af — total) (Vx,y)[xP,y « f(x)v(n)f ()]

Here,

(Vx,y)[xP;y v yP;x] is I, sentence;

P, — antisymmetric is I1, sentence;

(3f) —total (¥x,y)[xPy < f(x)v(n)f(y)] is I, sentence; because xP,v < f(x)v(n)f(y)
is 0’-computable. It follows that, I € Z3. Recall that in the work [10] authors showed that I, is T12-
complete set. Contradiction.

Note the following important corollaries.

Corollary 1. There is no A-computable numbering for the family Qif A <7 0’

Corollary 2. There is no A-computable numbering v for any subfamily () satisfying the
condition (4).

Conclusion. We show that the family Q has A-computable numbering if A =7 0", 1f 4 =7 0”
then the condition (2) satisfied for any A-computable numbering of Q. Also, we show that if 4 =7 0,
then the family {2 has no A-computable subfamily satisfying condition (2).
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OBOBIUIEHHASI HYMEPAIIUA NJIS1 JUHEMHBIX MMOPSIJIKOB

AHHOTALMSA

Mzt n3y4acM CIICKTP CTEINEHEN TBIOpI/IHFa, MO3BOJAIOIIUX MOCTPOUTH HYMCpALUIO AJII MHOKECTBAa BCEX
JIMHENHBIX TMOpSAAKOB, I/I3OM0p(1)HI)IX CTaHAApTHOMY IMOPAAKY HaTypaJbHBIX YHCEII. I/I3BeCTHO, YTO HHIACKCHOC
MHOYXECTBO BCEX JIMHEWHBIX TIOPAOKOB, I/ISOMOp(bHBIX CTaH,Z[apTHOMy HOp}IIle HaTypaJ'ILHBIX YHUCCJI, ABIACTCA
HE-HOHHLIM. 3T0 O3Ha4YacT, 4TO JaAaHHOC MHOXCCTBO HC MMCCT BbIYHCIUMMBIX HyMepaHI/Iﬁ. B ,ZlaHHOﬁ pa60Te MBI
IMoKa3bpIBa€M, 4TO MHOXCCTBO BCCX HHHeﬁHLIX TMOPSAAKOB, I/ISOMOp(I)HLIX CTaHAApTHOMY MOPAAKY HaTypaJbHbIX
ynces1, umeer 0''-BbluMcIMMYIO HyMepanuio U He uMeeT ()'-BBIMMCIMMBIX HyMmepauuii. B paGortax Baxenosa,
Kammyp3aeBa, TopeOekoBOl KOHCTPYUPYIOTCSI YHHBEPCAIbHBIC B.II. JIMHCWHBIA MPEANOPSIOK B CTPYKType IPH
BLI‘IHCHI/IMOﬁ CBOAUMOCTH. OHI/I HCIOJIB3YIOT CJ'IC)IyIOH_II/Iﬁ anKTI CYIIECTBYCT BbIYUCIMMAs HyMEpalus HEKOTOPOTro
IOIMHOKECTBA Sy B.I1. JIMHEHHBIX TIPEANOPSAIKOB TAKasl, 4TO JTFOOOH B.I1. TMHENHBIN MPEATOPSIOK JIEKUT B HUKHEM
KOHYCC IJIs1 HEKOTOPOT'O B.II. JIHENHBIN MopsAAA0K OT 50 . MBI IIOKa3bIBa€M, 4TO AHAJIOTUYHBIIA (I)aKT HEC UMECT MECTa
JJIA CTPYKTYPBI BCEX HI/IH@ﬁHLIX TOPSAAKOB, I/I3OMOp(1)HI)IX CTaHAApPTHOMY MOPAAKY HaTypaJIbHBIX YHUCEII. Bonee TOrO,
s 5TOM CTPYKTYpBI He cymecTByeT ()'-BhruncInMoii Hymeparuu ¢ HogoGHbBIM (GakToMm.
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CBI3BIKTBIK PETTEP YLUIH KAJIIIbI HOMIPJIEYJIEP

AHaarna
bi3 Hatypan canaapabIH CTaHIapTThI peTiHe N30MOP(THI OAPIIBIK CHI3BIKTHIK PETTEP/IiH )KUBIHBI YIIIIH HOMIpIIey
KYpyFa MyMKiHIIK OepeTiH ThIOpHHT JopeKeciHH CHEeKTpiH 3epTTeiimi3. Harypan caHnapabH CTaHIapTTHl peTiHe
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H30MOP(THI OApPIBIK CHI3BIKTHIK PETTEPAIH HHACKCTEP YKUBIHBI HB-TOJ'ILIK ekeHi Oenrini. By skubiHAa ecenTenmimui
HOMIpJIep KOK JAereHAi Ourmipemi. by skympicTa 613 HaTypalgapablH CTaHIAPTTH PETiHE U30MOPQTHI OapIIBIK
CBIBBIKTBIK perTepiin skubiabinga 0''-ecentenimai Homipienyi Gap exenin sxome ()'- ecenremimai Hemipnenyi
JKOK CKeHiH kepcereMis. baxenos, Kanmmypsaes, TepeOekoBaHbIH €HOCKTEPIHIC SCENTEIIMIl KOIIyiep Ke3iHae
YHHUBEPCAT €.C. CBI3BIKTBIK KapThl PETTEP KypacThipsutran. Onap keneci daxrini maiinananamsl: e.c. keibip Sy
IIIKI J)KUBIHBI YIIIH €CenTeNeTiMAlI HoMIpIiey TaObIIa bl, CHI3BIKTBIK JKapThl peTTep KeiOip e.c. KelOip ChI3BIKTHIK
peTTep KOHYCBIHIa TOMEH OpHajacKaH . bi3 HaTypaimapaslH CTaHIapTThl peTiHe H30MOP(THI OAPIBIK CHI3BIKTBIK
peTTepaiH KYpBUIBIMBI YVIIiH YKcac (akT OpbIHIAIMANTHIHBIH KepceTreMi3. COHBIMEH KaTap, OYJI KYpBUIBIM YIIiH
yKcac (akrici 6ap ()'-ecenTeneTiH HOMIpIIEY KOK.

Tipek ce3mep: MO3UTUBTI KapThl PETTEp, MO3UTUBTI IKBUBAJICHTTEP, [MO3UTHBTI CHI3BIKTBIK JKapThl pETTep,
ecenTeimMIi Kourysep.
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AHU3OTPOIITHI TPAH TIOPEHIl KEHICTIKTEPI
KIOHE OJIAPABIH KACUETTEPI

Angarna

By Makanana sxaHa aHU30TPONTHI rpan JIopeHIl KeHICTIKTepi aHBIKTAIBII, OJIap/IbIH KAaCHETTEPi 3ePTTENe/I.
By xeHictikrep Oenriii GyHKIMOHAIIBIK KeHICTIKTEPAl 3epTTEy YILIIH MapaMeTp/iH IIEKTIK MOHJEpIH KaMTyFa
MYMKIHIIK OCpeTiH kaHa KeHICTiK Oomaabl. KiaccHkanplk KEHICTIKTEpIe mapaMeTpiepiH MEeKTiK MOHICPIHACT1
JKaFJalIpl 3epTTey KWUBIHIBIK TYFBI3aAbl. [paHI KEHICTIKTepAlI KapacTBIpy aocipece IapaMeTpiepiH IIeKTiK
JKaFJalapelH 3epTTey YVINIH MaHBI3ABI JKOHE OCHI Macelele jKaHa HOTIDKENepre KOJI JKeTKizyre Ooapbl.
KitaccukasbIK KeHICTIKTEp/Ie EeKTIK napamMeTpiepii 3epTTey ap yakbpITTa MyMKiH Oosa 6epmeiii. COHFbI XKbUIAAPHI
(YHKIMOHANIBIK KEHICTIKTEp Macelnenepinae rpany Jleber keHicTiKTepl *aHe oJap/IblH JKalllbulayIapbl KEeHIHEH
3epTTedin Xyp. by kenicTikrep kiaccukanslk JlopeHi skoHe rpana JlopeHn KeHICTIKTepiHiH KalmbliaMaiapbl
Oomapl. Makaiaaa rpasa aHu30TPONTHI JIOpEeHIT KeHiCTIKTepiHiH aHBIKTaMAaChI, OChI KCHICTIKTET1 HETi3ri Oaranaymnap
KOPCETLII, EHTi3y TeopeMallapbl JoNeNICH I, MapaMeTpiaep OOWBIHINA €HTi3y MapTTaphl MIBFAPBUABL. AJTBIHFAH
HOTIDKENEP TEOPHUSIIBIK TYPFbIIa FaHa €MeC, COHBIMEH Karap KOJJaHOaJbl ecenTepie Jie MaHbBI3Ibl pell arkapa
anajpl.

Tipek ce3mep: JlopeHni keHicrikrepi, rpana JIopeHI] KeHICTIKTepi, SHri3y TeopeManapbl, TEHCI3IIKTep, aHu-
30TPOITHI KEHICTIKTEP.

Kipicne

CoHFBI KUBIpMa KbUT imiiHAe TpaHa JleOer KEHICTIKTEp TEOPHSCH RAMAHAVH TATTAVITRIH
KapKBIH/IbI IaMBIIl KeJle )KaTKaH OarbITTapbiHbIH Oipi. bys keHictikrep IP)(Q) pen Genrinenim,
OG/IBICHIHA AHBIKTAJFAH JKOHE KelIeCi MapTTapibl KAHAFATTAHABIPATHIH Oapibik enmeneTin J
(yHKIMSITIAD KUBIHBL:

Ifll o= sup lifllp-e < o, 12| < o

O=eg=p-—1

I'pann JleGer kenicriktepin 1992 k. MiBanbek xxone COOpoH eHri3reH 6omateiH [1]. Omap Oy1
KEHICTIKTep/l SIKOOMaHHBIH MHTETpalJaHybl MACEIECIH MUHUMAI bl OO/ KaMIapMEH LIelly YIIiH
KOJIZIAH/IbI.
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Keiiinipek, [Q] = 1 Gomran sxarmaiina rpann JleGer KeHiCTIKTEpiHiH albTEpHATUBTI CHIIATTA-

Macsl [2—3], )KyMbICTapbIH/Ia OepiIreH:
1

0/t p dt\P
Ifllpoy ~ sup (1—Ins) s ( [ o) 7) .
0<s<1 s

I'pann JleGer keHicTikTepi nuddepeHranabK TeHaeyaepre OaianbICThl KeHOip Macenenepae
[4-7] xonnmanburan. CoHbIMEH Katap, OYJI KEHICTIKTEp CBI3BIKTHIK €MeC TeHICYJEpIi IIenTy YIIiH
KOJIAaWJIBl OpTa peTiHae TaHbuIabl. ['panm JleGer KeHiCTIKTEpIHAETI omeparopiap TEOPHUSIChI COHFBI
KBIIIAphl KEeHiHEH 3epTreni. byn camamgarel KenTereH HOTHXKENEP OChI TaKbIPHINKA apHaJIFaH
B. Kokwramsuiu, A. Mecxu, Y. Padeiipo aBropiapbiabig [§—9] MoHOTpadusIapbiHia )KUHAKTAIIFaH.
Lpq Jlopenn kenictikrepin 1950 sxpuinapsl 1. Jlopenty [10—11] eHrisre, »oHe onapAblH MaHbI3bI-

JIBIFBI, MHTEPIIOJISALUS TeOpHUsIChIHa JIeOer KeHICTIKTEePiH TONBIKTHIPATHIH/IBIFbIHA.

Knaccukansik nepexrep ymin C. bernert xone P.C. lllaprumzaiy [12] »xyMbIcTapbIHa ciiTemMe
»kacayFra 0oranbl, an 3amaHayu aepektep ymiH P.E. Kactunpo xone X.C. Yanappo [13] endexrepin
KapacTteipyFa 6omanel. CoHbIMEH KaTap KiaccukaiblK KeHictikrep yuriH E.Jl. Hypcynranos [14—17]
YKYMBICTap/a OfaH 9pi JaMBITThl. AHU30TPOMTHI XKOHE apaiac MeTpuKaibl JIopeHIl KeHiCTIKTepiHaeri
teHcizaikTep xaitnel H.T. Tneyxanosa sxone ['K. Mycab6aea [18—19] makananapbinia 3epTTeni.
E.JI. Hypcynranos, VY. Pageiipo, xone JI. Cyparan [20] sxymbicbinaa rpans JIopeHIr KeHICTIKTepiH
anbikTanel. Jlopenn-Kapamara kerictiri MeH rpaHn JIopeHIT KeHICTiriHiH 0Oacka HYCKachIMEH
CaJIBICTBIPYJIAP KYPTi3imi.

byn makanana HOur nmen O'Hbsiin teHcizmikrepi eHriziareH rpann JlopeHIy KeHICTIKTepiHJe
nanenaenal, 0yn renciznikrep Xapau-JIntisya-Co6oseB TypiHaeri TEHCI3AIKTI IbIFapyFa MYMKIH/IIK
Oepeni. [20] makanaceinga rpana Jleber, aHM30TpONThI emMec Ipana JIopeHI] KeHICTIKTEPiHiH 9p TYpal
HYCKaJapbl aHBIKTAJBIN, KACHETTEPl 3€PTTENTCH. Y CBIHBUIBII OTHIPFAH MakKajaJa aHW30TPOITHI
rpany JIopeHIr KeHICTITi ajFanr eHri3iunin oTeip. XKaHamaH eHriziiren rpana JIopeH [ KeHiCTIKTepiHiH
MaHBI3IbI KACHETI — KITACCHKANBIK JIOpEHI] KeHICTIKTEP1 OH jkoHE Tepic 6 monmepi 6ap rpana JlopeHIy
KEHICTIKTEpPiHIH apachIH/la OpHAJIacaThIHBIH/A!

GL2 () > L,, ()< GLE ()

I'pann JlopeHn keHiCTIKTEpiHIE MHTEPHONALMS Macesnenepine Tokranasl. CoHnmai-ak TrpanHf
Jlopenn keHictikrepi ymriH Kére myanmpuibIFbIH TalKbUIal, ofnaH rpaHy Jleber KeHicTiKTepiHaeri
Kére myanipl KEHICTIK TEOpEMachl aJIbIH/IbI.

Marepuajigap MeH djicrep

Kymbicra exi emmemi 6L - (Q) anmsorponTsr rpany JIopeHIr KeHiCTIKTepi, OTapIbIH KacHeT-
Tepi KapacTeipbutagsl. Mynaa P = (p1,02), 0 < py,p; < oo,

1 1 1 1 o _ 1 1
—+ —=1,—+ — =1 6onran x)arjgaiinapapl 0 < p < co, ~+ — = 1 Jien ’KazaMbI3.
Py Py Pz Pa v o/

Aupiktama l.8 = (8,,8,), — o <@ <o, p=(p,p,), 0<p =0, 0<g<o,q=1(q1,q9;)
kone 8 € R?,[Q| = 1 Gonesn. GLY - () anusorponTsl rpauj JlopeHi KeHicTikrepi jen keneci
KBa3MHOPMaJIapbl aKbIpIibl 0onaThiH f emmieHeTiH GyHKIUIap KUBIHBIH aTaMbI3:

0 < q < oo Ke3iHge:
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(60, = 0,0, = 0 ywin:

1
q2 q2
1 1 1 1 i d 1 d \
0. 8 —t+&; —t+& . x tl t2
sup &g’ f f tfl tgz [ (ty, ty) | = |
0<eq,62<1 0 0 1 2
6;:>0,8, >0,p; = 00,p, = o0, yllIiH:
1
92 a,
£l -, e 9 1 1 22 2
GL*_*(Q): 0. 6 €160 [oq x q1 dtl a1 dtz
P sup & 'e,’ f (f (tlltzzf 1'2(t1,t2)) - = (D
0<eq,62<1 0 0 1 2
0 <0,0, <0 ywin:
1
q L a2
1 q1
1 1 1 1
Lp O P po dt,\ dt,
wf e | [ [ (g e ) ) 2]
0<e;<— \0 0 1 2/
p1
KO<£2<l

P2
JKoHe = ©° Ke3iHTI€:

(6, =0,0, = 0 yuwin:

—+e1 —+¢
0 0 1 2
sup  sup  gleftht bt frre(e,ty),
0<eq,62<1 0<tq,t<1

6, >0,0, > 0,p; = 00,p, = oo ylIiH:

_ — 01 07 61,62 rxq %
gz, @)= sup_ sup e'e’t"t’ 172 (L), (2)
’ 0<e1,62<1 0<tq,tp<1
0 <0,0, <0 vywin:

1. 1

i 01 _02,p p )

1nf1 L Sup &g tyh ot frrra(ty, ty)
\ 0<£1’€2<E'5 0<tq,tp<1

& - -
Eckepry. GLj 7 () Tpaun anusorpontst JIopeHIl KEHICTIKTEPiHIH KIACCHKAIbIK aHU30TPOIITHI
Ls.; (Q)Jlopenn kenicrikrepinen epeximeiri GLf,—Jm (£1) KeHICTIKTep LIKaJIACBIH KApacThIpyFa MYM-
KiHgik oepeni. Erep £1=€:=0 Oouica, 013 kinaccukaibiK JIOpeHI] KEHICTITiH anambi3. Kanran sxarmaii-

napja OyJ1 )kKaHa KeHICTIK OOJIbIN caHaIa Ibl.

HoTu:xesiep MeH TaJaKbLIAY

Teopema 1. 8 = 0 GonraH Ke3zie Keneci eHri3yJ_Iep OpBIHIANA/IbL:

GLﬁ% Q)= Lss Q)= J.'T;A‘L,!"’;,-,QT (Q). (3)
Honenney. 6,,8, > 0 6onran xarnaiina L; z(Q) < GL% 5 (A1) eHrisyi opbIH/IaIaTHIHBIH KOpCe-
TEHIK:
1 1
0<g<1,i€(1,2)xouet? + &< t?, 0 <t < 1eKeHiH eckepe OTBIPHII, (1) aHBIKTaMaChIH
KOJITAHBITI, TOMEH/IET1 TeHCI3MIKTEP/Il aTaMbl3:
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1
i) 92
" ) 1 1 a1 p q1 p

- 01 0, j J TRALIUTRACIN ty t

= sup & & t t v2(t,t) | — | —

||f||GL%'q(Q) 0<81,£S1 1 & . ; 1 2 f % t %

1

( I

1fperf L1 dt, \ dt

<C f f L] =2
0 0

tgztflf*l*z (t1,t2) t_ t = C”f"Lp‘,q(Q)'
1 2

Enmi GL;—% () & L; () enrizyin ponenpeiiik- 0 << t;,&, < 1, t7F > 1 exeHiH eckepin koHe
MH(GUHYMHBIH KACUETTEPIH KOJIJJaHa OTBIPHII, TOMEHIET1 TEHCI3IIKTI alaMbl3:

0 q2
tfeaf L L dt, \  dt
— P2 4P *q % 1 2
Wligaw =| [ ([ (e | T T
0 0 1 2
1
/ q1 L2 12
1 1 1 . 1 q1
& ———& ok dtl dtz
< J J té’z tfl f 1 z(tlftz) t_ t_ )
0 0 1 2
1
a1 q2 q2
1 1 1 . 1 q1
———&] =& dt dt
Wligaw < it elel| [ [ (7" pcnian | ) 2
0<e1 55— \0 0 (5] tz/
0<£2Spi2

< Cllfllgyg, o

P = q nepOec xarmaiibiaaa (3) eHrizy GpopMyliachblHaH cajiiap peTiHae Keieci eHri3ysep IIbiFa-

THIHBIH KOPEMi3: _ _
GL;-%(H) S Ly () < GLfJ-Jp-(ﬂ).

Teopema 2. 0 < p,,p, < oo 6onceH. OHga 64,6, > 0 ymin keneci 6aranaynap OpbIHIANAIbL:

1 1
L Wil g = sup —l e, ty)
. GL%:(?(Q) - t1,t2r>)0 |ln t1|91|]n t2|92 1,42
a2 1
11 q1 1 a2
1 1 (P14P2 it it
g < S B R L dty | dey
2. ”f”(;Lg,q(ﬂ) ~ fO fo |1n§‘1'5}1|91|1n53532|92f v*2(ty,tp) o . ,
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1
0 qz q2
q1
3. Al =8 0y R fl fl tillnt |91t%|lnt |92 F*1*2 (¢, t,) dti| dty
. GLZ;'%(Q) ~ 0 0 1 1 2 2 1, L2 tl tz

Honenney. Keneci GpyHKUMSHBI KapaCTBIPBIPHII, IKCTPEMYMIe 3EPTTEHIK:
1 1
— ignéd —+z,5igné
— 8y P1+Elslgn . Bz cpp 2 P2
®(&) = (El t €1, » mynparst 0 < t1,t; € 1,0 < £4,8,< 1 goncpin.
Keneci TenaikrepacH:

=

1 . . 1 .
dip g, -1 —+&, signf, a +z,5igné; a —+e,5ignd,
— = (91511 tr +eitht signd,Int, || &,7t}® =0

9
deyq

2

1 . . 1 .
dip 8.1 —+e,5ignf, g +eg5ignd; g, o te1 signf,
— = (92522 th? +&,°th? signf,Int, || &* ¢ =0

deq

lg, | I:N

nt,|

KoHe €2 = 6omranna ¥ (€) GyHKIMACHIHBI CyTIpeMyMBbI 6ap.

£

Jlemex 8,,8, > 0,5 =1, 0 <t,,t, =1 yuwin:

101
1 1 - =
—+£, signf —+E,5ignf P10z
sup (,O(E_] = sup E‘gltpi 15N E‘gztpz 2SN — L ,
- - 1 2 "2 it |61]int,|%2
D=E=z1 0<E=1 1 z

an 8,6, < 0 ymin

1 1
1 1 o Bo
—+£, sign @ —+&.5ignd Py .Uz
inf (&) = inf [ePePr S | P Al [N o S
g g 1 1 z 2 Int,191/lnt, 152
D=Ez1 D=Ez1 . 2

byn nerenimis
1

1
—+t¢ —+
01,01 L 02,02 2 paqx
£ ;0 = sup sup &'ty'  &tyY frU(ty,tp)
GLj 00 () 0<eq,e2<1tq,t>0 ta 22 ’

A
— 01,01 ' 02.P7 ?
= sup ( sup &'t;  &°t) frrre(ty, ty)

tl,t2>0 O<€1,8251

1 1

tp_ltp_z
149
= sup
t1t,>0 1Nty |91]In t,]°2

frr2(ty, ty).

Enpi exinmi 6aranaymbl 1onenaeix:

¥ T2
71 H
1 1 1 1
—+eg; —+e dt dt
_ _ 01 .07 P1 L p2 % pa, 1 2
Wl @ = sup_eltelt| [ ([ (7 e | ) F
pt 0<eq,62<1 0 0 tl t2
1
/ g \TZ
71 H
1 1 1 1
—tgq ——te dt dt
61 02 | tP1 L1.D2 % paxgx 1 2
< f f sup &g’ tr fTUR(ty, ty) e t—)
0 0 0<eqep<l 1 2
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(o 2 VoY)

tP1P2 dt; | dt
= f j e /) | |
0 0 |lnt1|91|ln t2|92 51 %)

Yrinmi 6aranayiabl 1oJ1eey YIIiH 1 MyHKTTI ecKepeMis:

71 T4
1 1

1 1 1
. 0 0 —&1 ——& % dtl dtz
Fllga@ = inf et | [ [ (e e | P 2
a 0 0

0<e1<— \ tl tz /
P1

0<£2<i
D2

T
( o)
1 L., 1 de, | dt,

b 01,02 [ P11 P2 2 pap
> inf elle,? | ] t7 frUR(ty, ty)
o | Jo

0<51<% ty ty
0<£2<%
1
1 1 dt, \ dt,

1 1 1 2
= [ ([ drm@egmsereeen ) 25
0 0 1 2

Meican 1. 8 > 0,6 > 0, Q < R™ || = 1 6osceis. Erep f: Q) — R? |

6,—2—& B8
Int, | " 71 ‘llng,| 2Tz 2 )
g ¥
frore(ty,ty) = ENEN OpbIHAAJIca, OHJAa Keneci (DyHKIHUS aHWU30TPONTHI
T T
i1t 2
1 2

rpan JIopeHIl KeHiCTirine ararbiael oenrini: [ € GL%T- ().

Keneci reopemanapaa rpana anuzorpontsl Jlopenin GL?";-, 7 () KeHicTiKTEPI YIIiH SPTYpIIi M1Apa-
MeTpJiep OOMBIHIIIA €HT13Y MIAPTTAPhI XKoHE Jie 0acka KacheTTepi aomenaeHeal. byi KeHicTiKTepIiH
KaCHEeTTEPIH 3epPTTEy apKbUIbI (PYHKIIMOHAIIBIK KEHICTIKTEPIIH MIEKTIK MapaMmeTpiiepiH TepeHipeK
TYCiHyTe, COHJIali-aK opTYPJIi MaTeMaTHKAJIBIK €CeNTep/Ii IMIeNyre apHalFaH jKaHa ojic-Taciiaepai
a3ipIiieyre MyMKIHJIIK Oepei.

Teopema 3. Erep < § Gonca, oupa GLE - (Q) & GL - () enrisyi opbiHganai.

Tlonenney. 6; < 85, 6, < 55, 0 < £1,8, <1, £* < e*, £ < £7° exenin eckepe OTHIPHIT, 6i3
KeJecl TEHCI3MIKTI ajlaMbI3:

q2 q2
q1 q1

1 1 —+eq L +é& dt dt
1 2

WFllrs = sup £S5 J ] (P12 f*l'*z(tptz)
GLp’q(Q) 0<eq,e2<1 172 0 0 ! 2 tl t2
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q2 q2
[l pf to RCIR
—+tg; —+e dtl dtz

1 1
01 6 P 1p 2*,* — _
< sup q%ZL L R e A LT

0<eq,62<1

Teopema 4. Erep § < T Gonca, onja GLf,—,@ ) - GL?Z—,,:(Q).

Honenney. 4 < ¥ kesinge L, () = L, () enrisyi opblHIanaThIHbIH KIACCHKAJIBIK JIOpEHI]
KEHICTIT1 ymriH Oenrim eHrizy Teopemachl [20] meH Ji}'Lf.,—’Lf (1) anmzorponthl TpaHnm JlopeHIl

KEHICTITHIH (1) aHbIKTaMacChIHAH IIbIFa/Ibl.

Teopema 5. Erep 0 < § < 1,8 = 0 Goinca, oHIa
1
q &z 0
”f” 0, 0, fl Jl %+81 £+€2f ( ) 1 dtl dtz
5 = sup & '€ t t 2 (t,,t — ] — 1,
6L (@) 0<51251 ve o) 5 2 L t t,
0<e<0
_ 1 .
xoHe 0 < 6 < 5 YIIiH:
1
/ q1 L g
1 1 1 1 d a d
§ oy = 0162 T P i j
sy = ont, el'ese | [ [ (e e | Q}
0<e7<0

Honenney. Teopemans! gonenney yuiiH 6,6, < 1,1,,1, > 1,101,686, = 1,1n,6, =
1,0, = £41),,0, = £,1], CKCHIH €CKepeMi3:

qz q2
/ 1f 1) 1 1 qld qld \
—+e1 —+&; t t
sup sf eg f f et ety ty) t—ll t_zz
o \Jo

0<e1<61

0<e2<0

a2 a2
1 1 1,00 1,00 o d 7 d \
— 41
f -I tpl m tpz an*l )2 (t]_; tz) i ﬁ
0 0 tl t2

&) @)
o N1 n2

0<—1<5
02
0< <5 1
( q q2 q2
1 q1
1 1 1,090 1 0
o 2 dt dt
=01, -6 P1 NM14P2 72 1 2
<n, 'n, sup 01 02 f f t) t, frrre(ty, ty)
0<01<161 0 0 4 2
0<0,<n26;
1

S

- 0<o1<1
0<o0,<1

( 01 92 \‘QZ
1 1/ 1 1 a

—+0, —+o dt dt
-0, -6 1 2 1 2
<mn 'my * sup 01 02 f <tp1 the (b)) | &
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= Cllfllys oy
1

TR
———&1 =& dt dt
inf gflgzez f (f et () t_l t_z
- 0 0 1 2

0<e1<01
0<e2<5,
1
q2 q2
/ 1 1 1 o4 1 oy n d a d
9 6| ptf ptf Lol oo
01\°1 (02\"2 t t
= Inf <_1> <_2) f f (P bz ety t) | — :
<<y N1/ NI o \Jo t ty
<G—ZS(52
2
1
/ q q2 q2
1 q1
1 1 L_ 1 d d
-0, -6 01 0 p1 o7 %2 21 ty
<m 20 1n£ 0y 0y" f f ty () ] 5
<0'1_E 0 0
1
O<0’2Sp—2
= Clifll;, -2
_ — = — 1 1 = 1 1 :
Teopema 6. Erep & < A, 4, — 8, = oo 6, = by 0 < p,,p, < oo Oonca, oH/IA Keneci
€HTi3y OPBIHIBL: ot =E
6 i
GL;:(Q) & GL; ().
Honenney. Teopemansl gonensey yiurid ['enapaep TEHCI3AITIH KOIIaHAMBI3!
1
\‘q
1 1 1 1
—te&; —+e dt dt
) _ Ay A p1 L.D2 2 L, “h 2
”f”GLA— -(Q) - sup 511822 j f tl1 t22 f*l "2 (tlltz) )
p.q 0<eq,e2<1 0 0

L,e1 16 q1h
A1 Az 1 1 [ 172 02" 2 poq 0 dty dt,
< sup ete?| fo Sy (et e T frre(t, t) 1) 2
0<81,€2<1 1 2

1
—_
q2h

, a2

h q1
INER f2er "y " ay
o{Jo\*1 ™2 t t

MyHnarsl g, h = T, K8He g, h = T, Jen TanaaiMbI3. TeHCI3MIKTiH eKiHI KoOeHTIHIICIH Kapac-

THIPANBIK: .
. a2 q2h
1 1 871 %2 a1h dt; a dt, 1 1
f°<f0(tlt2) ?)E T IS
71qlh’ q1h EZ_Zqzh’ q2h ;11’1 . 42k
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Sram:
1
q2 h
1 1/ 1.6 1.¢ aih 0 \qz
1 2
A1 Ay it 2 55t s dt, | dt,
Wlls o <, s0_elel? | [ [ (a2 P | ) 2
CLog® = gcp ep<1 & o \Jo \ ! 2 t t;
1
-C 1 1
@k _ah
& &
1
qzh a2k
1 1 1 & 1 ¢ aih qih
P S O B N PR L dt,\  dt
<C sup ¢ qlhez a2h Jol Sy 20 2eb2 P (e, ) — —
0<eq,e2<1 tl tz

1 1 n 71
0, 0 1 1 —+e1 —+&p . dt
<C sup &'s*| /[, (fo (tfl th? f" 2(t1,tz)> t_11> = C”f”GLf;f(ﬂ)'

0<eq,62<1

Teopema 7. Erep 0 < p < 00,0 << T < o0 xone @ > 0 Gosca, oHga
1
0 0 =\

T1\T1
1.1 1.1
1l oy = sup ki 'l Z z <2m1(ﬂ+ﬁ)zm2(ﬁ+ﬁ)fﬂ.*z(zml,zmz)>
pT 1<kLk2

mq=—00 my=—00

Honenney.

1 1 1 1 1
_ 61 .62 pr e ptee dty dtz
lls oy = swp_eftele| [ [ (e e | P

GLp () 0<eq,e2<1 1 0 0 ! 2 ’

T1
1

1 1 +e i+<€ dt dt
01 6 P11 D2 2 Ly 1 2 _
&' &’ f f th ot [ty t) — | = =
o \Jo

T1

0 k 1
2 ——tey dt,\ dt
Z f f T () | 2] 22| =
2k1-1 Jokp-1
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1
T2 E
71 a

e’ [ 2-k1

2-k2 1 1
SoteL -+er dt dt
DD N GO I

k1 2—k2 1 1 i T
2 S—tep o—te dt, \ dt,

/ 2
k hont e, t)

2—k1-1 zkzl t t

< (fr1e2 (2—k1—1 2_k2_1)2—k1(ﬁ+€1)2—k2(£+82))11
> (Frr2(2—k 2—k2)2(—k1—1)(%+€1)2(—k2—1)(£+€2))12

1 1 T 1
< (50 (S0 (276 )275657)) pria ot poiatyyiyes,

oo [ee] *q % — — ( k 1) + ( k 1) + 2 L
I'> (55 2o (55 2o (F12(27k1, 27k2) 2 TR Dlrte) p ke Drea) ey e

s "GL %(M) sKarIaiiblHga CynpeMyM UH(PUHYMIE aybICaIbl:
1
AN

0 0 11 11 AN
T e IOV DV Ll e AR GRS
p,T 1<
g miq=— mp=—0o
KopbIThIHABI

By makanazna »ana aHM30TpONTHI rpan 1 JIOpeHII KeHICTIKTepi aHBIKTAJIBIT, OJIApABIH KaCHeTTepl
3epTTenai. Makanana eHri3UIreH j)kaHa KEHICTIKTep Oenriii pyHKIMOHAIIABIK KEHICTIKTEPl TOJbI-
FBIPAK 3epTTeyTe, dcipece mapaMeTpliep/IiH MEKTIK JKaFIaiIapblH KapacThIpyFa MyMKIHIIK Oepei.
CoHbIMEH KaTap aHH30TPONTHI rpaH/l JIOpEHIT KeHICTIKTEPiHIH aHU30TPONTHI JIOpEeHIT KeHiCTIKTepi-
HEH albIpMaIIbIIBIKTaphl KOPCETUTIN, OJIAPIbIH CHTI3y TeopeMaliapbl, HOpMaJlaHFaH KEHICTIKTep
XKoHE (QYHKIUSIIAP/IBI 3€PTTEY MIcCeleNepiHe KaThICThI KaCUeTTePl TaIKbUIAHIBI.

Makasiana keseci HeTi3ri HOTHIKeJIep aJIbIH IbL:

1. I'pany anuzorponTs! JIOpeHI[ KeHICTIKTEpiHIH aHBIKTaMachl;

2. baranaynap;

3. Exrizy TeopemManapsi;

4. ITapameTprnep OOWBIHILIA €HT13Y APTTAPHIL.

byn 3eprrey I'pann anuzorpontsl JIOpeHIl KEHICTIKTEPiHIH KAaCHETTEpiH TePEeHIpPEeK TYCIHyre
MYMKiHAIK Oepeni. Ocbl KEHICTIKTEPAIH NapaMeTpiliK MIKaJachl dpTypil (PyHKIMOHAIABIK KEHIC-
TIKTEpAl 3epTTeyre *KOHE MaTeMaTHUKAIIBIK €CeNTEPl IeNIyre apHaiFaH jkaHa 9IiC-ToCcIaep/i a3ip-
Jeyre Heri3 00ybl MyMKiH. bosamakra OyJ1 KeHICTIKTEpIiH KOJIIaHBLTYbl ()YHKIIMOHAIBIK TaJIIay
CaJIaChIHAAFBI 3€PTTEYJIEPre YIKEH YIeC KOCaIbl.

Kapxbl1anabIpy Typasbl aKknapar

By 3eprreyni Kazakcran PecriyOnmukach! FpiibiM jkoHE sKOFaphl 011iM MUHUCTPIIITiHIH FhuTbIM
xomuteTi (I'pant NeAP23488613) kapkbutanasipaabl. ABTOpiIap KYH/bI MiKipTasacTap YIIiH Ipo-
tdheccop E.JI. HypcynTaHOBKa anFbICBIH OiLTipe/Ii.
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ANISOTROPIC GRAND LORENTZ SPACES
AND THEIR PROPERTIES

Abstract
In this article, new anisotropic grand Lorentz spaces are defined and their properteies are studied. These spaces
are a new structure that provides a unified parameter for the study of various functional spaces. The consideration
of grand spaces is especially important for the study of boundary conditions of parameters and allows us to achieve
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new results in this area. The study of boundary parameters in classical spaces is not always possible. In recent years,
grand Lebesgue spaces and their generalizations have been widely studied in problems of functional spaces. These
spaces are generalizations of classical Lorentz and grand Lorentz spaces. The article defines grand anisotropic
Lorentz spaces, gives basic estimates in these spaces, proves embedding theorems, and derives embedding theorems
for parameters. The results obtained can play an important role not only in theoretical, but also in applied problems.

Keywords: grand Lorentz spaces, embedding theorems, inequalities, anisotropic spaces.
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"MHCTUTYT MaTeMaTHKK ¥ MaTeMaTHYeCKOTro MoJienpoBanusi, Anmarel, Kazaxcraw,
’EBpasuiickuii HanmoHanbHBIN yHUBepcuTeT uM. JIL.H. I'ymunesa, Acrana, Kasaxcran

AHU3OTPOIIHBIE TPAH/A-TPOCTPAHCTBA JIOPEHIIA
U UX CBOMCTBA

AHHOTALUSA

B nanHOI cTaTbe onpeaessitoTCs HOBbIE aHU30TPOIIHbIE IPAHA-IIPOCTpaHCTBa JIopeHla 1 n3y4aroTcs uX CBOM-
CTBa. DTH NMPOCTPAHCTBA MPENCTABIIAIOT COO0H HOBYIO CTPYKTYpY, KOTOpas 00eCIeunBacT eANHYIO Cpemy s Huc-
CJIe/IOBaHMS Pa3InuHbIX (PYHKIIMOHAIBHBIX IPOCTPAHCTB. PaccMOTpeHne rpaH-pOCTPAHCTB OCOOCHHO BAYKHO IS
W3y4eHUs TPAaHUYHBIX YCIOBUI MMapaMeTpoB, U B ’TOM OTHOILIEHUU MOTYT OBITh TIOJy4eHbI HOBBIC pe3ynbraThl. He
BCEIa BO3MO)KHO M3yUUTh IPAHUYHBIE MApaMETphl B KIACCHYECKUX MPOCTPAaHCTBaxX. B mocienHue roasl rpasi-
npoctpancTsa Jlebera 1 nx 0000IIEHNS IUPOKO U3YHAIOTCA B 331a4aX (PYHKIIMOHAIBHBIX MPOCTPAHCTB. DTH MPO-
CTPAHCTBA SIBISIFOTCS] OOOOIIEHUSIMI KIIACCHYECKUX MPocTpaHcTB JlopeHna n Gompmmx npocTtpancTs Jlopenna. B
CTaThe ONPEACISIOTCS OONbIINE aHU30TPOIHBIE MPOoCcTpaHcTBa JIopeHIa, MPUBOAATCSI OCHOBHBIE OIIEHKH B 3THX
MMPOCTPAHCTBAX, TOKA3BIBAIOTCA TECOPEMBI BJIIOKCHHUA U BBIBOAATCA TCOPEMBI BJIOKCHUA IJIA TapaMETPOB. Honyqu-
HBIE Pe3yJIbTaThl MOTYT CHITPaTh BaXKHYIO POJIb HE TOJBKO B TEOPETUUYECKOM IUIaHE, HO U B PUKIATHBIX 3aadax.

Kuarwuesble ciioBa: IpoCTpaHCTBa ﬂopeHua, TpaHa-TIPOCTpPaHCTBa .HopeHua, TCOPEMbI BJIOKCHU S, HCPABCHCTBA,
AHU30TPOITHBIC IMTPOCTPAHCTBA.

MakanaHblH pefakiusra TyckeH kyHi: 30.03.2025
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MATPUIIAJIBIK OITEPATOP/IbIH KEMBIP KJIACHI
YIIIH YII CAIMAKTbBI TEHCI3AIKTEP

Anjarna

Y3imticci3 JKoHe AUCKPETTIK KaFaaimapelHaa OepisieTiH aTakThl XapAu TeHCI3AIKTepAiH 0acTanKsl Typi KeiiHi-
pex aiTapibIKTai skammbutaHabl. OcbIFaH opail MaTemMaTnkaaa Xapau TEHCI3IIr! ©3 anaplHa KEeKe YIKeH OarbITKa
aitHanapl. Kasipri tanma Xap)m Topi3ec OrepaTopsIap/Ibl KAMTHTBIH y3imicci3 jxoHe JZ[I/ICer"ITiK TEHCI3MIKTEPiHIH
OpBIHATY Kpmepnnnepu{ aTy—CaMaKThl TeHCl3I[1KTep TEOpHsIChIHIAa 0acThl Macenesepiniy Oipi. JuckperTik
TEHCI3MIKTEP/Ii MATPULIAIBIK OINEpaTopiap KIackl YHIIH KapacThIpy 3epPTTEYiH KaHa TOJKBIHBI JIECEK OOIajbl.
JKanmel sxaraaiiga MaTpuliaMen OepiireH JUCKPETTIK OMepaTop/blH canMakThl Jleber KeHICTIrHIe MeHETIMILTIK
KpnTepm“Ii AHBIKTAIMAFaHIbIKTAH MaTpHUIIaFa OpPTYpIIi mrapTrap KOMBUIBII, MATPUIACKI3 IKaFjaiifa KaparaHjia
KEHIpeK HOTWKeNep alblHabl. by KYMBICTA JIUCKPETTIK KBA3HUCBI3BIKTHI onepaToprape! oenrini Oip IApTTHI
KaHaraTTaHAbIpaTbIH ManI/II_[aJ'Iap YIJ_IIH KapaCTBIpaMbI3 KBa3I/ICLIBBIKTBI TeHCl3)I]KTep YIHIH AJIbIHFaH HQTI/I)KGJ'IepZ[I
OMCBI3BIKTHI Xap/Ii TCHCI3MIKTEPiH CUITATTAY Ke3iHIe KOJIAaHyFa 0oabl.

Tipek ce3aep: Xapau TeHCi31IT1, caMaKThl JIeOer KeHICTIri, MaTpUIANIBIK OTICPaTOp, KBa3HCHI3BIKTEI OTIEPaTop.
Kipicne

1906—1928 x. apaiblfblHAA aTaKThl MaTeMaTWK XapIuaiH Y3LTicci3 jKOHE AMCKPETTIK TeH-
CI3IIKTEpiHIH Maiiga OOMybl MEH JaMy Ke3eHIepi, COHIai-aK OJapAblH MaTeMaTHKAJIBIK Taaay
CaJIaChIHAAFBI 3epTTeysep Tapuxsl [ 1] FRIIBIMU eHOEKTE TONBIK KaMThlIFaH. by kesennepne Xapan
TEHCI3IIKTEPiHIH TCOPHUIBIK HETi3epl KaJBITACKIN, OJapblH KOJJIAHBUTY ascChl KEHEHim, mare-
MaTUKaNbIK aHanu3, TUGQPEpeHIHIBIK TEHICYIEp TEOPHIChIHIA JKOHE MaTeMaTHKaHBIH OpTYpIIi
cananapblHia KoJijaHbicKa ve 0oabl. KeliHri sblaapbl Xapu TeHCI3AIKTepi eKi caaMaKThl TCH-
Ci3IIKTEpre >KalMbUIAHbII, TOJBIKTAN 3epTTenai [2].

XXI raceipaeiH OacklHIA €Ki CaJIMaKThl TEHCI3MIKTEpIl 3epTTEYMEH Karap YII CaJMaKThl
TeHCI3iKTepre cumarrama Oepe Oacranel. EH amram 2008 k. Kenmeci Typaeri WHTETPaIBIK
uTepanusuianral Xapau Topizaec TeHciznirin P. OitHapoB xone A. KanbiOaii [3] sxymbIcTa Kapac-
TBIpFaH €i:

1 1
b X X r % q b P

Juq(x) jw(t)ff(s)ds dt] dx | <cC Jlf(x)v(x)lpdx VfeL,,, (D

a a t a

myHarbl C — (1) TeHCI3OIKTIH €H Kilm TYpakThiChl, —oo < a,b < oo, 1 < p < 0,0 < q,r < oo,
u(),w(),v(:) — (ab)apaneireiaaa emIueHeTIH koHe JOKANbIbl WHTErpajJaHaThiH Tepic eMmec
¢yukumsnap, Ly, (1) TEHCI3MIKTIH OH JKaFbl akpIpibl OonmarhiHAad (GYHKUMSAIAPAAH TYPaThIH
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canmakTbl Jleber kewicriri. 2013 xbutet B.U. BypenkoB xone P. OifHapoB ken esmemai Xapau
Topi3ziec onepaTopiablH calaMakThl Jleber KeHiCcTiriHeH JoKaiabAl MoppHu THIITI KEHICTITiHE IIeHe-
JTIMAUTITIH CUNIATTaWTRIH TeHC3MIK (1) TeHCI3MiKKe SKBUBAJICHTTI OoyaThiHBIH KopceTTi [4]. Ochbl
JKYMBICTaH KeiiH (1) TypiHmeri KBa3WICBHI3BIKTBI Xapau TIPI3AeC TCHCI3MIKTEP KapKbIHIBI TYpPIe
3eprTene 6actanbl (Mbicaibl [5—9]) sxoHe o1 Moppu THNTI KEHICTIKTE KojgaHbicka ue 6onst [10].
3epTTeyaiH KeJecl TOMKBIHBI ©3€KTi KAMTHTBIH KBa3UCBI3BIKTHI ONIEPATOPIIAPIbIH CaTMaKThI Oarasay
Oommpl. [11-13] skymbIcTapia ©3eKTi KaMThIFAaH KBAa3HCHI3BIKTHI XapIu ONEpaTOpIapbIHBIH KeHOIip
KJIacTapbl KapacThIPbLIFaH.

Enpiri ke3eKTe OChl JKYMBICTBIH HETI3Ti MoceseciHe TOKTanalbIK: AWTanblk 0 < g,p,r < oo
1 1
— [ _ oo _ oo : _ oo
HOHE + ks 1 6oncrin. u = {u;};2, xoHe w = {w;}i2, Tepic emec, an v = {v;}{2, OH HAKTHI CaH-
nap Tiz0eri 6onckH. 1y, apKpuibl = {f;}iZ ; HaKTBI caHap Ti30eriHeH TYPAThIH JKOHE

1

> P
Il = (D Wl ) < oo
i=1
KBa3MHOPMaJIap aKbIpJIbl OONAThIH KEHICTIKTI Oenriaeimis.
By xymeicra Vf € 1, , ymin keneci Typaeri auckpertik Xapau Topisaec TEHCI3MIKTI Kapac-

ThIpaMbI3:
1 1

> P

a (00
Z WK | <c z vEP ] )
i=1

n=1

mynaarel C — f royencis on TypakTsl jkoHe KT keseci Typ/ie aHbIKTaIFaH KBa3UCHI3BIKTHI OTIEpATOpIIap

1
r

n k T
KDy=( ) [w ) auf| | neN, ©)
k=1 i=1
1
[ele) (o] 'yt
(K™, = Z sz a; i fi ,n €N, €))
k=n i=k

JKyMBICTBIHMaKCATHI (2k ;) MATPULIAIEMEHTTEPI KEJECI TY PAIETI IAPTTAP bl KAHAFATTAH IBIPATHIH
*)armaina (3) skoHe (4) KBa3UCBI3BIKTHI IUCKPETTIK OMepaTopiIapabl CaIMaKThl Oarasay:
lapr 1 [14]. Bapneik K= j = 1 = 1 ymin

1
a(ak']- + bj,i(‘)k) < ag i < d(ak,]- + bj,i(*)k) (5)

mapT opeiaganareiHaait d = 1 Typakreicsl, {0k Ji=1 OH canaap Tiz6eri xoHe 1eMeHTTepi j GoHbIHIIA
KEMIMEHUTIH JKoHE | OOMBIHIIIA OCTICHTIH (bj,i) Tepic eMec MaTpuIachl 6ap OOJICHIH.
[lapr 2 [14]. Bapnmeik kK = j = 1 = 1 ymnin

1
a (bk,jwi + aj_i) < ak'i < d(bk,j Wj + aj,i) (6)

mapT opsiHAaatbinaail d = 1 TypakTeicel, {w; }=; oH canap Tiz6eri xoHe sneMenTTepi K GolibIHIIa
KeMiMeHTiH xoHe ] GolbIHIIA ocIeiiTiH (bkj) Tepic eMec MaTpuIiackl 6ap OOJICHIH.

Ocbl MakajaHblH aBTOpJIapbl MaTpuia Karbickan (3) skonHe (4) omeparopiapel yurin (2)
TEHCI3/IKTIH OPBIHIATYbIHBIH KaKETT1 )KOHE JKETKITIKTI MapTTaphbl MapaMeTpIiH P = q kaFJaibIHIa
[15], [16] )xymbIcTapaa ainFaH, MyHAa (aki), k= 1= 1, marpunaceiabiy 6apisik ay ; = 0 anementrepi
nuckpeTTik OfHApOB MIAPTHIH KAHAFATTAHIBIPAb], SFHU K = j = 1 = 1 ymiH
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é(akj + ajJi) = ak‘i = d(ak‘l + aj,i) (7)

mapT opbIHAANaThIHAAN d = 1 TaObLIaIbI.

Bbyn maprra (31:,1) MaTPULACBIHBIH g i AIeMeHTTepl k OOMbIHIIIA KeMIMEUTIH koHe | OoibIHIIIa
ecnefitinin kepyre Gonanpl. Erep by; = a;, j =i = 1, xone Wy = 1, k=1, 6omran xesne, (5)
TeHci3irineH (7) mbiraabl. 1o comnaii (6) TeHciznirineH (7) mbirapl, seau (7) maptsl (5) xoHe (6)
HIAPTTAPbIHBIH JepOec KaFnaibl

ConbIMeH KaTap OChIHJal MHTerpaablKk OWHApOB MIAPTHIH KaHAFaTTaHABIPATBIH SAPOCHl Oap
K* omeparopiapblHbIH MHTErpAIIbIK KaFaaimapsl [12] skymeicta 3eprrenreH. COHbIMEH Karap,

. rr
asropiap (7) maprneH 6ep1nre}f marpunacel 6ap (K, f), = (Z he1 |wk2f§k ak’ifil )’ KOHE
— k e i i -
(K,f), = (Z e |WkZi=1 akai| ) TYPIHJET] KBa3UCHI3bIKTHI ONeparopiap KIachlH J1a KapacThbIp
raH [17].

Maremaruka FhUIBIMBIHJIA Xap i TOPi3AeC onepaTopiap alIbIMeH 03€KCi3 XKaraania 3epTTelin,
KeiiH Oenrini Oip mapTTappl KaHAFaTTaHIBIPAThIH ©3€KIIeH KapacThIPbLIA/Ibl, SFHU ©3€KCi3 )KaF1aiira
KaparaHJia KeHipeK HOTHKeNep aibiHaabl. [1om con cusikTel, 3, ; = 1, k= 1= 1 Gonran xxarnaiina (3)
JKoHe (4) oreparopiapbl KATBICKAH CaIMaKThl TEHCI3MIKTEPIIH OPBIHIATY KpUTEpHiATepi OyphIHBIPAK
anpiaFaH (Mbicaisl [18-22]).

Marepuajigap MeH dicTep

Heri3ri Hotwxkenepai any yuriH OypblHHAH O€NTiIl €Ki calMaKThl Xapau Topi3ec TeHCI3IIKTe-
piHe OailyTaHBICTHI TYXKBIPBIMIAP MEH HOTIKeNep, MUHKOBCKUN TEHCI3IT, 6acKa Ja KIacCUKAIIBIK
TEHCI3/IKTEp KOHE MaTPUIIaHBIH KACHETTEPi KONJIaHbUIaAbl. TeopeMaHbIH JKETKITIKTI MIAPTHIH J19-
nenjey OapbIChIHIA Ti30eKkTepii Oesikrepre Oeiy ojici “mokamu3anusi 94ici” KOJNJIaHbUIAJIbI, ai
KaXETTUIIK IIapThl TeKcepic Ti30eriH TaHjaay apKplibl gonenaeHenl. Knaccukanbik Xapau TeHCI3-
JIT1HE KaThICTHI HOTHKETIEP:

Teopema A [23]. Alitansik 1 < p < q < o0 OOJICHIH.

L 1

(o) k a E [} 5
q
2 uk Z fi S C Z |Vifi|p ,Vf e lp,V’ (8)
k=1 i=1 i=1
TEHCI3/1ir1 OphIHAANA Il COH/IA TEK COHJIA, erep
1
j p /[ = q
r
_ -p q
H = sup Zvi Zuk < oo,
jzi | 4 ,
i=1 k=j

ConbiMen katap C ~ H, mynna C — (8) TeHCI3AITIHIH €H Killli TYPaKTHICHI.
Teopema A* [23]. Alitanblk 1 << p < q < o0 OOJICHIH.

1 1
=] [=:] q q [=:] P
E q E E
u, f; =C |vif;|P | ,Vfe Lo 9)
k=1 i=k i=1
TEHCI3/1ir1 OpBIHAANA Il COH/IA TEK COHJIA, erep
1 1
oo ? ] C_i
r
P -P q
H = sup E v, E u, | < oo
jz1 —
i=j k=1
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Conbiven katap C &~ H', mynna C — (9) TeHCI3aIriHiH eH Killi TYPaKThICHI.
Teopema C* [24]. Alitaneik 0 < p <1,p < q < oo0. (9) TeHCI3IIr1 OpBIHANAIBI COH/IA TEK

conna, erep M’ < oo, mynna
r_ q -1
M’ = sup E ug | vy
j=1 é
=1

Conbiven Karap C ~ M’, mynaa C — (9) Tencisairinin en Kimm TypakThIChL.
Teopema B [25]. Alitanbik 1 < p < q < 00 5k9He (8y ;) MATPULIACBIHBIH JIEMEHTTEP1 AUCKPETTIK
OtiHapoB mapThiH (7) KaHaFaTTaHIBIPCHIH.

1
oo k q C_[ oo %
q
E ug E ay 4 =C E lvifi|P | ,VEEL,,, (10)
k=1 i=1 i=1
TEHCI3/1ir1 OpBIHAAIA]IBEI COH/IA TEK coHa, erep D = max{D,,D,} < oo, MYHJ1a
1 1 1 1
j p' [/ e q j p' [ e q
r r r
_ -p q ..q _ P, -D q
D, = sup E v, E AUy | D, = sup E A E u,
j=1 n , j=1 n ,
i=1 k=j i=1 k=j

Conbiven katap C & D, mynna C — (10) TeHCI3ITIHIH €H Killli TYPaKTBICHI.
Teopema B* [25]. Alttanbik 1 < p < q < o0 %oHe (8j,k) MATPULIACBIHBIH 3JIEMEHTTEP1 JUCKPETTIK
OtiHapoB mapTeiH (7) KaHaFaTTaHIBIPCHIH.

q : 1
(Z ug ) < C(Z Ivifilp) VEEL,, (11)
i=1

k=1
TEHCI3/Iir OpbIHaIabl COHIa TeK cona, erep D' = max{D},D;} < o, mynna
1 1 1

=]

Z a; i f;

i=k

| =

- o/ a = o /i

I L L
P E -p E q .q r_ E p D E q
1 = sup v, Uy , D3 = sup v, u,
j=1 j=1

i=j k=1 i=j k=1

=)

ConbiMen katap C ~ D', mynnaa C — (11) TeHCI3AIriHIH €H Killli TYPaKThICHI.
Teopema D [26]. Ajiraneik 0 < p < 1,p < q < o xoHe (2k,;) MAaTPUIIACHIHBIH dJIEMEHTTEPI 1
OotiprHIa ecrieiTiH O6oschiH. (10) TeHci3miri opeIHIANAIRI COHMA TEeK CoHMa, erep N < oo, MmyHaa
1

o q
— q .49 -1
N= sup Z a | v
jz1 .
k=i
ConbiMen katap C &~ N, myHaa C — (10) TeHCI3AIriHIH eH Killll TYPaKThICHI.
Teopema D* [26]. Ajitansik 0 < p < 1,p < q < 0 5KoHe (34,x) MATPUIIACHIHBIH YTEMEHTTED] 1
OolbIHIIa KeMiMelTiH Goschin. (11) TeHci3airi opbIHAanaasl coHaa Tek cona, erep N' < oo, myna
1

j q
r_ E q 9 -1
N' = sup Ay | Vi

=
A=

ConbiMen katap C &~ N', myana C — (11) TeHCI3IITIHIH €H Killli TYPaKTBICHI.
Teopema G [27]. AlTtanblk 1 < p < g < o0 XoHE (3j,x) MAaTPUIACBIHBIH dJIeMeHTTEpl (5)
KaHararTaHabipchit. (11) TeHci3miri opsimanagsl conaa Tek conaa, erep G = max{G,,G,} < oo,

223



HERALD OF THE KAZAKH-BRITISH

No. 2(73) 2025 TECHNICAL UNIVERSITY
MyHJIa
1 1 1 1
-] p’ i q oo P'r j q
7 r 7 7
G, = sup Z w] v, F Z bleug | G, =sup Z ah v’ Z u,
A= k=1 L k=1

Conbiven katap C &~ G, myaga C — (11) TeHCI3AITIHIH €H Killli TYPAKTHICHI.
bi3 Oaranaynap ke3iHjae keneci KapanailbiM TEHCI3AIKTEeP/Il KOIIaHAMBI3:

Erepa; = 0,i=1,2,...,k, onna
Zaf‘i- Zai ,oa= 1. (12)

i=1 i=1

Avitanpik a; > 0,b; > 0,1 <= n < N = o GonceiH. Oxma 0 < a < 1 ymin
1

N % N N é N é N o
<Z(ai+bi)“) s<2a$+Zb$) < 20! (Za) +<be‘> a3

i= i=n
Conpaii-ak 613re Keneci mamanap Kaxer:
1
B k \r
(Zk:a |Wk Yica ak,ifil )r
1

(= wflP)P

1

(ZE:a Wi 20, ai,kfi|r)F
—.
(2, IvflP)P

Jip(a,B) = sup

» Jep(a, ) = sup
£20

f>0

Kemnicim: E <« F gerenimis p, q sxoHe I' mapameTpiepine toyeni keil6ip C typakreicbiven E < CF
oinnipeni. ConsiMeH Kartap, E a: F Oenrineyi E << F << E ekixkakThl Oaranaysl.

HoTmaxenep MeH TaaKbLIay

Keneci mamanapabpl eHrizenik

£
o q
_ a| +
Al = sup z Uy ]rp(l'])'
j=1 4
n=j
1
a4\ q
/ N C r\
A, = sup Z ug aj ;Wi v,
j>1 _ .
n=j k=j
1
a\ q L
n r
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Teopema 1. Aiitanbik 0 << p < q < coand 0 < r < oo xoHe (ahi) MaTpPHIACKIHBIH JJIEMEHTTEP1
(5) maprTe KanararTasaeIpchiH. OHMa (3) onepaTops! YiIiH (2) camMaKThl TEHCI3AIT

a) 0 < p =1 Gomrana opeIHAAIa B COH/IA TEK COHJIA, erep A4 = max{A, A, } < oo,

b) p > 1 Gonranaa opbIHAAIaIbI COHIA TEK COHMA, erep A = max{A,, A;, A} < o.

ConbiMeH Karap (a) xarmaiina C = A xoHe (b) karmaiina C ~ A, mynna C — (2) TeHCI3iTiHIH
€H KIIlIl TYPaKTHICHI.

Honenneyi. Kaxxerriniri. Aiitansik (2) Tencizairi eq kimi C > 0 TypaKTbICBIMEH OpPbIH/IAJICHIH.
AnpIMEH TeopeMaHbIH () KaFJaiblH TONENACHIK, SFHU A < o0 QONaTBhIHBIH KOpCceTeHiK. (2) TeH-
CI3IIKTIH TYPHICTHIFBIHAH

1
1 q\d
D r

j p [e3) n k r
q
i) =[S (3 Y et
i=1 j k=1 i=1 /

n=j

1 1
o0 q/j k ™\
> Qb ) e ), at
n=j k=1 i=1
HIbIFaaAbl )KOHE
1 1 1
) N © q
Yoy (Wi afi] )" _
> z o Sup( L kill) (S w) s ap=a (14)
>0

n=j (Zioy wifiP)P n=j
6omanel. Erep tenciznik Vi € lpﬂ, YLIIH OpBIHAATATBIH 00JICa, OHa KaHaai na Oip f € Ipﬂ, YIIiH 118
opbeIHIANYhI Kepek. COHbIKTaH, f € lp TeKcepy Ti30eTiH TaHIaIl ajbll, (2) TSHCI3IriHIH OH JKOHE
COJI KarbIHA KOSIMBI3. j = 1 CaHbI yliH f; = { }Gi Tekcepy Tisberi 8 =jyminfj = vt ans #j
yin fj ¢ = 0 Goncein, onza =1

&N, = 1. (15)
Tj Texcepy Tizberin (2) TeHcizaikTin I = I(f) com KaFbIHA KOWBIN, MaTpHIAHBIH j = 1 ymrid 3k.i = Ak j
IIaPThI APKBLITBI

I(H = Z ul Z szk: ak_lf1 )
a

= |a

Q-
Y
M 8
S:
=
,§
-
Y
o
.
—

) Ne]

\

v
et
BC..O
D
3’1

j
n=j k=i i=1

1
a\ q
¢ n r
'f‘__ q r T -1 16
i = U, ak,]VVk V] ( )
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mibiFaipl. COHFBI Oaranay/ia j = 1 ke3-KeJreH caH OOJIFaHIbIKTaH ekl JKarbIHaH ) OOWBIHIIIA CynpeMyM
anampI3 skoHe C - | -JIeH ToyelCi3 GoraHIbIKTaH

1
a4\ q
[ee] n r
A, = suP z ul Z Ay Wi V]-_l < C< oo
j=>
=\ S =
Ocpwinbl xoHe (14) eckepcek Keneci OaranayblH alaMbI3:
A = C < oo, (17)

(b) sxarmait. Byt sxonbr ke3-kenren j = 1 ymin § = {TjJi}il Texcepy Tiz0erin 1 = 1< j ymin
) -

Tj,i = vi_ P ,ali > j yuiH Tj’i = 0 OosmarsIHgail erin Tanmaiblk. Exgenre

1 : 1 .
~ = - P : —p’ p P _p’
||f].||p,V = (z |fj,i.vi|p> = z |vip ‘Vi| = Z viP | <o (18)
i i=1 i

¢ texcepy Tiz6erin (2) Tencizaiktin | = [(f) con xarsma xoitem, Marpunans ki = 3k,j, j = 1,
IIAPTHIH €CKePiI 013 Keeci mamMaHbl aaMbl3:;

(o el o NV

..,
— |
_/

Q=

o n j
7 q ¥ q -p
I(f) = z u, Z wkz ay;f; > Z u, Wy ay,;V;
n=j k=1 i=1 n=j k=j i=1
1

9\ q )

00 n r )
q r r -p

= Z u, Z ay Wi Z v . (19)
n=j k=j i=1
(18), (19) xone (2) TeHCI3AIKTEPICH
1

Nag , . 1

(543 Y
C=> Z u Z ay Wi Z v, P ,Vj = 1.
\n:j k=j i

mbiFaael. ] = 1 ke3-kenreH caH OOJFaHIBIKTaH, Keleci Oaranay/pl aaMbI3:
1

g, . L
oo n r J p
— q . -p 20
Mo=sup| 2| Qe ) (27 ) se<en -
1= n=j k=j i=1
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_ bp."_ 1 _p.l'

Jlon conaii,j = 1ymintars 1a6ip f; = {TjJs}:: _Tekcepy Tisberin 1 < s < jymin fj A

JKOHE S > | YIIiH TJ-,S = 0 amambiz. OcbiHbI (2) TEHCI3AIKTIH OH JKaFbIHA KOWCAK, OHJIA

&N, = (Zl ) Z [or, v ® Z Pyt | <o (1)

Enni TJ- Tekcepy Tiz0eriH (2) TeHCI3MIKTIH COJl )KaFblHA KOWBIT, KeHiH ay ; = bJ iy, k = j, wapTeiH
€CKepceK, OHa

n=j k=j i=1
1
CANCI
) n r )
q N P ,7P

> z W) wiwr 2 bV ). 22)

n=j k=j i=1
(21), (22) xoue (2)-1eH Keneci MbIFaTbIHBI aHBIK
1
q
oo n r ] P
L I
q . P ., P :
C= E u, E WL Wy E b v; Vi= 1.
n=j k=j i=1
JKorapbiarbliaii COHFBI TEHCI3MIKTIH €Ki skarbiHaH ] = 1 Golibinma cynpemym anambi3
1
o n T\t /i o
E q E E p' P
j— r r
A, = suP u, WL Wi by, v; =C < oo,
=
L e k=j i=1

Conrol xoHe (14), (20) 6aranaymap xenecini oepemi:

A=C<oo. (23)

JKerkimikrimiri. (a) )karmaid. A < oo 60JIChIH, eH/l (2) TEHCI3/I1K OPBIHIATATBIHBIH IOJICIACHMI3.
On yuti sKammbUIBIKTE skoFanTnait 0 < f € L, , nen anampis. inf@ = oo jien anbin Keeci maMaHbl
aHBIKTAUBIK
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® k
S, = Inf{s € Z Z sz afi | <276+
k=1 i=1
s = s, OonarbiHAal S yIIiH
n k r
n, = inf nZl:Z wkz ayifi | =27
k=1 i=1
OHnpa
ng—1 Kk r ng k r
Z wkz ay;fi | <27 SZ sz ayifi
k=1 i=1 k=1 i=1
KoHe Ng < j < ngyy — 1 ymin
1
j k "\r
25 < Z sz ay;f; < 25+, (24)
k=1 i=1

Ocoian N HaTypasi caHjap >KUbIHBI

N = U[ns'ns+1 - 1]

s>1
Typinae epHekteneni. (2) Tencisairinin [ ( f ) oH xarbl YiIiH (24) OGaranayblH KOJJAHBIT KeJleci
KaThIHACTBI aJaMbl3:
1

q\ a L
ngy1—1 n Kk r\ T - L
I(f) = Z z ug E Wik E ak,i fi << E 2q(s—1) § ug . (25)
) s k=1 i=1 S n=ng

Opi Kapail gonenjey Ke3iH/e KakeT O0IaThIH KeleCci OpHEKTEeP Il KapacThIpaMbl3:
I' TapaMeTpiHiH €Ki JKaFJIalbIH JKeKe-)Kkeke anarbiH Ooincak, (10) »xoHe MUHKOBCKHI TEHCI3IITIH
KOJIZIAHBIN 1 < 1 < oo YIIIH KEJCCiHI ajJaMbI3:

1 1
Ng k "\T ns—1—1 k "\T
25_1 == 2S - 25_1 S z Wk z ak,ifi - z sz ak,ifi
k=1 i=1 k=1 i=1
1
ng k "™\t
< sz ay if;
k=n571 i=1
1 1
N k "\ N Ns—1 "\ T
K Z Wi z ak'ifi + z Wk z ak,ifi . (26)

k=ns_1 i=1’15_1 k=ns_1 i=1
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0 < r < 1 Oosxrad xarmaiina

1 Ng k r ng_1—1 k
21‘(5—1) == 21‘(5 1)) = 21‘ 1 sz ak,ifi —_ sz ak,ifi
k=1 i=1 k=1 i=1
Ng k r
1
-1 Z sz i
k—l’ls_l i=1
ng k r ng Ns—1 r
1G4 z Wy Z ak,ifi + z Wy 2 ak,ifi . (27)
k=ns_1 i=I‘lS_1 k=n5_1 i=1

Anran (26) xoHe (27) TeHcismikrepi apkpumbl (25) KaTeiHAcTHI Oaramay ymin 4 = 1 sxome
0 < q < 1 xkarnaiinapsin xeke KapacThlpambi3. q = 1 6oranaa Munkosckuit, an 0 < q < 1 Gonran
karmaiina (13) TeHci3airi kKeMeriMeH exi Karaana aa

1
( a)
Ns4+1 k "\T
O\, 2 > (>
k=ns_; i=ng_4
1
q\ a4
/ Ns+1 Ng—1 "\ T
H2 2 > (] ) | =ue @)
k= =Ng_q i=1
anmambI3. AnapiMen |; Garanaibik,
1
a0 =
Ng41 ng 5 q
q q
| D) (Fpmennd) ) ul| ) mEP | |« (Z (15, n))
s n=ng i=ng_1 S
1 1 a =
© s B d oo a ng E q
Xz u, z |vif [P < supJf,(1,)) Z u, Z Z |vif; [P
n=ng i=ng_1 =1 n=j S i=ng_q
g = 1 GoaranapikTaH, (12) TeHci3airi OoMbIHIIA
(29)

Il < Al ”f”p,v

6omnanel. Enni I, Oaranaiieik. [lapt 1 Goiibinmna

1
r 4\1
Ng4+1 Ng—1 Ng—1 r
q
IZ << Z Z un Z Wkakns 1 Z Z kak Z bns_llifi
S n=ng i

k=ng_q i=1 k=ng_q i=1
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1
Ns+1 T /ns-q a\1
< Z Z Z An,_ Wk f;
\ k= =Ng_q i=1
1
Ng41 Ng Ng—1 a\1
Z Z Z Wy Wy Z b, ., ifi = Ip1 + Ipz. (30)
222 )

[, 1-ni xeneci Typae xa3zaibIk

I = (2 (Z i) ll1(n)> (31)
MYH/IaFbl =1 \i=

Ns+1 r

() —Z Z Z aln, WL | 800 =10.)

knsl

xone 8(-) — JlupakTein )JenLTa-(byHKumcm. (31) xarpinacka Teopema C KongaHncak, oHja

1
© q
Ly < fsup( D @) | Vit il (32)
-

n=j )

(32)-1b1H OH KaFbIHA TOMEHJIET1 OPHEKTI KOJITaHBIIT

q q
oo Ng41 r (] n r
r r q r r
n= Ns—12j n=ng k=ng_q n=j k=j
KeJIECIiHI aJlaMbI3:
Ly <A |f]lpe- (33)

JXKorapeinareiaii I,, — Hi KeJeci Typ/ie ’Ka3aMbl3:

L, = (i (Z bn,ifi)quz (n))q, (34)

| =

n=1 i=1
M¥H,H8.FBI
Ngty T
12 (n) = Z Z Z wiwf | 8(n—n,_,).
k=ng_,

(35) tenuikreri by ; MaTpunaceHbIH d1eMeHTTEp] 1 GolibIHIIA ocTelTiH 6oaranabikTan, Teopema D
OoiibIHIIA 1

I, << sup zb M2 () Vj_l l£llp,v-
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k = ng_; ymin by _ 0 < ayj mapreia eckepin

q
[e9) Ng41 ng r
q Iy, T
n=j ng—13j Ng k=ng_,
q q
Ng41 ng r (e} n r
q r r q r r
& Z Z u, Z apwi | < E u, ay ;Wi (35)
Ng_12j Nn=ng k=ng_; n=j k=j
amambI3. OchIgaH
L €A |f]lpe- (36)

Kopsiteiagsinait xkene (28), (29), (30), (33) xone (36) Garamaynapsl C << A Oepeni. Ocviman
xoHe (17) TrencizaikreH C & A MIBIFAJIBI.

(b) xarnaii. by ke3ie TeopeMaHbIH )KEeTKUTIKTI O6Jtiri (a) )KaFaai1aFbl CUSKTHI JoJIeieHe 1. SIFau
I <« I, + I, GaranaybIH anamei3, MyHars! 1; sxone 1o (28) eprekreri mamaiap. E = 1 Gonraumpikran
(29)-narpi cuskrel 1; < A, ||f]l,,, anmambis. Keitin (5) maprein nadnanasein [, « I, + I, anamsis,
MyHJa [,, koHe [,, (30) Garanaysiarsl mamanap. Opi kapai (31) xareiHaceina Teopema A Koil-

nanbin 121 conaii Iy << Agllfll, v anyra Gomanst, an (32) karsiHachiHa TeopeMa B xonmanbimn
1

= . —_—

J \P *©
—p
Lz < max{ sup Z bz () z v ) s ) e Z bhv | Il
]>1 = =1 =i J
aJlaMbl3. (35) HIapThIHAH
1 1
) ) pP
su b? 1, (n) v, P KA
p n'j IJ'Z i 3
ji=1 e
n=j i=1
anambi3. COHBIMEH Kartap,
Ll Cl
g Ns41 r g n r
n:] nS 1>] n= 1’15 k nS 1 n:j k:]
HIAPTHIHAH KeJECiHI alaMbl3
) q j p?
sup U, (n) bl v P KA
' 2 j,i Vi 4+
=1 . é
n=j i=1

Ocbunapnan 1, <« max{A;, A }||f]|, . Garanaynapein anambiz. Ocbl xoHe (29) mapter 6izre C < A
oepeni. Ocpunaifima, ocel 6aranay xoHe (23) mapTeiHaH C &~ A SKBHBAJEHTTI OOJATHIHBIH aJlaMbI3.
Teopema 1 TYXKBIPBIMBIHBIH JOJIEIICY] asKTaJIbI.

231



HERALD OF THE KAZAKH-BRITISH

No. 2(73) 2025 TECHNICAL UNIVERSITY
AiTanbik _ %
B; = sup Z up | JipGooo),
=1 n=1
1
T
B, = sup Z ug Z aj), wi vil,
=1 \nzl k=n /
q : 1
j j T\ /o p
B; = sup Z ug Z aj), wi Z v’ |,
=1 n=1 k=n i=j
1
j j A/
B, = sup Z ul Z WEWE 2 by v, "
=\ = k=n =

Teopema2. Atitansik 0 < p =< q < and 0 < r < o0 xoHe (31,k) MaTPHUIIACHIHBIH YJIEMEHTTEP1
(6) waptThl KaHaraTTaHAbIPChIH. OHJA (4) onepaTopbl YIIiH (2) caaMaKThl TEHCI3AIr
a) 0 < p =1 gonranna operananams: conna Tek conna, erep B = max{B,,B,} < oo,
b) P > 1 Gonranna opeinganans! cona Tek conna, erep B = max{B,,B;,B,} < co.
ConbiMeH Karap, (a) xarmaiina C ~ B xone (b) xxarmaiina C ~ B |, mynna C - (2) TeHCi3airiHiH eH
Killll TYPaKTHICHI.

Honenneyi. Kaxerriniri. Ex kimni C = ( TypakTbIChIMEH (2) TEHCI3IITT OPBIHAAJICHIH.

(a) xxarmaif. B < oo GONaTBIHBIH KOPCETEHIK. (2) TEHCI3AIKTeH

1

1 1 1
® p j q [’ ) r\r
q
C E |vifi|P | = E u, E Wy E a; i f;
i=j n=1 k=j i=k
Ocpbinan KeneciHi aimyra 0omabr:
1
j q
§ a | - ¢ —
C 2 Sl:(? un ]r,p (],oo) - Bl' (37)
j=>
n=1

j= 1 cansl ymin 85 = {Ej,s}:‘:lTeKcepy Ti30eriH anailblk, MyHzAa § =] yuiH &c = Vg Tans#j
ywin g ¢ = 0, onna
Il = 1 (38)
8j Texcepy Ti30eriH (2) TEHCI3MIKTIH COM jKaFbIHA KOHCAK, OHIA
1

K}
Q| =

j r

q\ d
j j j
I(8) = Z u, Z sz a; k8j,i = Z u, z a5 Wi vl (39)
k= n=1 n

n=1 k=

8
—

n i=j

(38), (39) kone (2) -neH
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ConFbl TeHCI3IK koHe (37) KenmeciHi oepei:

B = C < oo. (40)

-_— r " -
(b) xarmait. 1 < j < N < oo ymin Tekcepy Tis6erin j < i < N ymin &; =v,© ,anl <] xone

i > N ymin gj,i =0 ananbeIK. OHa

1
N p

N ) . p )
g, =D [ vl ) =D v ) <e (41)
i=j

i=j

8 Tekcepy Ti30eriH (2) TEHCI3AIKTIH COJ KarbiHa KOMBIII, KeJIeCl HIaMaHbl aJlaMbl3:
1

j j N \ / %E N ,
@Y wl > [w aud, \ ]kwﬂ PRARRC

n=1 k=n i=j i=j

(41), (42) xone (2) -nen ansiaFaH TeHcizgikre | = 1 GoiibiHIIa cynpeMyMm ajcak skone N — oo
IIEKKe KOIICEK Keyeci Oaraiay/Ipl ajambl3: 1
. i a4\ q 1
] ] r )

p
B; = sup Z ul Z aj Wi z v, P <C (43)
j>1

n=1 k=n i=j

. . . .. .o a1 —p' .
1 <j< N < o ymin tekcepy Tiz6erin j < s <N ymin §;s =b£j v " xome s <j xome s >N

YIIiH Ej,s = 0 gen anpimn, (2) TEHCI3MIKTIH OH KarbIHA KOHMI)I%
N p
P b
z Bvi? | <o (44)
s=j

Enni 8j Texcepy Ti30erin (2) TEHCI3AIKTIH cOM XkarFblHa Koicak, Keilin (6) mapT GoiibIHIIa
1

N

lgl,, =

s=j

’—1 —p, .
j S

. . q
) ) r

1) > z ul Z whwi Z bl v ). (45)

n=1 k=n

(44), (45) xoHe (2)-1€H Keseci TeHCI3MIKTI aimyFa 0oJa bl 1

r

e
s, sp Yt oo me =
J :
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Conrbl xoHe (37), (43) OGaramaymap Kenecini oepei:
B=C<o. (46)

Kerkimikriniri. (a) sxarpaii. B < 9 Goncein, eni (2) TeHCI3AiK OPBIHIATATEIHBIH JJIEIAEHMI3.
0 = fel;, Goncrn. infd = oo nen anbin Keneci MaMaHbl aHBIKTANBIK

Seo = ians € Z:Z <sz ai,kfi> > 2_“}.
k=1

)
i=k

§ = S., OonaTpIHAAN S YIIIH

Onpa

o [e’] ryr
275 < z (wkE ai,kfi> < 276D, (47)

k=j

N = U[ns, Ng.y — 1]. cannap sxubinb!
szl
(2) rencizuirinin /( f°) ou xarbl yiin (47) GaranayblH KOIJIAHBI Keleci KaThIHACTBI aaMBbl3:

1
qd
Ng4q—1

/ ns+1—1 o) foe) r F\a
I(f)s\z z u Z <sz ailkfi> / < 40 Z 2-a(s+D) Z W) @8

Q| =

k= i=k

1 < r < oo yIIiH Keneci OpHEeKTI KapacThIpaMbI3:

1
- . N\ T o . r\r
276D = 275 — 27G+D < z (sz ai.kfi) B Z (sz a“‘fi>
k=ng4;—1 .

i=k k=ng; i=k
1 1
Ns42 Ng42 ™\ r Ns42 0o "\ r
K Z sz ai'kfi + Z Wi Z ai,kfi . (4‘9)
k=l’ls+1—1 i=k k=ns+1—1 i=ns+2
0 < r < 1 Gonran xarmaiina
Ns+2 Ng42 r Ng42 [} r
(Z—rs _ 2—r(s+1))
—r(s+1) —
e =2« Z we Y ayf | + Z Wi Z auf | . (50)
k=l’15+1—1 i=k k=l’15+1—1 i=1’15+2
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Anran (49) xone (50) TeHci3mikTepi apKpUThI (48) KaTbIHACTHI Oaraiacak, OHIa

1
r 4\ 1
ns41—1 Ng42 Ng42 r
S n=ng k=ng;41—1 i=k

1
q\ g
/ ngy1—1 Ng42 [*5) r I'\
+ z Z ug Z Wy Z ai‘kfi = Il + 12. (51)
s n=ng

k=ng11-1 i=ng4,

AngpiMer 1, Oaranaiibik.

1
a\ =
Ng4q—1 Ng42 p\q
q
I1 z ]rp(ns+1 1ns+2)) Z Uy Z |Vifi|p
i=ng41—-1
1 1
Q3
j r1s+2 p\q
q
<sup( > ul | JipGr0) Z whlP ) | <Billfl,. (52)
=1 n=1 i= ns+1—
Engi I; Garanaiisik. [llapr 2 GolibiHina
1
q 1
ng4+1—1 Ng42 T [*¢] a\ 1
bl Dl Qe |
S n=ng k=ng41—1 i=ng4,
1
ngy1—1 Ng42 % (] a\ 9
q _
Y>>l > k] [ D b fi] | St (53)
s n=ng k=ng41—1 i=ng4,
I, ,-1i xkeneci Typae xa3zamMbi3
1
[} %) a
Iy —<Z <Z i) @1(“)) (54)
MyH/1a
q
ngy1—1 Ng+2 r
_ q
G =) > ull > wiah | 8—n.)
s n=ng k=ng;1—1

xoune 8(-) — Jupakteig gensra-QyHkiuscel. (54) kareinacka Teopema C* KongaHcak, oHia
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j q

Ly < {sup( " @u(m) | vt It (55)

>1
J n=1

(55)-TiH OH XaFbIHa TOMEHJIET] OPHEKTI KOJITaHBITT

q . . q
ng41—1 Ns42 r ) J r
q r r
ng42s n=n k=ng41—1 n=1 k=n
KeJIECIHI aJlaMbI3:
I;1 < Bal|fflp.- (56)

XKorapeinareiiaii 1,, — Hi Keneci Typle ka3zambl3:
1

Iy = <i (i bi,nfi)q (Pz(n)>q' (57)

n=1 \i=n
MyYHZIarbl
Ng41—1 Ng42 T
— q g
(Pz(n)—z Z U, Z W Wy | 6(n —ng7).
S n=ng k=ng41—1

(57) renuixreri Teopema D* GolibiaIa .
( j q )
I, = { SUP z bl@2(n) | v } II£1lp -

Ng., = Kymin by, , 0k < @y mapreHan

j ngy1—1 Ns42 T
q q
S sewe ¥ Sl S
n=1 Ng425 n=ng k=ng41—-1
9 9
ngy1—1 Ng42 r j j r
35l S ) )
Ng425  n=n k=ng41—-1 n=1 k=n
(58) GotibiaIIa
Iz < Ballfllp,v- (59)

Kopseiteiaasinait kene (51), (52), (53), (56) xone (59) Garamaynmaper C << B Gepeni. Ocbiman
oHe (40) TeHcizaikrer C & ‘B IIBIFaIbl.

(b) xarmaii. by xarmait (a) kargaiIarsel CUSKTHI ,I[QJ'IGJ'I,I[CHCI[i. Aran | « I, + 1, OGaranaywin
anmambi3, MyHaarsl 1; sxone [ (51) epuekreri mamanap. _ ::’ 1 Gonraumpikran (52)-nmeri CHAKTBI
I; <« Byllfllpw anamers. Keiiin (6) mapTsin maifgamansimn I2 <« I,4 + I, amamer3, mynna l,, sxoHe
[,5 (53) Garanaysingars mamanap. Opi Kapaii (55) KareiHachkiHa TeopemMa A* KOIIAHBII I9J1 COMai

I,1 < Bs|lfllpv amyra 6Gomansr, an (57) karsinacsina Teopema B* komnanbim
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( 1 1
j 97 e P
[, < max{ sup Z b?‘n(pz(n) Z Vi_p ,
=\ = im
= 1\
j 4/ .
sup( D o) | | ) bhv | il < max(Bs, B3l
= \n=1 =

Conrpl Oaramaymap xone (52) maptel 0isre € << B 6epemni. Ocpinaiiia, ocsl xkoHe (46) mapTh
C ~ B 6epeni. Teopema 2 gonenzeyi asKranisl.
AWNTAIBIK

. . q
] ] r 0 p

_ q r p'—p
o (o) | (L)

n=1 k=n i=j

P

= Qo
8

F, = sup Zug Zb;kwﬁ Zw?vi_p
j>1

n=1 k=n i=j

Teopema 3. Alitanbik 1 < p < q < coand 0 < r < o xone (ai,k) MaTpPHIACKIHBIH JJIEMEHTTEP1
(5) maprTel kanararTaHaeIpchiH. OHma (4) omeparTopsl YmIiH (2) camMakThl TEHCI3AIr OonraHaa
OpbIHIAIabl COHMa TeK conna, erep F = max{B,,F;,F, } < c. Consimen karap, C ~ F, mynna C -
(2) TeHcI3aITiHIH €H Killll TYPaKTHICHI.

Eckepty. Teopema 3-teri B, mamacel Teopema 2-7¢H allbIHFaH.

Tonenpeyi. Kaxerriniri. By Teopemansiy gonenaeyi Teopema 2-re ykcac monengeneni. By < C

Oonatbiabl (37) TeHci3mikTeH Kopyre Oomaibl. 1 < j < N < oo OonceiH. F, = C jmonenzey yiuiH
r I
. . . .o p-1_-p . .. o .
Tekcepy Tis0eri j < i< Nymiu8;; =2; Vi ,ani<j,i> Nyming;; =0 rypinge rannamazms.
" . .
An F, < C kepceTy Y Tekcepy Tiz6erin j < i < N ymin &j; = o} lvi Plani< j, 1> N yunx

8;: =0 nen amamer3. Ocsl Tekcepy Ti30ekTepiH (2) TEHCI3MIKTIH OH JKSHE COJI JKaKTapbIHA KOMBIII,
KOFapbLIarsl TeopeMaapblH KaKeTTinik Oemiri cuskTsl F =< C < oo amyra Gomnasl.
XKerkinmikrimiri. byn TteopeManblH skeTkimikTi Oemiri Teopema 2 cuskrbl Oactamagpl. (51)

rencismixrerinein | <1l t 1 Oaranaybin amambi3. [y << By||f|l, Gomaremsr (52)-meri cusikrel

anbiHaabl. Keliin (5) maptel OoiibiHIIa

1
q 2
ngy1—1 Ngy2 r o a1
§ é q é r E
12 < u, Wy ai'ns+2 fi
s n=ng k=ng41-1 i=ng4,
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1
ng1—1 Ns42 T ] a1
+ Z z ul z bh, Wk Z w; f; = I + Ip,.
y n=ng k=ng41-1 i=ngyy

I, Garanay ymin JlupakteiH aenbTa-(QyHKIUICHIH KOJIAHBII, Keiin (5) mIapTThl KaHaFaTTaH-
JBIpaThIH MaTpuackl 6ap Xapau TeHci3airia anambi3. Ockl TeHci3nikke Teopema G maiimanaHbin
I,; « max{F,,F, }Ifll,+ amambis. An I,, Garamay ymis JIMpaKThlH AenbTa-(GyHKIMACHIH SKOHE

Teopema A* konmansim 22 < Fz ||f|l,v anyra 60maner. Ocwinaiima, C <« F 6onarsimsia anamers. Ockl
Oaranaynan xone F < C mapreian F &~ C misrraabl.

KopbIThiHIBI

By sxymeicra mapamerpaig 0 < p < q < o xone 0 < r < o xarnaiinapbinga MaTpULIATBIK
oreparop KaTbICKaH HWTEepalUsUIaHFaH JUCKPETTI XapAu TEHCI3IIrHIH OpPBIHJATYBIHBIH Ka)KeTT1
YKOHE KETKIUTIKTI IAapTTapbl COTTI TYPJE aJIbIHIBL. AJBIHFAH HOTIKENEP — KaHa. AJIJarbl 3epTTeyiep
(5) maprnen OepiiareH MaTpuIia KaTbICKaH KBa3UCBI3BIKTHI onlepaTop/s! Ps 4 xkoHe I mapaMeTpliepiHiH
KaTBHIHACHIHBIH KAJIFaH JKaFJaiaapbelHa KapacThIpyMeH OaiIaHbICTHI.

Kap:xbutanapipy Typasabl aknapar. by 3eprreyre Kasakcran PecrnyOmnukacsl FeutbiM jkoHE
JKOFaphl O1TIM MUHUCTPIITiHIH FbuibiM KOMuUTETI Kosinay kepcerti (I'pant AP22684768).
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TPEXBECOBBIE HEPABEHCTBA AJISI HEKOTOPOI'O KJIACCA
MATPUYHbBIX OIIEPATOPOB

AHHOTAIHUA
Kputepun BBHITOTHEHHS HEMPEPBIBHBIX W JIUCKPETHBIX HEPABEHCTB, BKIIFOUAIOIINX OIEPATOPHI Xap/Iu, SBIIS-
FOTCSI OJTHOM M3 KJIFOUEBBIX MIPOOJIEM B TEOPUU BECOBBIX HEPABEHCTB. PacCCMOTpEHHE UCKPETHBIX HEPABEHCTB LISt
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KJlacca MaTpUYHBIX OTIEPATOPOB MOYKHO CUUTATh HOBBIM HalpaBJICHUEM HCCIIeIoBaHMi. B o0miem ciry4yae, mockosb-
Ky KpUTEpPHH yCTOHYMBOCTH B BECOBOM HpocTpaHcTBe Jlebera [uisi JUCKPETHOTO OIepaTopa ¢ MaTpUYHBIM SAPOM
HE OIpeIesIeH, K MAaTPHILIE 33AaI0TCSI Pa3INYHbIC YCIOBHSL, YTO MO3BOJISIET MTOTyYaTh OojIee MUPOKUE Pe3yIIbTaThl 10
CpaBHEHHIO cO cirydaeM Oe3 MaTpuubl. B nanHON paboTe MBI paccMaTpuBaeM JUCKPETHBIE KBa3WIMHEHHBIE OTepa-
TOPBI C MaTPUIIAMH, YIOBJIETBOPSIOMINMH ONPEIEICHHBIM yCIOBUSAM. [lomydeHHbIe pe3ynbTaThl [T KBa3HIMHEH-
HBIX HEPABEHCTB MOTYT OBbITh IPUMEHEHBI IIPU ONTUCAHUH OUIMHEHHBIX HEPABEHCTB Xap/Iy.

KiaioueBrble ciioBa: HEPABCHCTBO Xapzu/l, BECOBad NpOCTPAaHCTBA JleGera ManPI‘-IHLIﬁ oreparop, KBa3UJINHEH-
HBIC OIICPATOPHI.
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THREE-WEIGHTED INEQUALITIES
FOR SOME CLASS OF MATRIX OPERATORS

Abstract

The criteria for the fulfillment of continuous and discrete inequalities involving Hardy operators are one of
the key problems in the theory of weighted inequalities. The study of discrete inequalities for the class of matrix
operators can be considered a new direction of research. In general, since the stability criterion in the weighted
Lebesgue space for a discrete operator with a matrix kernel is not defined, various conditions are imposed on the
matrix, which allows for obtaining broader results compared to the case without a matrix. In this work, we consider
discrete quasilinear operators with matrices satisfying certain conditions. The results obtained for quasilinear
inequalities can be applied to the description of bilinear Hardy inequalities.

Keywords: Hardy inequality, weighted Lebesgue space matrix operator, quasilinear operators.
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ONTUMMU3AIIMOHHBIN AJITOPUTM JIJISI UUCJTEHHOM PEAJTU3AIIUUA
JTPOBHOM MPOMU3BOJIHOM I'PIOHBAJIB/IA-JTETHUKOBA
HA OCHOBE IPUHIIUITA MEMOMU3ALIUU
JJs1 OBBIKHOBEHHBIX TU®®EPEHIIVMAJIBHBIX YPABHEHUI

AHHOTAIUA
Jlpo0GHbIe mpon3BoIHbIE Oarogaps cBoel HEIOKaJIbHOCTH MOTYT OIHMCHIBAThH CIIOXKHBIE MIPOLIECCHI, TJe HCTO-
pUYecKre NaHHbBIC BaKHBI IS OyAymnX BeYUCIeHHNA. OQHOBPEMEHHO JAHHOE CBOWCTBO MPHUHOCUT TPYIHOCTH IIPH
YUCIICHHBIX MOJCIINPOBAHUAX. DTa CTAThS MPEACTABISIET HOBBI JUCKPETHBIHN OMepaTop sl alpOKCUMAIINH APO0-
HOU MPOU3BOJHOM Ha 0CHOBE orpesesieHus [ prouBabia-JleTHUKOBA, «IIPUHITUIIA KOPOTKOHM MaMSTH, MEMOU3AIUU
U QHAIMTUYECKUX MPEANONOKEHUN. JIaHHBIM ONeparop CyLIECTBEHHO YMEHbIIAET KOJIMUYECTBO ONEpaluil B Ipo-
1ecce BHIYMCIICHNH, IPU PELICHUH KPAaeBbIX 33/1a4, 32 CYET COXPAHEHUsI BEIYUCIISIEMBIX IaHHBIX U IIPe0Opa3oBaHus

JUIs JaJIbHEHIIEro UCIOIb30BAHNUS C PETYIUPYEMON TOYHOCTBIO.

KuroueBble ciioBa: 1poOHas TPOU3BOIHAS, HEIOKAJIBHOCTD, IpOoOHAas pon3BoAHas [ pronBanbaa-JleTHUKOBA,
ONITHUMU3ALINS, MEMOHU3ALIUS, YUCIEHHOE PEIIeHHE, TUCKPETU3alts IpOOHOM IPOU3BOIHOM.

1. BBenenmne

1.1 Ipo6HO€ ucuuncienue

JpoOHoe ucunciaeHne Hapsay C KIACCHYECKHM MaTeMaTHYeCKUM aHAJIM30M HM3y4aeT CBOK-
cTBa muddepeHInaIbHbIX U HHTETPAJIbHBIX OTEepaTopoB ApoOHOTro Topsaka. JpoOHoi mpou3Bo-
JTHOM Ha3bIBaeTcs 00001IeHne 0OBIKHOBEHHON POU3BOAHOM JUIsl HEIIEIbIX 3HaYeHUH nopsiaka. Kak
CJIE/ICTBUE, TAKOE PACIIUPEHHE OTKPBHIBAET HOBBIE BO3MO)KHOCTH MPUMEHEHUS JIPOOHBIX nudde-
peHuuanbHbIx oneparopo ([1/10) B ypaBHEHHsIX, OMUCHIBAIOUINX (PU3UUECKUE TpoLecchl. MeToa
omnpenaenenus: JIJIO cran oTaenbHON TeMOW Il UCCIEAOBAaHUS U TUCKyccui. Ha maHHBIH MOMEHT
CYIIECTBYET MHOKECTBO BapHaHTOB ero onpexaeneHus [6—10]. Hanbomnee pacnpocTpaHeHHBIMU CUH-
tatorcs onpenenenus Kamyro, Pumanna-Jlnysusuis u ['prouBansaa-Jlernukosa (IJ1), aBa mocneaanx
orpeeneHust OyayT MPeACTaBICHbI B CEKIUH 2.2.

1.2 CymHocTh ApoOHO-1ub GepeHIaIbLHOTO oeparopa

B pabore [4] nox nHazBanuem «Yto Takoe ApoOHAst MPOU3BOIHAA?Y» MPEUIararoTcsi aKCHOMBI
(wide sense criterion u strict sense criterion), HeoOX0UMbIE ISt COOMIOEHUST APOOHBIM OTepaTo-
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pom. TapacoB [5] chopmynmupoBas MPUHIMITEI HEJIOKATLHOCTH JAPOOHOW MPOU3BOMHON. BakHbIM
pe3yabTaToM 3TON paboThl ABISETCS MPU3HAHUE «HeToKanbHOCTH» JIJIO Kak oHOM U3 ee OTIu4u-
TEJbHBIX CBOMCTB MO CPAaBHEHHUIO CO CBOWCTBAMU MPOU3BOAHBIMU LIETbIX nopsaakos. /10 obnana-
€T CBOMCTBOM HEJIOKaJbHOCTHU, €CJIM 3HaYeHHE APOOHOMN MpOoU3BOAHON (YHKIIMH 3aBHCHT OT BCEX
MPEIBITYIUX 3HAYeHUH (PYHKIMH, TOTIa KaK MPOU3BOIHBIC IEJIOTO TOPSIKA 3aBUCIT OT KOHEYHO-
ro 4Hciia COCEIHUX 21eMEHTOB. CIIeICTBUEM HEJIOKAJIBHOCTH SIBISIETCS CIOXKHOCTh MHTYMTHBHOMN
UHTEPIIPETALNHT TOHATHS IPOOHOM MPON3BOTHON (QYHKINH, a TAKXKE BHICOKAsk TPEOOBATEIHLHOCTH K
CHCTEMHBIM TPEOOBAHUSM MIPH PEIICHUN YMCICHHBIX 33/1a4.

1.3 Tlepcnextussl npumenenus /10

B nocnennue necsatuneTus NomyasipHOCTb IPOOHBIX MPOU3BOAHBIX CTPEMUTENIBHO PACTET, YTO
00yCI1aBIMBaETCs IUPOKUM CIIEKTPOM MX IPUMEHEHHS B pa3HOOOPa3HbIX cepax nHxKeHepuu, ouo-
JIOTMM, MEXaHUKH, TUCKPETHBIX cucTeM U T.1. Hanpumep, HenokansHOoCTh /11O npuMensiercs npu
MOZIETTMPOBAHUM TOBEJCHUS KJIETOK M TKaHel B 3agadax OmowmmkeHepuu [11], B MarepuaibHBIX
YPaBHEHHUSIX JJISl OTIMCBIBaHUS cTpecca-aedopmanun [12]. MonennpoBauch Takxke 3a1add THIPO-
JUHAMHUKU U MarHUTHOM TUAPOJMHAMHUKY C JPOOHBIMHU MPOU3BOIHBIMU 110 IPOCTPAHCTBY B yIpPaB-
nsronux ypaBHeHusix [13, 15]. Cucremsl npoOHBIX nuddepeHanbHbIX ypaBHEHUIN MOSBISIIOTCS
IpY N3yYEeHUH MaTeMaTU4YeCKO OMOJIOTHH, X aHAJIMTHYECKOe perieHue onucsiBaercs B [21]. [po6-
HO€ MCUYHMCIIEHUE COBEPIIMIIO LIETY0 PEBOJIIOIMIO B MAaTEMATUYECKON SYKOHOMUKE, 03HAMEHOBAHHOE
Kak memory revolution, CHapsiAMB MOAETH YKOHOMUKH d(ddekramu mamsatu [16]. 3akoHbl HEMeIl-
Koro yueHoro-pusuka ®uka, sustomuecs GyHIaMEHTOM CTaHAapTHOW moxaenu auddys3un, Haps-
Iy ¢ IpOOHBIM MCUUCIIEHHEM ObUIM UCMOJIb30BAHBI ISl MOMyYEHUs! IPOOHOTO YpaBHEHUS TUCIEp-
cuu [17]. HeogrokpatHOo ObLTO TTO9epKHYTO, 4uTO JIJIO — 3TO MHCTPYMEHT JIs OTTMCAHUSI CIIOKHBIX
CHCTEM C «IIaMSThIO», IJIe HBIHEIIHEE COCTOSHUE 3aBUCUT HE TOJBKO OT COCTOSHUI B OECKOHEUHO
MaJIOM paJuyce IO IPOCTPAHCTBY MU BPEMEHHU.

1.4 MeTozp! anmpoKCHMAaIiu

Kak yxe ormeuanocs Bblie, 0cooeHHOCTh [IJ1O siBnsieTcst ero OCHOBHOM TPYIHOCTbBIO IPH YKUC-
JeHHbIX peanu3anusix. Kaxnoe HoBoe 3HaYeHHE 3aMeISIeT BEIYUCICHHUE CIEIYIOIIEro, YTO P He-
00XOIMMOCTHU JUTUTEIBHBIX BBIUMCICHUNA OOpEMEHSIET BpeMsi OKUIAHHS U ONEPATHBHYIO MaMSTh.
Panee MHOXecTBO aBTOPOB npeaiarainu MeTo bl annpokcumanuu 110 Ha ocHOBe mpUHIMIIA KOPOT-
kot mamsitu (ITKP) [3, 14]. [IpuHiun 3akimrogaeTcsi B TOM, YTOOBI OrpaHUYHUBATH KOJMYECTBO TIpe-
JBIAYIIAX 3HAYeHUH (PyHKIMN J1s1 BBIYUCICHUS APOOHON MPOU3BOAHOM, YTO B HEKOTOPBIX CIIydasx
NPUBOAUT K MpoTuBopeurto camoit cytu JIJI0 xak HenmokanbHOro oneparopa. IlogpoOHsblil aHanm3
OIIMOOK «yCEUEeHHOro» IpOOHOro omepaTopa, OCHOBAaHHOIO Ha ompeneneHuu I pronBaibaa-JleTHu-
KOBa JUIsl OHJIAMH-cUCTeM uaeHTH(UKamu, npuBoautcs B [20]. B pabdore [18] Obul ncnons3oBaH
noaxoJ npenukropa-koppekropa Bmecte ¢ [IKP u npoananu3upoBaHa cOOTBETCTBYIOMIAs OIIMOKA
i uHTerpo-nuddepennnansaoro oneparopa Kamyro. PaccmarpuBanuchy anbTepHATHBHBIE BapH-
anTsl Moudukaru [TKP B padote [19].

1.5 Llens cTaTbu

Lenb paboThl — MpeCcTaBUTh ONTUMU3ALMOHHBIN aNTOPUTM AJIsl YUCICHHON peaau3aluuu 1poo-
HOIi pon3BoHOM [ prouBanbaa-Jlernukosa (IJ) Ha OCHOBE MPUHITUIIA MEMOM3AIIMH U CPABHUTD €T0
3¢ PEeKTUBHOCTD (CIOKHOCTH aJITOPUTMA, OTHOCHUTENbHAs omnoKa) npu permenun O/Y.

2. MarepuaJibl U METObI
2.1 O6061eHne OMHOMHUATBLHON (DYHKIIMH

['enepanmzanus Mpou3BoAHON (PYHKIIMM CTAHOBUTCS BO3MOXKHOW Onaromapsi ['amma ¢yHKIMN
Diinepa, HHTEPIOIUPYIONIEH 3HaueHUs PyHKIMU (aKTopHaia i HeIeJIbIX 3HaueHUH apryMeHTa:

'(x) = fom et t%Vdt Tamke I'(n+1) =n! uaneZ® (D)
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BrunomMuanbHbie KOAQQHUIUEHTHI ONPEAEISIOTCS, KaK MpeioskeHo B [1]:

o T(x+1) 2)
(}’) C Tly+1)T(x—y+1) A x,y € C

2.2 O6001eHe TPOU3BOAHON (DYHKIIUU
IIycts f:U(x) € R — R, rue U(x) 0OKpecTHOCTH TOUKH X, Toraa npousBomnas Gpynkuuu f(x)
orpejeieHa CIeAyIONMM 00pa3oM:

df—.!‘ f(x)— f(x—h) (3)
dx h

Ucxons u3 (3) u nuneitHoctu nuddepeHiumanisHoro oneparopa, Iporu3BoIHas BTOPOTo MOpsiaKa
OTIpEIeIsAeTCs KaK:

fG) —fx—h) flx—h)—f(x—2h)
h

i(ﬁ)_ﬁ_zimf’(x)—f’(x—h)_h.m h _
dx \dx dx? h—o h h—0 h
Eimf(?ﬁ)—zf(x—h)ﬂLf(x—Zh) @
h—0 h®
ITo HHAYKIIMK MOXKHO JTOKa3aTh YTBEPKICHHUE:
TS limh YR (—1) (“)f(x — kh), e (“) =2 o nezt )
x| hag k k kl(n—k}
%] %]
CLDEF(E) = lim h“"z () ft— kR =I£mh“"Z(—1)’f Ma+1) F(t—kh)
h—0 i k h—0 ! FNk+1r(a—k+1) ©)

Onpenenenve IO mo IJI sBnsercs skBuBajieHTHbIM omnpenenenuto J[JIO nmo Pumanna-
JInysumus (PJI) uzBectHoe kax [2]:

m—1l<a<n) (7

BDEF() = ﬁ(;—x) J; %,

rie @ — HAYaJI0 MHTEPECYIOMIEro MPoMeXxyTKa, ms (6) @ = 0.

(7) mpencrapnseT co60i KOMOMHAIINIO IPOOHOTO M MHTErpaIbHOTO orneparopa. OnpeneicHue
PJI ynoOHO npu aHAIMTHYECKUX MaHWUMYISIHAX, Torna Kak ompenencnue [JI Oonee mpakTudHO B
NPUKIIAJIHBIX 33/a4ax.

3. [loaroTroBKa K YMCJIEHHBIM IKCIIEPUMEHTAM

3.1 AnsrepratuBHas popma “EDE

Jlns mpuBeZieHUsT ambTepHATUBHON Gopmbl quddepennnansHoro oneparopa B (6), BOCHOIb3Y-
€MCsl CJICAYIOLIUM HbIHE JOKa3aHHBIM TOXKJIECTBOM:

(1) = o (h ®)

ITpumenum ToxaecTBo (8) Ha k03 duimenTs! B cymme (6)
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(=1) T+ (a—k+1) =1 (k) =1 ( k ) T [+ 1)T(—a)

Torma nMeeM ajbTepHATUBHBINA BU IpoOHO-AH(depeHimanpaoro oneparopa [J1

e Tk — a) (10)

EDEF(E) = lim P F(k_%ljf(t kh)

0 o
VenoBuMes, 9To 3Hadenre [ 1aHo Mo HadaIbHOMY YCJIOBHIO, TOT/Ia KOHEYHO-PA3HOCTHBII aHa-
sor onieparopa (10) BRIMISIUT CIETYIONTIM 00pa3oM:

e ROT(k—a) (b

I'(— o:) I"(k+ 1)

[Ipu yucleHHBIX peaau3ausax JaHHOTO onepaTopa BO3HUKHET OLIMOKA MEPEToIHEHUS TaMsITH,
Hanpumep Ha C++ MakcuMalilbHOE 3Ha4eHue [Tl Tuna JaHHbiX double 1.7e+308, uTo MeHbIIe YeM
vctunnbie 3Havenns [(k — @) u I'(k + 1) mpu k > 180, Gonee Toro, cxema Oy/ieT HEONPEIETIEHHA
JUTSL TIEJIBIX OTPHUIIATENIbHBIX 3HAYeHHH & B CBs3M ¢ TeM, uTo ['(—n) = co mpun € N. Pemenue stoii
IPOOJIEMBI IPEXKC YIKE IEMOHCTPUPOBAIIOCH B [2].

3.2 lunamuueckoe nporpammuponanue ['JI koapdunmenton

Bocnonbe3zyemes cienyrommmM cBOMCTBOM raMMa (hyHKIMHU T ONTUMU3AIMU MTPOLECCa BbIUUC-
JeHUs KO3PPUIIUEHTOB:

G.Lﬂaff'n& 1 __

M(x)=(x—1DI'(x—1) (12)

a .
O603naunm ]I korhhunmeHTs! Kak [ k] Y TIPUMEHUM CBOWCTBA, YKa3aHHbIE B (12)

T(k—a k—a—1)k—a—-2)..(—a (13)
AL N )( (@) ez v
k M—a)(k+ 1) k!
VemoBuMcst, 4To
i—a (14)
Cl -_ .
i+1
W3 gero ciemyer cienyroiee peKyppeHTHOE OTHOIIEHUE MeXKAY KoddduimeHTamu
—a—1 (15)
[o1=122f] = [ & o] = [ %) e

JHannoe omnpenenerne k0d(pPHUIMEHTOB MO3BONISIET BBHIUUCIATH KOAPPHUIIMEHTHI THHAMUYECKH,
MIPEIBAPUTEITHHO OCHOBHBIM BBIYHMCICHHUSAM M W30€KaTh NEPENOTHEHMS MaMATH. Ba)KHO OTMETHUTH
cBO¥icTBa KO (HDUITNEHTOB:

ey (16)
;EE.TE; [k] =0 npu o e [:0,1)

k—a-—-1 (17)
izm— = iamck =1

3.3 Yopomennast popma [JI

B pa6ore [3] aBropamm ObLta TpefcTaBlieHa yHpoIlleHHas (ycedeHHas) ¢opMa TUCKPETHOTO
npoouo-muddepentmansaoro oneparopa I'prorBasbaa-Jletaukosa (I11O0IJI), ocoGeHHOCTBIO KO-
TOPOTO SIBJISIETCS BBE/IGHUE OTPAaHHMYCHHS KOJTMUECTBA COCEIHUX IIEMEHTOB, YUYUTHIBAEMBIX B CYMME.
Amnanoruusas ¢oopma B aHATUTHUECKOM BUJIE 00Cyk1anach B [2].
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GLs ga fn+l _ p—a yminlln+1) p g ern+1—i 18

5, = e SR b f (1%)
. a

ryie L — KOMMYecTBO YUUTHIBACMBIX HIEMEHTOB, a Koohduumentst b;* cootsercTrytor | ; |.

OtHommenne mexay oneparopamu (18) u (11) Beipaxaercs B CIeIyIOIIEM TOXK/IECTBE:
n+1l

GLﬂ.:tzfn+1 _ GL.SﬂgLfn+1 =he Z bfz fn+1—i (19)
i=L+1

[TpuyrHOM NPUHUMAEMOTO YIPOIIECHHS SBIISETCS HEOOXOIUMOCTh YUUTHIBATh BCE MPEABLIYIINE
COCEJIHUE IEMEHTBI, 3TO 3HAUUT, YTO BHIYMCIICHUE CIEIYIOIIEro 3Ha4YeHHsI OyeT BBIMOIHATHCS ME/I-
JICHHCC NIPCAbIAYIICTO. B 00abIINX BEIYUCIEHHUSIX dTO CTAHOBUTCS BEI30BOM JJ1s1 BDEMCHU UCITOJIHE-
HUS IporpamMmbl. OHAKO TpeAIoKeHHast popMa XOTh U pelIaeT nmpodieMy cO BpeMEHEM BBIYHCIIe-
HUS, HO CTPEMUTENIBHO TEePSIeT TOYHOCTh B JOITOCPOYHON MIEPCIIEKTHBE.

PaccMoTpum 4yucCIieHHBIC pelieHHs, TIOTYYCHHbBIE ¢ TIOMOIIbI0 (18) mpu penieHnn 0OBIKHOBEH-
Horo nuddepennuanbaoro ypasHenus (OY) MeTooM KOHEUHBIX Pa3HOCTEH.

re3 I'(2
D**f(t) = TG 15y 5 1) t™% f(0)=0 (20)

I'(2.5) I'(1.5)

C aHAIUTHYECKUM perenneM f(t) = t? + 5t

10K Iterations With Stepsize = 1e-3
160

L= 1000 =———

140 L =500 ==
| L =>5000 —w—

120 L = 10000 —&—

analytical ===

100
80
60

f(t)

40
20

100K Iterations With Stepsize = 1e-3

12000 T T T T
10000 L=500 ——
L = 5000 -

ook L= 10(_100 S
analytical =

6000

f(t)

4000

2000

0 20 40 60 80 100

Pucynox 1 — IIpodunu uncnennoro pemenus ais L = 500,1000,5000,10000
BMECTE C QaHATUTHYSCKUM PEIICHUEM
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Ha pucynkax wu300pakeHbl CpaBHHUTENbHBIE TpadUKd YHCICHHOTO pEIIeHHs s
L =500,1000,5000,10 000 pmecte ¢ ananmutuueckuM. Jna 10 000 utepanuii mocieHue ABa 3Ha-
yeHus mapamerpa L croco6Hbl 1aBath nmpuemiiemMbie pemenusi, Ho mocie 100 000 ureparuii Heno-
0O0p ciTaraeMbIX CTAHOBUTCS] KPUTHUECKUM, KOTOPBIH OTPaXKaeTCsl Ha Ka4eCTBa PEIICHUSI.

3.4 Momudwukarus JI/1IOTJI

BBenem crenyroriee onpeneneHue:

—g pminllmn O] 1 —a n+l hn 21
begﬂglgfn+1=h Z (Ln+1) [k]f +1 k+h ZT + Bi +1 L,SEZ ( )

k=0 =0

716 S — KONMYECTBO MeMeHTOB B oHoM Gnoke, MIN(X, ¥) — yaumensiee u3 xsyx wucen X, 1x] -
HIDKHEE OKPYIVICHHE [0 IeNIOr0,

—leciun+1—-L =0
Tr+ = -L .
{lTI,ECJIHH—I—l—L}U

i
Onpenensiorcs ko3pduiments! B; pexyppeHTHBIM cioco60M B CTPOTo CIELYIOILEM TIOPSIKE:

1)6azaB ' =0 gna i € Z;

(r™*1—)s+L—a+1
(rn+i)s+L+2

2) mepexox B+ = B - i € Z;

3) o6HoBIeHHE Bl i = Bladh + [Li 1] L mpu el 2 _q

msn=0,1,2,..
Crnenyroliee yTBEpKICHUE OTPaXKAET 3aBUCUMOCTh MEX Ty JaHHBIM omieparopom u (11):

1) lim CUAZ|LfeE = Chag et

Omnpenenenue, npemuiokeHHoe B (21), ©MeeT 3aMbICIOBATyIO HIEH0, KOTOPYIO MOXKHO OOBsiC-
HHUTh, PACCMOTPEB OIEPATOP:

mini(L,n+1) Tt
gﬂGL%ﬂgléfﬂ+l — h—a Z [i]f‘rﬁl—k + h—a Z Biﬂ+1 (22)
k=0 i=0

Iian+1={—1,emnn+1—L£O s i
Torma cmn |0],ectun+1—1L >0 ¥ gero  caenyer B = B; "

1._ 1
gprsom By 4[4 ]
CTOUT JIMIIH U3 OJTHOTO OJIOKa BE: , Toraa (22) uMeer BUJI;

1] - f7%, Tak kak T mpuHMMaeT 3HayeHue -1 wim 0 mpasas cymma (22) co-

H M Al n —a o n+1-— 24 n— i
Lim SRAG|Lf ™ = h (Eizﬂ[k]f i k+(L+1)-(Zj=§ff))npﬁn+1>,ﬂ (23)
min(Ln+1)

gﬂGL%ﬂgléfﬂ+l — h—a Z [i]fﬂ+1—knpnn+ 1 = L
k=0

[Tepsoie L + 1 3nauenwmii BeraucnsroTcs kak B (10), mocneayroiye 3Ha4eHUs alllpPOKCUMUPYIOT-
o )
n+1—i o : . o
Cs, KaXXJI0€ ciiaraeMoe [ i ]f an/I6nI/I>KaeTc;1 [L 1 1] - f n+l-i npui=L+1c a0comoTHOM

oot (9], ¢ ]
Ou4eBHUIHO, YTO

lim =0 (24)

i—=L+1
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W3 "ero MOXXHO cAenaTh BBIBOA, YTO oneparop (22) BEIYUCIUT C MAJIOH MOTPEIIHOCTHIO TOJb-
KO TIpH HEOOJBIIOM KOJHYeCTBE uTepamuii oTHocuTenbHo L. TIpu § — o0 omeparop coxpaHseT He-
OrpaHHYeHHYI0 cyMMy Beex f' ANAL < n— L B ogHom GI0Ke ¥ ammpOKCHMHPYET HX BECa OXHUM
koaddurenTom b . [Ipruceons S KoHEUHOE 11EJI0€ 3HAYEHHE, 3ahUKCHPYEM pa3Mep OJIOKa U YMEHb-
IIMM TIOTPENIHOCTh BBIUYMCIICHUS MTyTEM HCIONb30BaHHUS HE TOJIBKO OAHOTO Koddduuuenrta. [lycts
L,S € Z*, paccMOTpUM COCTOSIHME omeparopa Ha j — TOH HTepPalHH, TAaKOH,9TO L = j < L + 5§
Torja s Bbhuucienus “HEAZ|L fI*1 neoOXoaMMO UMETH 3HAaYEHHE B(;F ¥ 1, Tak Kak T/*1 = (. 13

onpenenenus (21) nmeem:

B]=0,j=01,..,L By™ = [Lil] 'fo; By™* = [Lil] i [Lf 1]L_a+1f0;(25)

L+2
Byt =BT ppe—ppm. L 20
L+1. _ pL+1 & 1 ro L+2. _ plL+2 & 1 r1 27
Bt= B+ [ 4] 10, By =B+ [ 4] 1 7
Ucnonways (15), nepe3anuiiem
2 _ [ & ] f1 o4 D (28)
By =[ L] e L ialr
AHaIOru4HO
L—a+1 (29)
ez _ | & ] g2 a 1 - o 0
e P B e a1 DA P )
OOpatuMcs K CBOMCTBY (24) M IPEAIIONIOKUM, Y4TO
L—a+1 o o
ﬁ[L+d]”[L+d+1] anad =23,...,5 (30)
Crnenyer
ez o [ & ] £2 a 1 m a 0 (31)
B w [.L+;]l A P B P 1)
a
BI*™ Z[L+m_k]f’f nnam e Z* (32)
k=0
Torma npu j — TOH UTepaluH, TakoH YTO L < j < L + 5
j-L (33)
1 a K
B, ”Z[j+1—k]f
k=0
L ji-L
: —a O] civ1n o
Tl O A ) T )
n=0 k=0
L j+1
— o j+1-—n a j+1— P afj
= h Z[n]fj+1 + Z [k]fj+1 k MGLﬂthHl
n=0 k=L+1
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3.5 TounocTh oneparopa

B npeasiayniem noapasaene OblIo A€TaabHO pacCMOTPEHO AeiicTBue oneparopa (21) ans ure-
pauuii L < j < L + 5. [Ipeanonoxus popmymny (30) 6but0 npuBeneHo yreepxxacaue (34). B atom
TIO/Ipas/iesie CTABUTCS 3a/1aua HAUTH 3HaueHue ETror st Npou3BONIBHOTO j:

Error = |GLﬂctrfj+1_ Giwgﬂgljfj+1 (35)
HeoOxonumo 3aMeTHTh, 4TO
—l,ecnun<L-—1 (36)

n+l1l __
T _{ﬂ,,ec.nHL+AS£j<L+(ﬂ,+1)S

OuesupHo, uto Error = 0 qua j < L — 1. Ucxons u3 onpenenenus Koaq)cbmmeHTOB B" u(.)
MOXXHO OyzeT HaliT HX sBHOE IpeacTasienne. Kax il nepexon nobasiser k B2 77" tonbko enu-
Hoxk bl [Tycts T2 # —1, Torma

Ti*1 = ), Takomyuto L+ AS < j< L+ (A +1)S, A€ L (37)

(38)
AS<j—-L<(A+1)S
MokeM yTBEpKIaTh, 4TO

(A+1)5-1 (39)

j+1 _ A gk
BT - Z ak f »

k=4S

rae ¢;, € R HeyTOYHEHHBIE KO3GPHIHEHTEL.

HpI/IHHB BO BHUMAaHUE, YTO T! IPUHUMACT 3HAUYCHUS OCICAOBATECIbHO OT 0, To ecTh Ha IPEabI-
AYyIHUX UTepALUIX < LT = 0,1,..., 4 — 1, caenyer 4To

(i+1)5-1 (40)
j+1 :
B/ = ) art,
k=is
rae o € R HeyTo4HeHHble Ko3bbunuenTrl, Anai=0,1,...,4 — 1

OueBugHo, uto T HDI/IHI/IMaeT 3HaueHue N pOBHO Ha POTSKEHUU .S' urepauui, 4To cornacyeTCﬂ
C TEM, UTO Kaxabli B‘r oOHOBIIsIETCS MAaKCUMYM § pa3. PaccMoTpum 3HaueHus B‘r , YUUTBIBast
oOHoBieHus B (21). )j[onycmM J =L + AS insa nenoro HeOTpHLUATEALHOTO A:

e T P P “

B}{HE =CL+1[L$1]fﬂs+[L$ I]fﬂsu (42)

B = (e[ L e [ S+ [ ] ()
(44)

B,{Hs = Zi;é(cul)s_l_k [LT— 1]fﬂs+k )
B;+5+1 o Z I [L j’f_ 1]fﬂ$‘+k (46)

k=
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Torpa kak st { = 0,1,1 — 1

Bl-j“ = B;j "C-is+L+1 47
CremoBaTeiIbHO,
j j s 48
B/*® = B/ - (C(ﬁ—i]5+L+1) (48)
KoMOunmpys HaliieHHbIE TOXKAECTBA, UMEEM:
Jlna npousBoAkHOTO j = L
£-1
j+1 (Z(CL+1)5 Lok [L + 1]f15+k) (Crise1)” - (Crinssn)®
j-L-Titis41 (49)
(CL+{TJ+1—1')5+ 1)
anai=201,..T/"t -1
j—L
e YO B Ve (50)
k=Tit1g
j+1
—a Al cj+1-k _
> lels
k=0
L
— ' L Lejvi| = [p- Y cj+1- —
Error = kA% fi+1 — G’%A?|Sf1+1| = [n “Z [k]f1+1 k| =
k=0
Tj+1
—a Z Bij+1
i=0
j+1 T/+1
5, Bl -
L
k=L+1
j+1 Titl-15-1 T—i—1
ay g 1 a : j-L-1
Z [k] f ok ((CL+1)S 1=k [L + 1] fls+k 1_[ (CL+nS+1)S (CL+(T—i)S+1) G
k=L+1 i=0 k=0 n=1
j-L
j-L—k[ & Ts+k || —
Z(CL+1) [L + 1]f
k=0
) / Ti+1—i—1 \
T/tl-15— s
e fis+h [] + 1 — 15] [L + 1] (cL1)’” 1_[ (CLns+1)” -
n=1 +
i _ j+1
- (CL+(T z)5+1)] e
j-L
Ti*tls 4k a [ a 1. i—L—k
) (4 1-rs i =L 54l @oy=)
k=0

250



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

Ilo AHAJIUTUYCCKOMY BBIPAKCHHUIO OITNOKHU TPYAHO COCIAaTh y,I[O6HBI€ BBIBOJIBI O TOUHOM BEIIU-
YMUHEC INIOTPCIIHOCTH. B cBs3u ¢ aTUM HOI[pO6HBII>i aHaJiu3 pC3yJIbTaTOB 6y,Z[€T MPpCACTABJICH B CJIICAYIO-
meﬁ CCKIIUHU. BaxxHo ormMeTHThH TaK¥KE, TaK KakK

lime, =1 (52)

a—=—1

Hy»XHO OTMETHUTB, 4TO YeM OJIMKe CTEIeHb IIPOU3BOIHOM K -1, TeM MEHbIIIe MHOKUTENH C; BIIU-
SIIOT Ha TIOTPEIIHOCTb.

3.6 Cl10)XKHOCTH aJITOPUTMOB )

PexyppenTHoe onpezenenne koddduuuenros B! 1 B noxcexumy 3.4 aNIpOKCHMUPYIOILIHE TIpe-
JBLIYIINAE DJIEMEHTBI, OUEBUIHO JIACT BBIUTPHIII BO BPEMEHH TOJIBKO MTPH HTEPATHBHOM BHIYHCIICHUH,
T.€. HE UMEET CMBICIIa HCIIOIb30BaTh MOIU(HKAIMIO B CITydasix, KOTIa MpeIblyIne/cIeayomue Ko-
5 (GUIUEHTH He TOHAA00MINCE/TOHAN00ATCS VISl IPEAbITY IUX/ JalbHEHIINX BhaucaeHuni [ ' s
1=0,1,...,j,j +2,... B unom cinyuae, MmoauQukanus OyIeT UMETh IIPEBOCXOACTBO MO BPEMEHH
BBIYMCIICHHSI M COXPAHSTh TOYHOCTD MpH onpeaeneHHom noadope L u 5. Tloatomy crenyromniue pac-
CYKIIEHHS TIPOBOAATCS ¢ npeanonoxenuem, uro moaupukanus 11O ucnonp3yercs npu vuc-
JICHHOM pEIICHUU KPaeBBIX 33/1a4 ¢ APOOHOM MPOU3BOAHOMN MO HEM3BECTHOM (DYHKITHH.

[Tycts pynkmus ¢Lg: N — R OyzmeT ompeaesneHa CleayonmM 00pa3om:

%Lg(j) = KonuM4ecTBO onmepalyii, HeOX0QHMBIX A8 BeIYHCAeHHs LAY f7 o (53)

onpeaeneruto V1

GLm
»

Amnanorndso OymyT onpenesneHs! GpyHkuun *'o o:N = R. Torma npuJ = &

Lg(j) = 0()) (54)
“Eg(j) = 0(L) (55)
““ra(j) = 0L+ l’%]) (56)

Oynknun B ckoOkax O() ONMMUCHIBAIOT BEPXHUE ACHMITOTHYECKIE TPAHHUIIBI TSI COOTBETCTBYIO-
e GyHKIH ciaeBa. PaccMOTpuM BX OTHOIIIEHUE:

GLmJU) L _|_-d 1
lim ——= = lim——S— — — (57)
j== FLa(j)  jee= ] S
U3 yero cnenyer:
6img(j) = 0(“Lo(j)) npuj — oo (58)
|[Ema ()] < E |%*a (j)| ans BCex j mocie KAKOro — TO jj; (59)
MdopMabHO: s
g ()] _1 , |
o) | =3 [l BCeX j Moc/ie KAKOTO — TO ji (60)

KonndecTBO 3eMeHTapHBIX OTepariii, HeoOXoauMbIx st metora GLm B = S pa3 MeHBIIIe,
yeM HyxHO s metoaa [JI mpu mocrarouno 6o0bIux J» HE yUnuThIBas 0OHOBIICHUS U TTepexonl (21).
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v o j+1 Ay
I[GI/ICTBI/ITCJ'IBHO, KaXX bl 0JI0K Bi 3aMCHJCT 0 < CJIara€MbIX B CYMMC (10) YuuTeIBasi MOCTOSH-
HYI0 BEPXHIOIO aCUMIITOTUYCCKYIO I'PaHUIly (—), HETPYAHO HpHI}'ITPI K BBIBOY:

GLSO—U) = O(GLJU)) " GLSO'U) = O(GI’O’U)) HpI/I}. — O (61)

Tax xak Bpems pelieHus IPsIMO TPOITOPIIMOHAIILHO KOJIMUECTBY dIIEMEHTapHBIX OTIEpaIlvii, Bpe-
Ms BeauciieHus metogoM GLm OsicTpee, yem Metonom [JI, HO MenieHHee, YeM METO/IOM YCEYCH-
goro [JI.

4. Pe3yabTaTsl U 00CyxKIeHHe

4.1 TecToBbIe 3a1a4n
PaccmoTrpum urcnienHoe penienre napsl 3a1a4 Ko ¢ 1poOHO# mpou3BOHOM BHIA:

D2 f(t) = g(t),f(0) = f (62)
1 — 1D o5 ¢ _p, f) =t (63)
) g(t) = sl fo = 0; c aHATMTHYECKUM PEIIICHHEM
M@ 5 L T@ g5 o o g3 (64)
2)g(t) = P t oD t%%; fo = 0; c ananmuTuveckum peuienueM f(t) =t 3t

4.2 Pe3ynbrarhl penieHus

Hwxe mnpuBeneHbl auarpamMmbl, WUTIOCTpUpYOmUe 3(GGEeKTUBHOCTh ormeparopoB (21)
L =1000,5 = 200wu (11) mus pemenns (63).

Ha pucynke 2 oToOpakaroTcsi CpaBHEHHE BPEMEHH BBITTOITHEHUS IS TMCKPETHOTO APOOHO-1U (-
(epenunanbHoro oneparopa I pronBanbaa-Jlernukosa (AJ1OIJT) u MogupUIMPOBAaHHOTO AUCKPET-
HOTO JIpoOHO-TH(GepeHIanpHoro oneparopa I proasansaa-Jletaukora (J1JJIOTJI) mst paznuyaHo-
ro KojuuecTBa urepanuu. Ha pucynke 3 moka3aHbl CpaBHEHHE OIIMOKW Ha TOCTEIHEH UTeparun
JUTSL TACKPETHOTO NpoOHO-auddepeHmanpaoro oneparopa [ proaBanbaa-Jleraukosa (AJ10ITT) u
MOAU(UIIMPOBAHHOTO JUCKPETHOTO JAPOOHO-TU(PepeHnraipHoro oneparopa [ pronBanbaa-JletHu-
xoBa (JIAOTJI) ans pa3nuyHOro KOJIMYECTBA UTEPALUH.

0.25

0.2

0.183

10000

GL
GLmM —

15

10

19.348

0.547

GL o
GLm —

500

400

300

200

484.301

. 6.001

GL —
GLm — |

100000

500000

Iterations

Pucynoxk 2 — CpaBHEHHE BPEMEHH BBITOIHEHUS IS ANCKPETHOTO APOOHO-TU(PEpEeHIIHATHEHOTO
omepatopa I'prouBansaa-Jlerankosa (1 /1JIOIJ]) n Moan(pUIMPOBAaHHOTO TUCKPETHOTO
JnpobHo-muddepennansHoro oneparopa [ prouBanbaa-Jlerauxosa (I1J10IJ)

JUISL Pa3iIMYHOrO KOJIMYECTBA UTepaLliy
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Ommbka Ha nocneaneit ureparun (%):

0.12 . 0.5 1.2

GL GL I GL mmm
GLm — GLM — GLM  m——
0.1 0.0933 1 0al - 1 i 0.928366
0.08 - = 08+ -
E 03
@ 0.06 [ - 0.6 - -
E 02 .
= 004 [ - 0.4 i
0.02 - 4 01r 02 - i
0.007513
0 o 0.00075 , 0 0.00015,
100000 1000000 5000000
Iterations

Pucynok 3 — CpaBHeHHe OMMOKY Ha MOCIETHEH UTEPALIH AJIST TUCKPETHOTO
npobHo-muddepennansHoro oneparopa [ prousanbaa-Jlerauxosa (I1JO0IJI)
1 MOAU(DUIIUPOBAHHOTO TUCKPETHOTO ApoOHO-1uDdepernnanbHoro
oneparopa [ prouBanbia-Jlernukosa (J/IJAOTJT) niast pa3nuaHOro KOJTUYECTBA UTEPAIUH

JIJtst IEMOHCTpANUK BIUSHUS TapaMeTpoB L&S Ha TOYHOCTh U CKOPOCTh YHUCICHHOTO PEIICHUSI
O0OBIKHOBEHHOTO U (hepeHInanbHOT0 ypaBHeHus (64) HUKE TPUBEICHBI TAOIUIIHI C Pa3HBIMU 3Ha-
yeHusmu L (CTpoku) v 3HaueHUsIMU S (KOJIOHBI). B stueiikax TaOIHIbl pacoNoKeHbI 3HAYCHHUS:

EGLm @

— abCoNIOTHAs OTHOCHTENbHAs ommoKa (%) omneparopa ““HAZ|%;

GLm _ ppems (cekyHm) perenus oneparopa ““HAf(E;

v
[Tox xaxxo#t TabiuIelt TPUBEICHBI 3HAYCHMUSI:

GL GL gz
E“* _ a6comorHas oTHOCHTenbHAs omubKa (%) omeparopa 04t ;

GL GLﬂa‘ .
V — BpCM: (CeKyHI[) pelICHu:A o1ieparopa o+t .,

o 200.000 ureparnmii:
Hrepanuii = L =500 L =1000 L =1500 L=72000 L =2500
200000

§=200 EC'™=2897% E’=039% ECS“™ =0.09%E%™ = 0.027%E"™ = 0.004%
veim = 1,043 ' =1429 vOUm=1811 vOm =2195 vOm =257

§ =500 E®™=16174%E™ =357% E®"™ =127% E™ =0.59% E"™ =0.31%
e = 0.660 v =1.050 v&™=1435 vm=1818 vm =22

§=1000 EC'™ =3297%E™ =11.65%E®"™ =4.68% E™ =2.42% E'™ =1.32%
e = (0543 v&m =0920 v™=1304 v =1690 v°™ =208

§=1500 EC"™ =43.67%E™ =18.93%E"™ =9.05% E®™=05% E®™=28%
e = 0,494 y&im =0883 vE™=1.265 v&™ =1654 v =2044

§=2000 ECIm =4727%EI™ =24 52%E'™ = 13.66%E®™ = 7.92% ES™ = 457%
yelm = 0,477 vo™m =0.857 v®™ =125 v™m=1,629 v&™=2014

ESL = 0.001125% v = 77.231
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o 800.000 ureparmii:

Hrepannii = L =500 L =1000 L = 1500 L=72000 L = 2500
800000

5=200 ESF™ = 590% E®'™ = 0.804%EL™ = 0.175%E“!™ = 0.033%E%L™ = 0.0109%
peim = 12.230 v&™ = 13.691 v®™ = 15.433ve™ = 17.033 v&™ = 18.532

§ =500 E®"™ =29169%E™ =7 502%E™ = 2.8129ECM™ = 1.337%E"™ = 0.735%
M = 5973  y6lm =755 M =0125 v&™m = 10.614 v&™ = 12.326

§=1000 E®'™ =51.7419EC™ = 22 534EC™ = 10.229E%™ = 5.449%FE '™ = 3.148%
pelm =3779 v&m =549 y&m =7023 v¢™ =8568 v®™ = 10.257

§=1500 E®" =62.0279E%"™ = 34645E%"™ = 18.703E%"™ = 10.905%E%"™ = 6.617%
peim = 3104 v =4722 vE™m =6303 vo™m =7864 v =9608

§=2000 E®'"™ =@5.6319E5™ =42 514%E™ = 26.79E°"™ = 16.68%E%I™ = 10.527%
pelm = 2757 vem =4377 v&™ =6.047 vEI™ =7546 vEfMm =02

ESL = 0.000281% v = 1261319

Hwxe mpukpernieHsl COOTBETCTBYOIIHE Tpaduku pemeHus (64):

numerical vs. analytical

6x108 : - - T T T T
15005200 ——
5x108 | 10005500 ——
¢ | 1150051000 ——
4x10° | 200051500
250052000 ——
8L
S T Anaiical
2x108 |
1x108 |
-1)(103 1 1 1 1 1 1 1

0 100 200 300 400 500 600 700 800

numerical vs. analytical (zoomed)
5.5x108

15005200 —— ' ' '
110005500 ——

8 L o
x10° 1| 150051000
1200051500
4.5x108 |-1250052000 ——

- Analytical -
4x108

3.5x108

3Ix108 1 1 1 ]
700 720 740 760 780 800
X
Pucynok 3 — CpaBHeHHE aHATMTHYECKOTO PENICHHUS C YUCIICHHBIMU PEIICHUSIMHU
JUTSE MOJU(UIIMPOBAHHOTO TUCKPETHOTO APOOHO-IM(PepeHIIHaTHLHOTO
oreparopa I'prorBanbaa-Jleraukosa (J1JI1OIJI) npu pa3snudHbIX mapamerpax Lg&S
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numerical vs. analytical (2)

6)(108 T T T T T - -
L50052000 ——
5x108 (1100051500 ——
o | L150051000 ——
4x10% - | 20005500
25005200 ——
8|
- 10 Analytical ———
2x108 |-
1x108 |-
0 [
-1x108 I ! 1 ! | . i
0 100 200 300 400 500 600 700 800
X
numerical vs. analytical (2) zoomed
5.5x108 : . . .
L50052000 —— .
5x108 100051500 —— R
L150051000 ——
4.5x108 |- 120005500 /_4——’:
L25005200 —— N ;
4x108 | Analytical / i
3.5x108 b
>
3x108
2.5x108
2x108
1.5x108
1x108
700 720 740 760 780 800

Pucynok 4 — CpaBHEHHE aHATMTHYECKOTO PELIEHHUS C YHCIICHHBIMU PEIIEHUSIMH
JUTSL MOTU(HUIIMPOBAHHOTO JUCKPETHOTO IPOOHO-1M(HEepeHIIHATEHOTO
oneparopa I'pronsanbaa-Jlernukosa (JIJJIOIJ) npu pasnuunbix mapamerpax L&S

4.3 AHanu3 pe3yabTaroB

Hawmyumime pe3ynbTaTtsl OTHOCUTENBHO YKa3aHHBIX METPUK (CKOPOCTH pEIISHHsI U aOCOMIOTHAS
OTHOCHUTEIIbHAsI OMMOKa) ObUIM MPOAEMOHCTPUPOBaHbI MpH napamerpax L = 2500,5 = 200 s
800.000 utepauuil. B cpaBHEHUU € pellleHHEM, TPEIOCTABIEHHBIM OPUTMHAJIBHBIM OIIpe/ieJIEHUEM
I'JI, omm6ka Bo3pocna B ~39 pa3 u cocrasmia ~0.011%, Torma kak Bpems penieHus ObII0 COKpaIIeHo
¢ ~1262 cexynn no ~19 cexynn. Ha moment 200.000-i nreparuu ommbka coctasnsia 0.004%, a
BpeMsi pelIeHus cocTaBmiio ~2.6 cexyHabl B cpaHeHun ¢ ~0.000281% u ~77.5 cexynapl. TaGmuist
¥ TpadMKK TEMOHCTPUPYIOT B&XKHOCTh HACTPOMKH mapameTpoB L M S B 3aBUCHMOCTH OT KOJIHYe-
CTBa HEOOXOMMMBIX UTepanuii. Kak BUIHO U3 MOMYYEHHBIX PE3YJILTATOB, YEM BBIIIC S, TEM CHIIbHEE
BUJIHBI KOJIeOaHUs B MPUOIMKEHHBIX TpaduKax perieHusl.

5. 3akiouenue

B uTore Obuta mpencraBieHa MOAU(UKALUS TUCKPETHOTO OMeparopa JpoOHOM MPOU3BOJHOM,
onpeneneHHon [ proHBab1oM-JIeTHUKOBBIM. B aHAIIMTHYECKOM BHJIE BBIPAKEHA NOTPEIIHOCTD BbI-
YHUCIIEHUH MOAU(DUIIMPOBAHHOTO TUCKPETHOTO onepatopa. [IpoBeneH cpaBHUTENbHBIN aHATH3 MEXK-
Iy JUCKPETU3alliell OpUTHHAIBHOTO ONpeiesieH s IpoOHoI Tpon3BonHOM [ pronBaibaa-JleTHrKOBa
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IPY YUCIIEHHOM pelIeHHH OOBIKHOBEHHOTO au(depeHransHoro ypasuenus. [1o pesynsraram uunc-
JICHHBIX 3KCIIEPUMEHTOB, OBIJIO BUIAHO MPEBOCXOICTBO MO 3aHUMAEMOMY BPEMEHHU pElIeHUs HOBOM
mMoaudukanueil. HoBblil onepaTop 1no3BossieT CylEeCTBEHHO COKPATUTh KOJIUYECTBO OIepaluii, He-
00XOIMMBIX B QJIFOPUTME BBIYMCIICHUSI HA OCHOBE MEMOM3ALINY, IPUOIMKasl cllaraeMble, 4yTo Jesa-
€T cxeMy HeycTonunBod. OJHAKO BO3MOXKHO JOCTUTHYThH NPUEMIIEMOM TOYHOCTH BBIYHUCIECHHUH C
TIOMOTIBIO yTpaBieHns mapamerpamu L u S JlaHHBIN TUCKPETHBIN omepaTop OyIeT MoJe3HOH ar-
NpOKCUMAIMen IpOOHOI MPOU3BOIHON B IITUTEIBHBIX UTEPATUBHBIX BEIYUCICHHUAX, HAIPUMED, IPU
peeHny 9acTHhIX AuddepeHInanbHbIX ypaBHEHHN.

W3 norpemHocty oneparopa, MpeAcTaBIeHHON B MOACEKUMU 3.5, ObUIO BBIACHEHO, YTO TOY-
HOCTb ONepaTopa, IOMUMO MapameTpoB L&S u pasmepa 1mara, 3aBUCUT OT CTENEHH MPOU3BOIHOI,
TIPOJIOIKUTEIBHOCTH BEIYNCIICHHIT, moseaerus dyukimn f () na UHTepecyoleM orpeske. OTKpbI-
TOM MPOOIEMOil OCTaeTCsI BBIACHEHHE OTHOILICHHS MEYKIY MAaKCUMAaIbHOM MOTPEIIHOCTHIO U HCIIOIb-
3yeMbIMH TTapaMeTPaMH, JIJIsl TOTO YTOOBI 3TOT allTOPUTM UMeN OoJiee MPUKIIAJTHON XapaKTep.
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MPUMEPBI O-MUHUMAJIbHBIX OBOTAIIIEHUM
IIJIOTHOTO JEPEBA BCTPEY

AHHOTaUA

[oHsTHE O-MHUHUMAJBHOCTH SIBIISICTCS OYCHb MPOJYKTHBHBIM ISl JIMHEWHO YIOPSAOYCHHBIX CTPYKTYp, HO
MPSIMOY TIEPEHOC 3TOTO MOHSITHS HA YACTUYHO YIOPSIIOYEHHBIE MHOXKECTBA MCIIBITHIBAET HEKOTOPbIC TPYIHOCTH.
JeiicTBUTENBEHO, PAOOT MO0 O-MHHUMAJIBHBIM YaCTUYHO YIOPSAIOUYCHHBIM CTPYKTypaM O4YeHb U oueHb Maio. CraH-
JIApTHOE OIpeJielIeHHe O-MHUHUMAJIbHOCTH JUISl YaCTHYHO YIOPSIOYCHHBIX CTPYKTYp TOBOPHUT, 4TO Jitoboe (op-
MYJIBHOC MOIAMHOXCCTBO MPEICTABUMO B BHUjE OyJICBOW KOMOWHAIIMM MHTEPBAIOB M TOucK. [loCKONBKY OyieBa
KOMOWMHAIUS BKJIFOYACT OTEPAIUIO B3STHS JOMOTHEHUS MHOKECTBA, @ B YACTUYHO YIOPSIOYCHHBIX MHOXKECTBAX
JIOTIOJTHEHNE WHTEPBAJIa MOXKET OBITh YCTPOCHO YPE3BBIYANHO CII0KHO, €CTh OMPEACICHHbBIE CIOKHOCTH B UCCIIE-
JIOBAaHUHU TaKKM 00pa3oM OINPEEICHHOTrO Kilacca CTPYKTyp. MbI MpejjiaraeM HCIolb30BaTh JPYroe OnpeiesieHue
0-MHUHHMAJIbHOCTH — YACTUYHO YIOPSAOUCHHAsI CTPYKTYpPa SIBIISICTCS O-MHHUMAJIBHOM, €CJIH JIt000¢ ee (hopMyIIbHOE
IIOAMHOXCCTBO SBJISICTCSA KOHCUHBIM O61)€I[I/IH6HI/ICM O606IJ_ICHHBIX I/IHTepBaJ'IOB 1 TOYCK. B CTAThC MBI HpI/IBOZ[I/IM
PSAA IPUMEPOB, KOTOPBIC MOKA3bIBAIOT, YTO JAHHOC OMPEACICHUE HETPUBUAIBHO, YTO €CTh CTPYKTYPBI, KOTOPHIC
SIBIIIIOTCS. O-MUHHUMAaIbHBIMU B HOBOM CMBICIIE.

KuroueBble €10Ba: 9aCTHYHO YIIOPSI0YCHHOE MHOKECTBO, O-MIHHUMAIBHOCTD, BBIITYKJIOE MHOXKECTBO, CHITb-
HO MHHHMMaJbHas CTPYKTypa.

BBenenune

B pabote aBTOpOB naHHO# cTaThy [2] OBIIO MPEIIOKEHO HOBOE TIOHATHE O-MUHUMAJIBLHOCTH /TS
YaCTUYHO YIOPSIOUCHHBIX CTPYKTYP Ha IIpUMeEpe IJIOTHOTO epeBa BeTped. [1moTHoe nepeBo BeTped
SIBJISIETCSL IOCTATOYHO KIJIACCUYECKHM OOBEKTOM B TEOpHH MoJielnel, Ha ero ocHoBe M.I. TlepersiThb-
KUHBIM OBLT TOCTPOEH NMpUMEP IPEH(PONXTOBON TEOPHH, KOTOPBIM He Oa3upyeTcst Ha TMHEHHOM I10-
psanke [7]. Jlpyrue uccnenoBanus MIOTHOTO JIepeBa BCTPEY MOXKHO HalTH B padote [1].

[lepBoHauaIbHO MOHATHE O-MHUHUMAJIBLHOCTH JUISI YaCTUYHBIX MOPSIKOB OBUIO TPEIOKEHO B
crarbe [9] L. Taddamopu. JI. HeBenbcku u P. Bercens mpomomkuiim uecaenoBanusi B 3TOi o0a-
ctu B crathe [6]. KK, KymaiibepreHoB mpemiokuin noHATHE ¢1a00i 0-MUHUMAJIBHOCTH IS Ya-
CTHYHO yMOPSI04YEeHHBIX cTPYKTYp [3]. YUacTuuHble mopsaku, Kpome Toro, udydanuch b.I1. Kymmne-
moBbiM, C.B. Cynonnaroseim, JI.FO. EmenbsiHoBbiM [4, 5]. B cBoeli coBmecTHO# padote [§] B.B.
Bep6osckuii u C.B. CynomnnaToB mpeuioKuiIn psiJi HOBBIX MOHATHIA ¢1ab0i 0-MUHUMAIbHOCTH IS
YaCTHYHO YIOPSJOYCHHBIX CTPYKTYp C IIETbI0 n30ekarh TOro, YTO MPH MCIONB30BAHUHU MOIXO01A
K.K. KynaiitbeprenoBa MoryT ObITh omnpeneinnMbl O€CKOHEYHBIE aHTUIETIH, & B 3TOM Cllydyae clie-
IyeT 100 OTPaHUYUTHCS PACCMOTPEHUEM YACTUYHBIX MOPSAIKOB KOHEYHOM HIMPHHBI, YTO U OBLIO
caenaHo B padore [3], 1100 CMHPUTBLCS C TEM, YTO TaKUM 00pa3oM ONpeesIeHHBIH Kilacc ciabo
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O-MHUHUMAJIBHBIX CTPYKTYP MOXKET COEPIKaTh JIFOObIe 000TaIeHus] CTPYKTYPHI C TPUBHAIBHBIM Ya-
CTHUYHBIM TOPSIKOM, TO €CTh KOTJIa YaCTHYHBIA MOPSAIOK COBIAJAET C PaBCHCTBOM. JIeiiCTBUTEID-
HO, HOIMHOKECTBO A 4aCTMYHO yHnopsa0ueHHOro MHOkecTBa M HaspIBaeTCS BBITYKIIBIM COITIACHO
K. K. KynaitbeprenoBy [3], eciii BepHO clieayrolee:

Val‘v’az(aleﬂi\az €EANa; <a,>VbeM(a, <b<a, —>bEA)).

B ciyuae, xorna 31eMeHTHI @, U @; HECPABHUMBI, JaHHAsS UMIUIMKALUS TPUBUAIBHO UCTUHHA,
TaKuM 00pa3oM, J1t00ast aHTULIEIb SBJISIETCS BBITYKJIBIM MHOXKECTBOM.

Onpenenenne 1 (K.K. Kynaitbeprenos [3]). YacTuuHO ymopsiioueHHas CTpyKTypa M Ha3bl-
BaeTcs €1abo O-MHHHUMAJIBHOMN, eclu Jitoboe ee (hopMylIbHOE MOAMHOMXECTBO SIBISETCS KOHEUHBIM
00beTMHEHHEM BBITYKJIBIX MHOXECTB.

B pabote [8] ObUTO MpeIOKEeHO U3MEHHUTDH MOHATHE BBITYKJIOTO MHOXKECTBO, & UIMEHHO B3SITh
332 OCHOBY O€CKOHEUHbIE IIepeCceueH sl WM OObEIMHEHUsI CUCTEMBI BIIOXKEHHBIX HHTEpBasoB. [To3xe
MOSIBUJIACH HJIES] HCTIOIB30BATh 3TO ONPEACICHUE TS OTIMCAHMSI, YTO TaKOe 00OOIEHHBIH HHTEepPBAI
B YACTUYHO YNOPSIOYEHHOM MHOXeECTBE [2].

W3BecTHbIE OnpeieneHusi O-MUHUMAIIbHOCTH AJIs1 YaCTUYHBIX MOPSAIKOB HCIIONIB3YIOT B KAUECTBE
OCHOBBI OyJIeBbI KOMOMHAIIMY HHTEPBAJIOB. JTO CIEAYeT U3 TOTO, YTO €CIIH AJIS TMHEHHBIX TOPSIIKOB
JIOTIOJIHEHUE UHTEPBAJIa — 3TO 00bEIMHEHNE MAKCUMYM 2 UHTEPBAJIOB, TO JJISl YACTUUHBIX MOPSIIKOB
3TO yKe He BepHO. VIcroap30Bath ke B ONPEIEIeHUH BO3MOKHOCTh paCCMAaTPHUBATh TONIOJHEHNE HH-
TepBajia BbI3bIBAET OIPE/IENICHHbIE BOIIPOCHI B CHITY TOTO, YTO COBEPIIEHHO HE U3BECTHO, KAK MOXKET
OBITh YCTPOCHO JOTOJHEHUE MHTEpBaia. B Hamem omnpeneneHuu o-MHUHUMAIBLHOCTH JI000e op-
MYJIBHOE MOMHOXECTBO SIBIISICTCSI KOHEUHBIM 00beIMHEHHEM 00O0OIIEHHBIX WHTEPBAJIOB U TOYEK,
YTO COOTBETCTBYET KJIACCMUECKOMY OINpPEAEICHHIO O-MUHUMAJIBHOCTH C TOH JIMIIb pa3HULIEH, 4TO
BMECTO OOBIYHOTO MHTEPBAJIa pACCMATPUBACTCSI 00OOIIIEHHBIH.

Jyig Hayana, Mbl IPUBENIEM aKCHOMBI TUIOTHOTO jiepeBa Bcrped (DMT).

[TnotHBIM nEepeBoM mepecedeHuil [7] Ha3bIBaeTcs CTpykTypa M = { M; <, M)}, KoTopast sSBIsi-
€TCsI HU)KHEH MOTypeneTKo 6e3 HauMEeHbIIero ¥ HanOOJIBIIET0 3JIEMEHTOB, TaKas uTo:

(a) s Kaxa0M mapbl HECPAaBHUMBIX AJIEMEHTOB MX HaWMEHbIIasi oO11asi BEpXHss rpaHb (join)
HE CYILECTBYET;

(b) nns xaXx10i mapbl pa3IUYHBIX CPABHUMBIX SJIEMEHTOB CYIIECTBYET JIEMEHT MEXI1y HUMH;

(c) amst KaXI0TO AIIeMeHTa @ CyNmeCTByeT OECKOHEYHO MHOTO MOTIAPHO HECPABHUMBIX dJIEMEH-
TOB, OOJBIINX @, HANOOJIbINAsT HYKHSSI TPaHb (MHPUMYM) KOTOPBIX paBHa &.

XOpOoIIO U3BECTHO, YTO 3JIEMEHTapHAsl TEOPUs IIOTHOTO JIepeBa BCTPEU JOMYCKAEeT AIMMHUHA-
110 KBaHTOPOB. Cpean 6eCKBAaHTOPHBIX (POPMYII CIIeTyeT BBIACTUTH OTHOIIEHNE SKBUBAJICHTHOCTH

E(x,y)=x=cAy=cAxny=>c),

KOTOpOE 3a/aeTcsl Ha MHOKecTBe (€, +99), e € — HeKOTOPBIif IPOM3BOJIBHBII AIEMEHT.

Kpome Toro, Mbl OyeM ncnop30Bath eie 0JH0 0003HauCHUE;

xlly==-(x<yvy<xVx=y)

Takum o0Opaszom, a |l b ToBOpHUT 0 TOM, YTO ATH J[Ba 3JICMEHTA HE SBIISIOTCS CPABHUMBIMH, OHH
HECPaBHHUMBI.

Omnpenenenue 2. byneM ToBOpUTh, 4TO HEKOTOPOE MOIMHOKECTBO IIIOTHOTO JepeBa BCTpeu M
SIBJISIETCS 00OOIIICHHBIM MHTEPBAJIOM, €CJIH OHO SIBJISIETCSI HHTEPBAJIOM WM €CJIH €r0 MOYKHO IMpe/-
CTaBUTh B BUJIE (0ECKOHEUHOT0) 00ObEIMHEHH S CUCTEMBI MHTEPBaIOB Bua (@, +00), riae @ npoberaer
HEKOTOPOE OTIPEIEIMMOE C TApaMETPaMH B si3bike {<, M} MOIMHOKECTBO M .

Onpenenenue 3. O6oramenue mIOTHOro aepesa Berped M = ( M; <, M, ...} OyneM Ha3bIBaTh
O-MHUHUMAJIBHBIM, €CIi JIt000e ero (GopMyIbHOE B 00OTAIICHHOM SI3BIKE MTOJMHOXKECTBO SBIISETCS
KOHEYHBIM 00bEIMHEHUEM 0000IICHHBIX HHTEPBAJIOB 1 TOYCK.

Teopus oborameHus MIOTHOTO JIepeBa BCTPEY HA3bIBACTCS O-MHUHHUMAJIBHOM, €CiH Jiro0as ee
MOJEJIb SIBJISIETCSI TAKOBOM.
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[Tpu moMoImyM >TUMHHAIME KBAaHTOPOB METOJOM mepedopa BceX (OPMYIBHBIX MOIMHOKECTB
IUIOTHOTO JIEPEBa BCTPEY MOXKHO JIOKa3aTh, 9To cTpykrypa M = ( M; <, M) B ucxomHoM, HeoGora-
IIEHHOM $I13bIKE SIBJISETCS] O-MUHUMAJIbHO B cMbIcie onpeneneHus 3 [2]. Llenbto naHHOM paboThI sIB-
JsIeTCsl U3y4eHUe TIOAMHOXECTB B (DYHKITUH, KOTOpBIe ONPEAETNMbI B O-MUHUMAJIFHOM 000TaIeHIH
IUIOTHOTO JiepeBa BcTped. Ho 11s Havana Mbl pUBeneM MpUMEpbl O-MUHUMAIbHBIX 0OOrameHui
TUTOTHOTO JiepeBa BCTped, 4ToObI TIOKa3aTh, YTO JAHHBIN KJlacc sBIseTCs 0ojiee OOraTteiM, 4eM Ipo-
CTO KJIACC IUIOTHBIX JIEPEBHEB BCTPEU.

[TycTh MMEIOTCS ceMeicTBa CHIIBHO MHUHUMAJBHBIX CUCTHBIX CTPYKTYp N = (N, Z;), rae un-
JIeKe [ mpoOeraeT HEKOTOpoe MHOXKeECTBO I, mpuueM X; N % = {=} s Bcex [ # j € I, Gonee TorO,
HUKaKasi CUTHATypa Z; He COAEPKUT CUMBOJIBI < 1 . BpiOepeM ceMeicTBO MOAapHO HECPABHUMBIX
snemenToB €; € M, e i € I. [lna kaxmoro © € I onpenenum cTpyKTypsl V; Ha MHOKECTBE KJIACCOB
SKBHMBAJICHTHOCTH ~i, Ijie @ ~; b ompemeneno kak Eci(a,b). Kitaccel 9KBUBaICHTHOCTH ~; OyraeM

0603Hauath Kak [a];. [TycTs
[:Cij + ::)
N, - — -

i i
L
i

OyZeT HeKOTopoe OMeKIuel (Mbl TPEINOI0KIIIN, UYTO BCE CTPYKTYPhI V; CUE€THBIE, TOUYHO TaK K€, KaK
u M, cienoBaTenbHO, OMEKIUs CyIecTByeT). Ternepb 04eBUIHBIM 00pa30M MOXKHO 3a/1aTh CTPYKTY-
py IV, Ha MHOKECTBE KJIaCCOB DKBUBAJIEHTHOCTH Ch)

(yHKIIMOHATBHBIE CHMBOJIBI M KOHCTAHTHI U3 X, Haﬁf)HMep, N-MECTHBII NpeuKar P Mbl onpenens-
€M CIIeAYIOLUIMM 00pa3oMm:

U TCM CaMbIM OIIPCACIINTL BCC NPCAUKATHI,

n
M* EP(ay,..a,) & /\aj >culE P(n;l(alj,...,ni‘lian)).
j=1

q)}/HKI_II/IOHaJ'II)HBIC CHUMBOJIBI 1 KOHCTAHTEI JICTKO OIIPEACIIUTD 110 aHAJIOTHH.

Kpowme Toro, Mmb1 OyeM cauTarh, 4TO CHTHATypa HOBOW CTPYKTYPBl M * COIEpKUT KOHCTAHTHI C;
JUTSE BCeX €; € I, KOTOpbIe MBI OyZIeM OTOXKISCTBIIATH C AlIeMeHTaMH ¢;. Erlie 3aMeTum, 4To paBeHCTBO
W3 CUTHATYpBI X; MPEBPALAETCSl B OTHOUIEHUE 3KBUBAJIECHTHOCTHU ~;.

Teopema 4. [TocTpoeHHas BBIIEYKa3aHHBIM 00pa3oM CTPyKTypa M * uMeeT 0-MHUHUMAIbHYIO
AJIEMEHTAPHYIO TEOPHIO.

JlokazarenbcTBO. be3 orpanuveHusl OOIIHOCTH, MOKHO CUMTATh, YTO DJIEMEHTapHBIC TCOPUHU
CHWJIBHO MUHUMAIIBHBIX CTPYKTYp JV; OIyCKAIOT IIMMUHAIINIO KBAHTOPOB, O0Jiee TOoro, OyJeM cuu-
TaTh, YTO MBI MPOJICTAIN CKYJIEMHU3alNI0. B cuiy ciaenanHbIx IpenoNoKeHn JIETKO J0Ka3aTh, 4TO
sneMeHTapHas Teopust T+ CcTpykTypsl M * IOIyCKaeT COKpalleHue KBaHTOPOB. [l JoKa3aTeb-
CTBa MBI Oy/IeM HCIIOJIb30BaTh KpUTEpUi TapCKOro SIMMMHUHAIIMN KBAHTOPOB, TO €CTh UTO JIO0CTATOYHO
MOKa3arh, KaK OMYyCKaTh KBAHTOP CYIIIECTBOBAHMS, CTOSIIUN Mepes dJIEMEHTAPHON KOHBIOHKIIUCH
aTOMHBIX (popmys. 3amuiieM BO3MOKHbBIE aTOMHBIE (DOPMYIIBI:

1)x =u 4)x < u; 7)x = u;
Q)yxnv = u; Syxnv < u; xnv = u;
xNv = xnNu; O)xMNv < xnu; NxNv = xnu;

3anuiiemM Ty 4aCTb SHCMCHTapHOﬁ KOHBIOHKIIMU, KOTOPasA COCTOUT U3 CUMBOJIOB CUTHATYPbI E;‘ B
Busie F;(x, 7). KonbroHKINIO (popMya CUTHATYPBI YHCTOTO IUIOTHOTO JIepeBa BCTPEY MbI 0003HAYHM
¥(x,7).

B cuny cuiibHOM MHHUMAIBHOCTH JUTS KQKIOH MOJACTAaHOBKH MapaMeTpoB b BMECTO KopTexa V'
moJry4yaem, 94to Gpopmyra Fl-(x, E_J) UMeeT JIM00 KOHEUHOE, IN00 KOKOHEYHOE YHCIIO PEIICHHUH, MTPH-
4eM, €CJIM PEeIICHHE KOHEYHO YUCIIO, TO 3TO YUCIIO HE MPEBOCXOUT HEKOTOPOTO HATYPAIBLHOTO YHCIIA
N = Ny, KOTOPOE 3aBUCHT TOJBKO OT POPMYIIBI, HO HE 3aBUCHT OT apaMeTpoB. [1ycTs GpopmyIisl
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el(}_’)! ey B‘n {:}7)! BOO {:}_’)

Oy/lyT Tak¥MH, 4TO b ylOBIETBOPSET OMHON U3 HUX U TIpH 3ToM F; (x, b ) HMEET CTOJIBKO PELICHUH,
KaKOB HIDKHHUM UHIEKC y 3Toi Gopmyssl. Eciu F; (x b ) uMeeT OECKOHEUHOE YHCIIO PEeIIeHHH, TO ee
OTPHUIAHHE UMEET KOHEYHOE, MyCTh 63 (), ..., 65 (¥) OyayT coorBeTcTBytomMe GOpMYIBI IS OT-
punanus Gopmyis F; (x b).B CHIIy CKYyJIeMU3aluHu, eciau Gopmyrna F; (x EJ) umeer J peLIeHul, TO
CYIIECTBYIOT QyHKIMU JF ;,1[}) > Gr.jj (¥), Takue, 4YTO MMEHHO 3HAYEHUs STUX DYHKLUH 1aroT
pemenust popmyinsr F;(x, 7). AHanoquo MBI BBOAUM (DYHKIHU Jr ;,1(.}’ L Orjj ) nns oTpH-
uanus opmynst F;(x, ¥). Toraa

Elx(’:”(x,j?) A Fl-(x,f)) =

= \/Elx (’F(x,}_r)AFi(x,}T)ABj{'_}T))V\/EIx (P DARAGE) =
i

i

i i
=\ /3 (#@nrr~ gepu@ng@)v\[3x| \vei x5, ne,@
i k=1 i k=1

i

J
@\/ 2 ( I.U(x,}—r)Axml.gm,t(y))ﬂej@v\/ax /\av(x,;;)f\xﬁg;,j,k@) A8, (7)
k=1 i k=1

B pesynbrare BHyTpH CKOOOK MBI IMOMYYHIH (OPMYITy YUCTOTO IUIOTHOTO JIepeBa BCTPEY, JUIS
KOTOPOH MMHHAIHS KBAHTOPOB YK€ N3BECTHA.

Ecnu y Hac B popMmyIie PUCYTCTBYIOT CUMBOJIBI M3 HECKOJIBKUX CUTHATYD Z;, TO PaCCyXKICHHUS
OCTAIOTCsl AHAJIOTUYHBIMH, HO 00OJIee IPOMO3IKHMHU.

B cuny snuMuHANMKM KBAaHTOPOB JIETKO JIOKA3aTh, YTO TOCTPOCHHAs CTPYyKTypa Oyaer
O-MHHUMAJIBHOU. J[eficTBUTENBbHO, (POPMYITBI YMCTOTO IUIOTHOTO JIEPEBa BCTPEY, KaK ObLJIO AaHOHCH-
poBaHo B [2], mpeacTaBUMEBI B BHJIE KOHEYHOTO 00bEeAMHEHUST 000OMICHHBIX HHTEPBAJIOB H TOYCK, &
(opMysEl U3 CUTHATYp ¥, MOTYT JIMIIb BBIAETMTH KOHEYHOE YHCIIO KJIACCOB DKBMBAJIEHTHOCTH ™,
KOTOPBIE MOYKHO OBLIIO OBI BBIZCTHUTH U B CUTHATYPE YHCTOTO IUIOTHOTO JepeBa BcTped. Takum 00-
pa3oM, ¥ 3TH MHOXECTBA MPEICTABUMBI B BUJIC KOHEYHOTO 00bEIMHEHHST 0000IICHHBIX HHTEPBAIOB
U TOYEK.

Teopema nokasaHa.

Teopema 5. Ilycte M* — NpoOM3BOJNIEHOE O-MHHHMAIBbHOE OOOTalleHHE IUIOTHOTO JepeBa
BcTped. Toraa st 060ro amemMenta € moHast HHAYIUPOBaHHAS CTPYKTYpa Ha (¢, +9¢) [/~ . sBis-
ercs MmuHuMaibHOU. Eciu ske Th(M *) o-MUHMMaNbHA, TO NOJIHASL UHIYLIUPOBAaHHAs CTPYKTypa Ha
(¢, +90) [~ ABiseTCS CUIIBHO MUHUMAIBLHOM.

Jloka3arenbcTBo. OUEBUIHO, TaK KaK B TEOPHUH YUCTOrO IUIOTHOTO JEpeBa BCTPEY TOJIBKO BO3-
MOXKHO BBIZICJIMTH TOJBKO KOHEYHOE YHCIIO KJIACCOB DKBHBAJICHTHOCTH, TOJBKO KOHEYHOE HYHCIIO
KJIaCCOB 3KBHBAJICHTHOCTH MOKHO MPE/ICTABHUTH B BUJIC KOHEYHOTO 00bEIMHEHUS 0000IICHHBIX HH-
TEpPBAJIOB.

[ToctpouM erie pUMEPHI O-MUHUMAIBHOTO 000TAIIEH s TUIOTHOTO JIepeBa BCTped.

Bbigennm 1Ba HecpaBHUMBIX 3ieMeHTa ¢ U d. Ha muoxectBe (€, +9%) 3amamum OTHOIICHHE
sxeuanentoctd E (x, y), taxoe, uto u3 ¥ ~e ¥ pneuer E (x, ), a CTPYKTypa, MHAYIIUPOBAaHHAS HA
(C’+o°], SIBJISIETCSI CHJIBHO MUHUMAJIBHOM. ByieM cunTarh, 9To CymecTByeT 6ECKOHETHOE YMCIIO KTac-
co¥ sxeuBanentHoctH E. Ecm umeer Mecto E(a, b), HO @ *, b, TO MyCTh Ty, OyleT YaCTHUHBIM
u30Mophu3MoM IIoTHOTO Jepesa Berped u3 [al. B [b].. TTycts A Gyner monmuokecTBOM MHTEPBa-
na (¢, +92), KOTOpOe COCTOMT U3 KJIACCOB OTHOIICHHUS SKBHBAICHTHOCTH ™ ¢, TIPUYEM M3 KAKIOTO
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KJIacca SKBUBAJICHTHOCTH E MBI OepeM pOBHO OIMH KJIacC SKBHBAJCHTHOCTH ~.. [Tomydaem, uro A
COCTOHUT M3 CYETHOTO YUCIIA KJIACCOB DKBUBAJIIEHTHOCTH ~c.

Iycts [ Gymer yacTHYHBIM M30MOP(H3MOM ILIOTHOTO JepeBa BeTped u3 (¢, +02) B (d, +9).
Ecau b € A, naiinem a € A, takoii, uto E (a, b). I[Tonoxum B 3TOM cilydae, uTo

fB) = f(me(b)).

Takum 06pasom, MbI onpezensieM GyHkiuio f Ha Bcem untepsaie (¢, +92).

Teopema 6. [TocTpoeHHas BbIleyKa3aHHBIM 00pa3zoM ctpykrypa M * = (M, <,n, f, ¢, d) umeer
O-MUHHMAJIBHYO JIEMEHTAPHYIO TEOPUIO.

Jloka3arenbCcTBO. Y TBEPIKICHHE TEOPEMBI OYEBUIHBIM 00Pa30M BBHITEKACT U3 ITMMHHAIINY KBaH-
TOPOB DJIEMEHTAPHOM TeOpHHU CTPYKTYphl M * (BO3MOXKHO, TIOTPEOYETCS CKYJIEMH3ALIHUS JUIS TTOJTHOM
MH/IyLIIPOBAHHOMN CUIILHO MUHMMAIBHOMN CTPYKTyphl Ha (€, +93) /~ ) noka3arenbCcTBO KOTOPOI MbI
OCTaBIISIEM YHTATEIIO B BUIE JIETKOTO YIIPayKHEHUSL.

Teopema 7. Ilycte f — cTporo Bospacraroiuas HenpepbiBHas ¢QyHkius u3 (c, +9°) Ha
(d, +o2), onpenenmas B HEKOTOPOM OOOTallleH|H TUIOTHOTO JiepeBa Betped M ¥, koTopoe umeer
o-MUHUMaIBbHYIO Teoputo. Toraa f 3amaercs, kKak ObLIO OMHUCAHO BBIIIIE.

JlokaszarenbCTBO. B crily CBOEro Bo3pacTaHust ¥ HENPEPHIBHOCTH QYHKIMsA [ ABISETCSA YacTHY-
HBIM HU30MOP(HU3MOM MEX]y KJIACCAaMH SKBHBAJCHTHOCTH ™. M KJIACCAaMH 3KBHBAJICHTHOCTU ™.
3agaguM otHourenue sxkBuBaneHtHocty E (x, v) na (¢, +92) kak f(x) = f(y). Eciu umeer mecro
E(a,b), Ho @ *. b, 10 Tak Kak xkaxapii kiacc [a], u [b], yactuuno nzomopdHo oToOpaXkaercs B
OJIMH M TOT K€ KJIacC ™d, TO €CTh U MEXJy HUMH YaCTUYHBIA M3oMoppu3M. OTHOIIEHHE YKBUBA-
neHTHOCTH E MOIKHO MHIYIHMPOBATh CHJIBHO MHHHMAIBHYIO CTPYKTYpy Ha (¢, +92)/~_. B cuity
TeopeMsbl 5. OTCIofa U CIIeYeT YTBEPKACHUE TEOPEMBI.

MaTepI/la.ﬂbl U METOAbI

OcCHOBHBbIE MaTepHaIbl B IPOBEAECHHOMN padOTE —3TO YACTUYHO YIIOPSAI0YEHHbIE aJlreOpanyecKue
CTPYKTYPBI, MOHSITHE O-MUHUMAJIBHOCTH. MBI HCIIOIB30BAIM METOMbl U3YyUYEHUS! O-MHUHHUMAJIbHBIX
TeopuH, o0II1e METObl U3yUEHHS] YACTUYHO YHOPSAAOUEHHBIX CTPYKTYp U JIMHEHHON yHOpsA04eH-
HBIX CTPYKTYP, KPOME TOTO, MbI HCIIOJIb30BAJIH KJIACCUYECKUE METO/IbI TEOPUH MOJIEICH.

Pe3yabrarhl u 00cy:K1eHue

PesynbraToM nmpoOBENEHHOTO HUCCIEAOBAHMS SIBISETCS MEPEHOC IMOHATUS O-MHUHMMAJIBHOCTH C
KJIacca JIMHEMHO yNOPSA0YEHHBIX CTPYKTYP Ha KJIacC YaCTUYHO YNOPSJOYEHHBIX CTPYKTYP, @ UMEH-
HO Ha 00OTalIeHus TUIOTHOTO JIepeBa BCTpey, B paboTe MPUBEAEHBI TPUMEPHI O-MUHUMAIBHBIX 000-
ranieHui MmioTHOTO JiepeBa BCTPeY.

3akJ/ouenue

B nanHO# paboTe MBI IOy YHITH CIICAYIOLTUE PE3YJIbTAThl: BBEICHHOE IIOHATHE O-MUHUMAJIBHOCTH
JUISL YACTUYHO YIOPSIOUEHHBIX CTPYKTYp UMEET HEMyCTOe COJepIKaHue, ObLIN MOKa3aHbl HHTEPEC-
HBIC CBOWCTBA MOJTy4aeMbIX O-MHHUMAIIbHBIX 000TAICHHUH, BCE 3TO CBUJICTEIILCTBYET, YTO MOA00OHAs
aJIanTalus MOHATHS O-MUHUMAJIBHOCTH K YaCTUYHO YIOPSIOYCHHBIM CTPYKTYpaM UMEET CMBICT U
o0ernraet ObITh MIOJJOTBOPHOM.

HNudopmanust 0 pMHAHCHPOBAHUH

JlarHpie uccnenoBanus noaaepkanbl KomureTrom Haykn MUHHCTEPCTBA HAYKH M BBICIIIETO 00-
pasoBanwus Pecrryonmku Kazaxcran (rpant BR20281002).
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ThIFbI3 AFAIITA KE3AECETIH O-MUHHUMAJIL
KEHEUTVYJEPIHIH MBICAJIbI

AnjiaTna

O-MHHHMAaIIBUIBIK YFBIMBI CBI3BIKTBI PETTENIeH KYphUIBIMAAp YIIIH oTe eHiMAi. Auaiiga Oyi YFBIMIbBI
JKapThUTal PETTEeNTeH J>KUbIHIApra TikelneW Kemmipy Oenrimi Oip KUbIHIBIKTapra Tam Oonanel. LIsHBIHZA 14,
O-MHHHUMAaJI KapThlJIail PETTENTeH KYPbUTBIMIAP XKOHIHACTT )KyMbIcTap oTe a3. JKapTbuiail peTTenrer KypbuibiMaap
YIIH O-MUHUMAJIBUIBIKTBIH CTaHIAPTThl aHbIKTaMachl OOMBIHIIA Ke3 KEeJTeH aHBIKTAJIaThIH JKUbIH MHTEpBajIap
MEH HYKTeJep/iH Oy/leBTiK KOMOMHAIMSICH TypiHae Oepiryi Thic. Anaiina OyneBTiK KOMOMHALMsUIAp KYpaMbIHIa
JKMBIHHBIH TOJIBIKTAYBIIIBIH aJTy aMaJibl 0ap, ajl )KapThUIail peTTEeNTeH )KUbIHAAP/a HHTEPBAJIBIH TOJIBIKTAYBIIIB OTC
KypZeni KypblIbIMFa ue 60mybl MyMKiH. COHABIKTaH MYH/IQH KOJIMEH aHBIKTAJIFaH KYPBUIBIMIAP KIIACHIH 3epTTeyIe
eneyii KUBIHIBIKTAP TYBIHAANHABL. Bi3 0-MHHUMaIABIIBIKTEIH OaaMa aHBIKTaMaChlH YCBIHAMBI3: JKapTbUIail pet-
TENITeH KYPBUIBIM O-MHUHHMMAJ JIeN arajiajibl, erep OHBIH Ke3 KeJTeH aHbIKTAJIATBIH 1IIKI >KUBIHBI KaJIbUIAHFaH
MHTEpBAJIap MEH HYKTeNep/iH aKbIpibl OipiryiHeH Typca. Makanana 0i3 OCbl aHBIKTaMaHbIH TPUBHAJJIbI €MeEC
EKEH/IITH j)KoHE ’KaHa MarblHa/la O-MHUHUMaJI 00JIaThIH KYPBUIBIMAAP/IbIH 0ap eKEeHIIT1H KopceTeTiH OipHele MbIcai
KeNTipemis.

Tipek ce3aep: >xapTbuIail peTTENreH )KNUBIH, O-MHUHUMAIIBIIBIK, JOHEC )KUBIH, KYIITI MUHUMAI KYPBIIBIM.
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EXAMPLES OF O-MINIMAL EXPANSIONS OF THE DENSE MEET TREE

Abstract

The notion of o-minimality is highly productive for linearly ordered structures, but a direct transfer of this
concept to partially ordered sets encounters certain difficulties. Indeed, there is a striking scarcity of works on
o-minimal partially ordered structures. The standard definition of o-minimality for partially ordered structures states
that every definable subset is a Boolean combination of intervals and points. However, since Boolean combinations
involve the operation of taking set complements, and in partially ordered sets the complement of an interval can
be extremely complex, this approach presents certain challenges for studying the resulting class of structures.
We propose using an alternative definition of o-minimality: a partially ordered structure is o-minimal if every
definable subset is a finite union of generalized intervals and points. In the paper, we provide a number of examples
demonstrating that this definition is nontrivial and that there exist structures which are o-minimal in this new sense.

Keywords: partially ordered set, o-minimality, convex set, strongly minimal structure.
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SIMULATING URBAN CLIMATE AND AIR POLLUTION IN ALMATY:
ANUMERICAL MODELING APPROACH

Abstract

The aim of this study is to analyze the spatial and temporal distribution of temperature and air pollutant
concentration in the urban atmosphere of Almaty using numerical modeling techniques. A two-dimensional
advection-diffusion model was developed to simulate the diurnal dynamics across a territory of approximately 80
square kilometers. The model incorporates key physical processes such as wind-driven transport, turbulent diffusion,
and localized emission sources that are typical of dense urban environments. Simulation results demonstrate a
smoother spatial distribution of temperature, largely driven by solar radiation cycles, in contrast to highly localized
peaks in pollutant concentrations associated with anthropogenic activities such as transportation and industry.
These contrasting behaviors highlight the need for differentiated mitigation strategies. The findings of the study
offer important insights for urban planning and the development of effective air quality management policies. The
proposed model provides a practical tool for understanding environmental dynamics and evaluating the potential
impact of pollution control measures in complex urban terrains.

Keywords: urban air pollution, temperature field, pollution concentration, mathematical modeling, advection-
diffusion model.

Introduction

Urban air pollution remains a critical environmental issue, particularly in rapidly developing
cities such as Almaty, where complex topography and intense anthropogenic activity create
unique challenges for air quality monitoring and modeling. To address this, a number of modeling
approaches have been developed to predict the distribution of air pollutants and temperature in urban
environments.

Machine learning and data-driven techniques have gained attention in recent years for air quality

prediction. Ivanov et al. used random forest algorithms to model PM ;o levels, demonstrating strong
short-term accuracy, while Dzaferovic and Karaduzovic-Hadziabdic applied similar methods in
localized urban regions [1-2]. However, these studies are often limited by the availability of high-
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quality input data and lack the ability to explicitly resolve spatial transport mechanisms, which are
critical for urban-scale environmental assessments.

Deep learning models such as RNN-LSTM and hybrid CNN-LSTM architectures have also
been applied to forecast AQI with improved temporal resolution [3, 10]. While effective in capturing
time-series dynamics, these models depend heavily on historical sensor data and often fail to capture
the spatial influence of topography, built environment, and prevailing wind flows — aspects that are
crucial in cities like Almaty with complex terrain.

Several studies have highlighted the importance of meteorological factors, such as fog and low
cloud cover, in altering pollutant dispersion. Zaurbekov et al. demonstrated that such conditions
significantly increase near-surface pollution concentrations by limiting vertical mixing [4]. Zhang et
al. further noted the role of solar radiation and humidity in triggering secondary pollutant formation
[5]. These findings emphasize the need for models that incorporate detailed physical processes rather
than relying solely on empirical correlations.

Physically based dispersion models have thus been developed to fill this gap. Tessarotto et al.
and Zhou et al. presented numerical frameworks to simulate the advection and diffusion of pollutants
across urban atmospheres [6—7]. However, these models often require extensive computational
resources and high-resolution environmental input data. The current study builds upon this tradition
but aims to optimize computational efficiency while retaining spatial fidelity.

Recent work has also emphasized the need for intelligent systems and data integration for air
quality monitoring. Malhotra et al. and Saheer et al. proposed data-driven frameworks that combine
real-time measurements with predictive algorithms [8-9]. Han et al. and Song and Han explored
mobile sensing and dynamic estimation models, offering flexibility in spatial coverage but introducing
concerns regarding consistency and calibration [10—11]. Our work complements these approaches by
providing a stable simulation platform that can be enhanced with observational data for validation or
real-time adjustments.

Efforts to enhance spatial resolution in urban pollution mapping have also used non-traditional
sources. Suel et al. applied image-based estimation from street-level imagery, and Bravo et al.
compared different exposure assessment methods, suggesting that simulation-based tools offer better
regional coverage when direct observations are sparse [12—13]. This supports the use of physics-
based models in under-monitored areas such as Almaty.

The practical implementation of sensor networks for air quality has been evaluated in several
studies. Cromar et al. and Zarrar & Dyo pointed out the importance of sensor placement and
standardization for effective health research [14—15]. Our model may assist in optimizing such
networks by identifying zones of elevated pollution risk.

In Kazakhstan, Naizabayeva et al. have developed intelligent environmental monitoring systems
and smart traffic integration frameworks that reduce urban emissions through adaptive routing.
The integration of such systems with simulation-based forecasts, as pursued in this work, could
improve responsiveness to pollution events. Kolesnikova et al. and Naizabayeva & Zakirova also
demonstrated the role of neural networks and pattern recognition in environmental prediction tasks,
laying the foundation for hybrid frameworks that can enhance physical modeling [16—19].

Transport infrastructure and land use planning are closely tied to pollution distribution. Khrutba
et al. and Rabosh et al. used system analysis and geoanalytics to evaluate environmental pressure
along urban roadways [20, 21]. Their findings reinforce the value of spatial modeling to guide
sustainable urban development and decarbonization strategies.

Considering these insights, this study aims to develop a numerical simulation model for
analyzing the spatial and temporal dynamics of temperature and pollutant concentration in the urban
atmosphere of Almaty. By focusing on a two-dimensional advection-diffusion framework tailored to
the city’s geography, we provide a tool for interpreting pollution behavior, identifying high-risk zones,
and informing policy decisions. The modeling domain covers an area of approximately 80 square
kilometers with a horizontal grid resolution of 100 meters. Based on long-term meteorological and
environmental observations, the baseline air temperature in the peripheral zones of Almaty is around
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15 °C, increasing to approximately 20 °C in the city center. Similarly, pollutant concentrations range
from a peripheral baseline of 20 mg/m?* to peak values near 60 mg/m? in central urban areas. These
spatial patterns reflect the influence of both natural and anthropogenic processes in the region.

The main objective of the work is to develop and implement a complex mathematical model
for analyzing the spatial and temporal distribution of temperature and concentration of pollutants in
the atmosphere of Almaty city considering specific geographical, climatic and urban features of the
region. Scientific novelty of the work consists in the development of a complex model for Almaty,
which takes into account the peculiarities of the mountainous relief and allows to simultaneously
analyze temperature fields and distribution of pollutants considering daily dynamics and mountain-
valley circulation.

1 Materials and Methods

1.1 Mathematical model

A three-dimensional advection-diffusion model was applied to simulate the diurnal dynamics in
a representative urban zone of Almaty. The model accounts for wind-driven transport, diffusion, and
localized emissions typical of dense city environments.

The distribution of pollutant concentration and temperature in a three-dimensional domain is
considered. The contaminant transport equation and the thermal equation are used to describe the
process dynamics:

ac ac ac ac atc #*c @*c
D(—+—+—)+S€ (1)

axz 3y az?

here (C is pollutant concentration, u, v, w are wind speed components along the axes x, ¥, Z
(V =Vu? +v? + w?is wind speed), D is turbulent diffusion coefficient, S, is source of pollution.

ar ar ar ar a*r 8%t @ r
—tu—+tv—t+tw—=a|l—S+-—+-—)+5; 2)
at ax ay az ax*  dy? 8z? >

ST is heat source.

here T is air temperature, @ is thermal diffusivity,

1.2 Problem Statement

For this study, the average values of environmental and meteorological data of Almaty city for
the last 10 years were used [22].

Initial condition for pollution concentration

Clx,y,2,0) = C(x,y,2),

From the datasets, a baseline concentration level of 20 mg/m’® is observed at the periph-

ery, and a peak up to 60 mg/m’is observed at the centre (around x = 5 km, y = 4 km), thus
lr—xoen ) +(y—¥ cone)®

Co(x,y,2) =20 + 40e 20

Initial condition for temperature

T{:x, }’; Z, O) = TO {:xl }’; Z)

The base temperature is 15 °C around the perimeter and up to 20 °C in the centre, then
_(r—xpene)*+(¥—¥eene)?

T,(x,y,z) =15+ be 207 .
To simplify the problem and to fit the data on the boundaries, we will use Dirichlet conditions:

C[:x, Y.z, t) = Cb {:xl ¥, z, t),
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T(x,y,z,t) = Ty(x,y,2,1),
From the data at the boundary, the concentration is a base concentration of 20 mg/m* and the
temperature is 15 °C, so € = 20, T, = 15.

1.3 Solution method
Equations (1)-(2) are solved by the finite difference method. The grid in space has a step Ax, Ay,
Az and a time step At. At each time step t™ — t"*1:

cgj.;l = i’}k — At - (convective terms) + At - (dif fusion terms) + S¢»
Tt =T — At - (convective terms) + At - (dif fusion terms) + S,

Based on the data from the datasets, we use the following numerical parameters for modelling
from Table 1. The key numerical parameters used in the simulation, including grid resolution,
boundary conditions, and diffusion coefficients, are summarized in Table 1. These values define the
computational domain and the physical behavior of the simulated processes.

Table 1 — Modeling parameters

Parameter Value Dimension
1 2 3

Size of the calculated area by x, L, 10 km
Size of the calculated area by ¥, L, 8 km
Size of the calculated area by Z, L, 6 km
Number of grid nodes by x, N, 101
Number of grid nodes by ¥, Ny 81
Number of grid nodes by z, N, 61
Grid step by x, Ax = L,. /N, 100 m
Grid step by ¥, Ay = L, /N, 100 m
Grid step by z, Az = L_ /N, m
Time interval 0<t<24 hours
Time step, At 3 hours
Number of time nodes, N¢ 8
Initial concentration of pollutants, Cg 20 mg/m’
Daily concentration amplitude, A¢ 10 mg/m’
Maximum concentration value, AC,,, 60 mg/m?
Initial temperature, Ty 15 °C
Daily temperature amplitude, Ar 5 °C
Maximum temperature value, AT o 5 °C
Impurity diffusion coefficient, D 0.3 m?/s
Coefficient of thermal diffusivity of heat, & 0.5 m’/s
Wind velocity, ¥ 0-5 m/s
Diffusion coefficient for concentration, 0 L5
Propagation coefficient for temperature, &, 2.0
Coordinates of the centre of the region, (X ont., Veont.) 4,5) (km, km)
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The chosen parameters ensure realistic representation of urban-scale physical processes. A grid
resolution of 100 m provides sufficient spatial detail to capture local variations in temperature and
pollutant concentration, especially in dense city zones. The selected time step (3 hours) balances
computational efficiency with temporal resolution. The diffusion coefficients and boundary values
are consistent with climatological data for Almaty, which enhances the physical relevance of the
model. Overall, the parameter set establishes a stable numerical framework for simulating daily

dynamics in an urban environment.

2 Results and Discussion

Figure 1 presents the three-dimensional distributions of pollutant concentration and temperature
across the study area. These visualizations allow us to observe spatial peaks and gradients, highlighting
the contrast between the smooth thermal field and the localized pollution zones.

Figure 1 (a) shows the three-dimensional distribution of 20 mg/m? pollutant concentration at the
periphery, reaching a maximum of 60 mg/m? in the centre of the area. The clearly defined pollution
peak indicates the presence of a source or cluster of pollution sources in the centre of the area. This
suggests that the central area of the city is subjected to more intense anthropogenic impacts. Figure
1 (b) shows the 3D temperature distribution from 15 °C at the periphery to 20 °C at the centre of the
area in the study area. The temperature peak is located at the centre of the coordinates (5 km, 4 km).
The smooth temperature distribution indicates a relatively uniform thermal field. The thermal peak at
the centre can be interpreted as the result of a local heat source or an accumulation of urban built-up
areas. A sharper gradient is noticeable in the concentration change compared to the temperature field.

& &8 49 3
Temperature (°C)

w
&

Concentration (ug/m?)

N W
a &

Figure 1 — 3D distribution of a) pollutant concentration and b) temperature

The 3D plots clearly demonstrate the different behaviors of the two physical fields. Pollutant
concentration forms a distinct localized peak in the city center, suggesting the influence of point or
clustered sources such as traffic or industrial activity. In contrast, the temperature field varies smoothly
and forms a dome-like distribution typical of urban heat islands. This supports the hypothesis that
pollutant accumulation is driven more by localized emission sources, while temperature variation
is influenced by broader radiative and thermal properties of the surface and built environment. The
spatial correlation between high temperature and high pollution zones also suggests possible synergy

between heat retention and pollutant trapping.

271



HERALD OF THE KAZAKH-BRITISH
No. 2(73) 2025 TECHNICAL UNIVERSITY

To further analyze horizontal variations, Figure 2 shows the two-dimensional contour maps of
pollutant concentration and temperature. These contours provide a clearer representation of how
values change with distance from the urban center and demonstrate spatial symmetry or asymmetry
in each field.

Figure 2 (a) shows the contour of pollutant concentration, where a sharper change in concentration
with distance from the centre can be seen. The sharp change in concentration with distance from the
centre indicates the significant role of traffic flows and dispersion processes in the urban environment.

From the temperature contour (see Fig. 2 (b)), a symmetrical distribution with a maximum at
the centre is evident. The uniform distribution confirms that the thermal field in the area is stable
and changes gradually, which may be due to the uniform environment or the weak influence of local
thermal anomalies. The concentration contour shows a more localized distribution compared to the
temperature.
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Figure 2 — 2D distribution of a) pollutant concentration and b) temperature

The contour maps offer a more nuanced view of horizontal distribution. The pollutant concentra-
tion shows a steep gradient, with a rapid decline from the center to the periphery, indicating limited
dispersion and possibly stagnant airflow conditions. The symmetrical shape suggests a relatively
uniform urban emission pattern, or terrain-driven retention. The temperature contours, while also
centered, have smoother transitions, reflecting the influence of solar heating over larger surfaces
rather than isolated sources. These differences reaffirm the need to treat temperature and pollution as
coupled but independently driven phenomena in urban microclimate modeling.

The temperature field changes smoothly with a small change, whereas the concentration of pol-
lutants shows a sharp peak. This suggests that pollution sources have a localized but intense effect.
The wind speed favors moderate transport of heat and pollutants. Nevertheless, the sharpness of the
concentration peak indicates that the dispersion of pollutants is not strong enough to fully level out
the local source. The area considered allows to correctly represent the urban zone, where the distribu-
tion of parameters has a central concentration of values, which is typical for cities with high building
density and intensive automobile or industrial activity in the centre.

To assess the reliability of the numerical modeling, an error analysis of the numerical method
was performed, and the sensitivity of the model to the main parameters was assessed. The numerical
error in the finite-difference scheme used is due to the discretization in space and time. The adopted
values of the step in space (100 m) and time (3 hours) were chosen taking into account stability and
convergence. To assess the accuracy, a check was carried out with a refined grid: the step in space
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was reduced to 50 m, and the time step was reduced to 1.5 hours. Changes in the maximum values
of temperature and concentration were less than 3%, which indicates acceptable convergence of the
solution.

Sensitivity analysis was carried out by varying the key parameters in the permissible ranges,
where the turbulent diffusion coefficient is 0.1-1.5 m?/s, wind speed components changed by + 20%,
the thermal conductivity coefficient: from 0.2 to 1.0 m?/s. The results showed that concentration
fields are sensitive to the diffusion coefficient and wind speed: maximum values could change up
to 15% when varying the parameters. Temperature fields were less sensitive changes did not exceed
5%. This emphasizes the importance of accurately assessing the parameters of pollutant transport
when building predictive models.

The results revealed clear patterns in the distribution of temperature and pollutant concentrations.
Temperature dynamics were primarily influenced by solar radiation and followed smooth spatial
trends, whereas pollutant levels exhibited sharp localized peaks driven by emission sources.
These differences underscore the need for targeted air quality interventions based on the dominant
influencing factors.

These findings contribute to a better understanding of urban microclimate dynamics and can
inform policymaking aimed at improving air quality in densely populated areas.

Thus, it can be concluded that in the considered model, temperature is generated by a more
uniform distribution of heat fluxes, whereas pollution exhibits localized peaks, which requires the
application of zonal measures to reduce it.

Conclusion

As aresult of the study of spatial and temporal dynamics of temperature regime and concentration
of pollutants in the atmosphere of Almaty city, the model showed that the baseline temperature in
the periphery of the study area is 15°C, and in the central part (at the point x = 5 km, ¥ = 5 km) the
temperature reaches 20°C, which corresponds to the maximum recorded value. The daily temperature
change is equal to 5°C.

The baseline pollution level was defined as 20 mg/m® in the periphery, with peak values up to
60 mg/m? in the city centre. The sharp concentration gradient around the centre indicates an acute
local impact of pollution sources.

The application of an advection-diffusion model with a turbulent diffusion coefficient of 10 m?/s
for pollutants and a thermal diffusivity of 0.1 m?s allowed the observed spatial and temporal
variability of the parameters to be faithfully reproduced. The influence of the prevailing wind regime
with components u = 2 m/s and v = (0.5 m/s was also taken into account, which allowed modelling
the transport of both thermal and pollutant systems.

In contrast, the temperature field demonstrates a smoother spatial gradient, centered in the same
region. This reflects the cumulative effect of solar heating, heat retention by urban surfaces, and
reduced cooling at night-phenomena commonly referred to as the urban heat island effect [5, 7].
Our results reinforce the idea that pollutant accumulation and thermal behavior, although spatially
correlated, are governed by distinct physical processes.

Importantly, our simulation agrees qualitatively with satellite observations and prior data-driven
analyses of Almaty, which report elevated pollution and temperature values in the city core [16, 18].
Unlike deep learning models that often struggle with generalizability and spatial interpretability,
our physics-based approach provides direct insights into field behavior under defined physical
assumptions [3, 10].

The study demonstrates that urban temperature fields are predominantly influenced by solar
radiation and exhibit smooth spatial gradients, whereas air pollution fields are characterized by sharp
localized peaks resulting from anthropogenic sources. These contrasting mechanisms highlight the
necessity of developing differentiated strategies for urban environmental management.
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In the context of Almaty, a city situated in a mountain basin with limited natural ventilation
and frequent atmospheric stagnation, the insights from this model are particularly relevant. The
identification of pollution accumulation zones provides urban planners and environmental agencies
with a scientific basis for implementing targeted emission reduction policies. For example, the results
can inform decisions on traffic flow optimization, zoning regulations, and the placement of green
infrastructure to enhance air circulation.

Moreover, the model can support real-time monitoring systems by serving as a predictive
layer integrated with sensor networks. Overall, the findings contribute not only to a theoretical
understanding of urban microclimate dynamics, but also to the practical design of sustainable
development strategies aimed at improving air quality and public health in Almaty.
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CAHJABIK MOAEJIBAEY TOCILJII

Angarna

By 3eprreymiH MakcaThl — CaHJIBIK MOJENBICY 9JICTEPiH KOJJaHa OTBIPHIN, AJMaThl KaJachIHBIH arMocC-
(bepacbIHIaFbl ayaHbl JacTaylIbl 3aTTapAbIH KOHIICHTPALMACH! MEH TEMIIEPaTypaHbIH KEHICTIKTIK KaHE YaKBITTBIK
TapanyblH Tanaay. [llamamen 80 mrapiibl KAJIOMETp ayMaKTa TOYJIKTIK JUHAMUKAHBI YKCaTy YIUiH €Ki emremIi
anBexms-nuddys3ust Mozmeni o3ipieHai. Moxens jkelMeH 0acKapbhUIaTBIH KOk, TypOymeHTTI mudQy3us xKoHe
TBIFBI3 KQJIAIBIK OpTajapra TOH JIOKATM3AIMSUTAHFAH AMUCCHS KO3Aepi CUAKTHI HETi3r (PU3MKAIBIK MPOIeCTepi
KaMTUbl. Moienbey HOTIKeIepl KOJIiK XKoHE OHEPKICII CUSKThI aHTPOIIOTeH/IiK 9peKeTTepMeH OailylaHbICThI J1ac-
TayIIbl 3aTTap/IbIH [IOFBIPIaHybIH/IA JKOFAPhI JOKATU3alMsUIaHFaH IIbIHAAp OaiiKanaThlHBIH, ajl TeMIIepaTypaHblH
KEHICTIKTe OIpKEeJKi Tapaiybl HeTi3iHeH KYH paJMalusChIHbIH IIMKIIapbIMEH aHbIKTAJIAaThIHBIH KopceTTi. by exi
TYPJi MiHE3-KYJIbIK CapallaHFaH KYMCApTy CTpaTerHsulapbIHbIH KaXXETTUTINH alKbIHIaWAbL. 3epTTey HOTIKeNIepi
KaJla KYPBUTBICHIH JKOCTIapIiay JKOHE aya CaltachblH 0acKapyIblH THIM/IL CasiCaThIH 93ipiey YIIiH MaHBI3IBI TYCIHIKTEP
Oepeni. ¥CBIHBUIFAaH MOJENb Kyplell KajajblK penbed skarmaillapblHAa KOPLIaFraH OPTAaHBIH JUHAMHKACHIH
TYCIHyre JXoHE JacTaHy/bl OaKplidy LIapalapblHbIH BIKTUMaJ 9CEpiH Oarajiayra apHaJFaH MPaKTHKAJIbIK Kypall
peTiHe KbI3MET eTet.

Tipek ce3nep: Kaja ayachIHBIH JIaCTaHYbl, TEMIIEPATypaIbIK Opic, JIACTAYIIBI 3aTTAPABIH KOHIIEHTPAIHSCHI,
MaTeMaTHKAJIBIK MOACIB/CY, a/[BEKIIHSIBIK.
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MOAEJUPOBAHUE IN'OPOACKOI'O KIIMMATA
N 3ATPA3HEHUS BO31YXA B AJIMATDI:
YUCJIEHHbBIA MOAXOA MOAEJIUPOBAHUA

AHHOTALUA

Lenpro JTaHHOTO UCCIIEAOBAHUS SBISICTCSl @HAIN3 ITPOCTPAHCTBEHHOTO U BPEMEHHOT'O PaclpeeIeHusl TeMIIe-
parypbl ¥ KOHIEHTPAIMH 3aTrPSI3HSAIOLIMX BEIIECTB B BO3AYXE B TOPOJCKOH arMocdepe I. AJMaThl C HCIIOIb30BaHHEM
METOJIOB YHCIICHHOTO MOJICITUPOBaHMs. J[BymMepHas Mozens anBekiunu-auddysnn Obina paspaborana st MOJCIIH-
POBaHMS CYyTOYHON TUHAMUKH HA TEPPUTOPHH ILIOIIABI0 OKOJIO 80 KBaJpaTHBIX KHJIOMETPOB. MoJeib BKIIIOYaeT
B ce0s KITIoueBbIe (PU3WIECKHE MPOIECCH, TAKHE KaK BETPOBOM TPAHCIIOPT, TypOyneHTHas TU(PPY3Us U JIOKATH30-
BAaHHBIC UCTOYHUKHU BBI6pOCOB, KOTOPBIC TUIINYHBI IJIsA TUIOTHOM FOpO}ICKOI\/’I Cp€anl. PeSyJ'H)TaTBI MOJCIIUPOBaHUA
JIEMOHCTPUPYIOT 00Jiee IIaBHOE MPOCTPAHCTBEHHOE PaclpeaeIeHie TeMIIEpaTypbl, B 3HAYUTEIILHOM CTEIeHH 00-
YCIIOBJIEHHOE IMKJIAMH COJTHEYHOW pajManiy, B OTIIMYME OT BBICOKO JIOKAJIIM30BAHHBIX MTUKOB KOHIIEHTpAIMH 3a-
TPSAZHSIONINX BEIIECTB, CBI3aHHBIX C aHTPOIIOTEHHOH JICSITENbHOCTBIO, TAKOW KaK TPAHCIIOPT U IPOMBIIUICHHOCTb.
OTH KOHTPACTHBIC TOBEACHHS MOAYCPKUBAIOT HEOOXOAUMOCTh AU PepeHIUPOBAHHBIX CTPATEIUil CMATYCHHS 110~
clieNCTBUI. Pe3ynbrarsl HCCIeI0BaHMS MIPEIUIAraloT BaKHbIE HACH I TOPOACKOrO IUIAHUPOBAHUS U Pa3paboTKH
2 PEKTUBHOM NONMTHKH YIPaBICHNsI Ka4€CTBOM Bo3ayxa. [Ipearaemast Mojienb peCcTaBisieT co0oil mpakTuye-
CKMI MHCTPYMEHT JUIsl IOHUMAaHUS JUHAMUKU OKPYXKAIOUIEH Cpelbl U OLEHKH IOTEHIIMAIILHOTO BO3ACHCTBUS MEP
10 KOHTPOJIIO 3arpsI3HEHHMS] Ha CIIOKHBIX TOPOJICKUX TEPPUTOPHSIX.

KaroueBble cjioBa: 3arps3HEHHE TOPOACKOTO BO3AyXa, TEMIIEpPaTypHOE IOJIe, KOHIEHTPALUS 3arpsI3HeHHH,
MaTeMaTHYEeCKOE MOJICTUPOBAHNE, aABEKTHBHO-IN((Y3HOHHAS MOJIEIb.

Article submission date: 21.04.2025

278



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Ne 2(73) 2025

UDC 519.63; 504.3.054
IRSTI 27.31.15; 87.17.03

https://doi.org/10.55452/1998-6688-2025-22-2-279-289

'Bakishev A.K.,
PhD student, ORCID ID: 0009-0004-7847-1926,
e-mail: b.aibek86@mail.ru
*Madiyarov M.N.,

Cand. Tech. Sci., Associate Professor, ORCID ID: 0000-0002-9890-0589,
*e-mail: madiyarov_mur@mail.ru
'Alimbekova N.B.,

PhD, Associate Professor, ORCID ID: 0000-0002-1078-0480,
e-mail: nalimbekova@vku.edu.kz
'Baigereyev D.R.,

PhD, Associate Professor, ORCID ID: 0000-0003-4396-9914,
e-mail: dbaigereyev(@gmail.com
’Baishemirov Z.D.

PhD, Associate Professor, ORCID ID: 0000-0002-4812-4104,
e-mail: zbai.kz@gmail.com

'Sarsen Amanzholov East Kazakhstan University, Ust-Kamenogorsk, Kazakhstan
*Kazakh-British Technical University, Almaty, Kazakhstan

NUMERICAL SOLUTION OF A FRACTIONAL CONVECTION-DIFFUSION
EQUATION FOR AIR POLLUTION PREDICTION

Abstract

This paper presents a numerical method for solving the convection-diffusion equation with a fractional-order
Caputo derivative to model air pollution in urban environments. The developed finite element scheme accounts
for memory effects, offering a more accurate representation of pollutant transport compared to classical models.
Stability and convergence of the method are theoretically proven and supported by numerical experiments. The model
effectively identifies pollutant accumulation zones and can forecast air quality under various weather conditions.
The results have practical value for improving environmental monitoring systems and planning measures to reduce
pollution levels.

Keywords: convection-diffusion equation, fractional-order derivatives, pollutant dispersion, finite element
method, numerical modeling, convergence, stability.

Introduction

The quality of atmospheric air in urban environments remains one of the most pressing issues
of modern times, as air pollution has a significant impact on public health and ecological balance
[1-3]. Mathematical modeling of pollutant transport processes is an important tool for predicting
the distribution of harmful substances and taking prompt measures to improve the environmental
situation. Traditional models based on classical convection-diffusion equations are widely used to
describe pollution dynamics [4, 5]. However, as research shows, such models are not always able
to adequately account for nonlocal effects and long-memory processes characteristic of turbulent
phenomena [6, 7].

To overcome these limitations, models incorporating fractional derivatives, particularly the
Caputo derivative, have been increasingly used in recent years, as they allow for the consideration of
anomalous diffusion processes and memory effects in the medium [8—10]. Several studies demonstrate
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that numerical methods based on fractional calculus provide a more accurate description of pollutant
transport dynamics in complex environments [11-13]. Various numerical methods are employed to
solve equations with fractional derivatives [ 14—16]. However, as indicated by the literature review, the
finite element method demonstrates high efficiency and is widely used in scientific and engineering
studies [17-19].

Unlike classical models based on integer-order derivatives, the proposed method using fractional-
order Caputo derivatives accounts for memory effects and anomalous diffusion, making it particularly
relevant for modeling air pollution under complex and unstable flow conditions. Thus, compared
to alternative approaches, the fractional-order model provides a more realistic representation of
pollutant transport dynamics in the atmosphere.

This study proposes a finite element method for solving the convection-diffusion equation with
fractional-order derivatives, which takes into account nonlocal memory effects of the medium. An
analysis of the stability and convergence of the developed scheme has been conducted, and the
results of numerical experiments confirm the expected convergence orders.

Thus, the findings of this study can be used to address the urgent challenge of developing efficient
methods for modeling the dispersion of pollutants in the atmosphere, which is of great importance for
environmental protection and public health.

Materials and Methods

Problem Formulation. Let us consider the following fractional differential convection-diffusion
equation.
Problem 1. In the domain @ = X [0, T], where 2 © R* with a boundary I consider the prob-
lem
.o +iu-Vop—kVi¢p=f, x€e, t>0,
¢(x,t) =0, x €T, t =0,
¢(x,0) =0, x €1,

where # is the wind vector, k = 0 is the atmospheric turbulence coefficient and the fractional-order
derivative in the sense of Caputo is defined as follows:

88,4, 1) L ["2eG0) € (0,1)
0,t¢ " _r(l—ﬂf) 0 [:f—.g')ﬂ’ Il o ] .
Throughout the article, we will adhere to the following assumption:
(A1) Problem 1 has a unique solution with sufficient smoothness for the analysis to be carried
out.
Let us define the weak formulation of Problem 1.

Problem 2. Find ¢ : (0,T] — Hg (1), such that for any v € HE(2):

(05.9,v) + a(@, ¢,v) + k(V,7v) = (f, v), D
where @ € (0,1), and
1
a@¢.v) =3 | 1@ 74y~ @- P)glax.
1
Semi-Discrete Formulation. We divide the time interval [0, T] by points t, = nt, where T > 0,
andn = 0,1,...,N, such that Nt = T. Let " denote the solution of Problem 2 at time t = tn.

To define the semi-discrete formulation of Problem 1, we use the following approximation
formula for the Caputo fractional derivative.
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Lemma 1. The discrete analogue A%d™ of the Caputo fractional derivative 85®(t,) of order
0 < a < 1 can be expressed as [20]

n

a3gr = > 89 (¢ - ¢*), @
where ) =
5 — —r(;— Sl =5+ 1)1 — (=)

For the error term Tﬂ('ﬂ = 0§, ¢(t,) — A ¢ (t,,), the following estimate holds:

5—a
(a) 2 Z—a
T, = —— max |0; (L) [T
| = g g dmax 1089 @)
We now present some elementary properties of the coefficients “n.s .

5(0’]

Lemma 2. The coefficients “n.s , presented in Lemma 1, satisfy the following properties [18]:

a) Positivity: 5;&“3 >0,s=12,...,n;
b) Monotonicity: STE“S] <89 s=12,..n-1;

( iﬂLs+1’( )
¢) Recursive Relation: 8¢ = Gny.c 1:
. Cyn @ _ nm”
d) Summation Property: &s=1 %.s = 75 .

Let (--) and lIIl denote the dot product and norm in I* (2) for brevity. Let us define the semi-
discrete formulation of Problem 1:

Problem 3. Let the solutions $* € H3(2) be known for k = 0,1,...,n— 1. Find ¢™ € H}(2)
such that for all v € H3(2):

(459" ,v) + al, ", v) + k(V§™, ) = (", ), )
where @ € (0,1),
Fully Discrete Formulation. Let X, be a quasiuniform partition of {). Define the discrete space
Vi, € H}(Q). Introduce the projection operator ITy, : Hi (Q) — V,, satisfying
(V1,9 — ¢),Vs) = 0V € Hy (1), ¢r EVs.
The projection operator has the following properties:

¢ — 1@l + hll¢ — Pl o) = CREIPllazn) Vo € Hy () N H? (). (4)

We now define the following problem.
Problem 4. Let the solutions ¢f € Vj, beknown fork = 0,1,...,n — 1, inparticular, ¢p = IT,¢,.
Find @5, € Vj, satisfying the following identity for any v, € V; :

(ﬂg(ﬁiﬂ, T'?h) + a(ﬁ, ¢’E; vh) + k(';"'i‘;:; th) = I:fnl vh): (5)
where @ € (0,1).
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Results and Discussion

Stability of the Numerical Scheme. Let us proceed to investigate the stability of the method.
First, we will provide an auxiliarv lemém that will be necessary for the proof of the main theorem.
Lemma 3. For any function ¢ € L*(1) the following inequality holds [18]:

1
5¢7,¢™) = 0 — 07 — =5 119°I12,
1

n—1 2 n.,1
where @.,Eaj =221 5,2'15] llp™ II>.
Now, let us prove the main results of this section.
Theorem 1. The discrete scheme (5) is unconditionally stable with respect to the right-hand side,
and the following estimate holds:

n n
IGEI +2% ) 17 ey < €2 > lIF™I12,
m=1 m=1

1
where & € (0,1) and € = ;.

oL,

Proof. Choose Vi = @ in (5):

(4347, 1) +a (@ &7, 81) + K (VL T41) = (£, o). ©

Estimate each term in (6). Using Lemma 3, we obtain:

@ AT n i ':G']_ (a) _E (a) o2
427, o) = = (0 — 0, — 251 14°11). -

Further, it is obvious that a(i, ¢}, @5 ) = 0. The right-hand side is estimated as follows:

(F o) < ZIF I + 2V 22 - ()

Taking into account these estimates, we obtain from (6) that

k 1
0,7 = 05 + S IR < CIF™I + 58,7 I

2 n,1

Sum the last inequality over n from 1 to n and consider that 8§“j = 0 to obtain

() kt® N m || 2 @ N m]|2
0 + = X gL Iy < €% ) NI,
m=1 m=1

which yields the statement of the theorem.
Convergence of the Scheme. Let us proceed to investigate the convergence of the method.

Theorem 2. Let {ﬂf’}a}izo, where ¢}, € H3 (2) be the solution to Problem 4. Then, under the as-
sumption (A1) and for @ € (0,1), the following inequality holds for ¢}, € Hg (12):

et — @Rl +72 D IV(A(En) — ST lliziay < CT2(R! + 7779,

m=1
where C is a positive constant independent of mesh parameters.
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Proof. We introduce the decomposition:
(t) — OF = ($(t,) — Mo™) + (T,¢™ — ¢F) = Y™ + ™ )

where @™ is the projection error and & is the discretization error. Consider the difference of identi-
ties (3) and (5), take into account (9) and choose v, = {™ to obtain
(A3&™, &™) + a(id, ¢(t,), &™) — aid, @i, &™) + k(VE™,VET) =
— @a 1 n (ﬂ'j n
- [:ﬂ*:w Jf )+ (Tn Jf ) (10)
Estimate the terms in (10) as follows:
a(d, ¢(t,), &™) — a(id, ¢f, &™) < C"ﬁ"izmj "'?wﬂ"izm] +
+(e, + Ez)llvfn"izqﬂj + C"ﬁ"izmj ™ 117,

aL N Fn 2 n 2
[(AFy™, E)| < CﬂiﬁllatwuLm{ts_rts:bzmj) +&,4lVE "quﬂj-

Then it follows from (10) that

n
k
6 — 6{® + EZ IVE™ 172 <
m=1
n n
S C ) A I7Y™ gy +C D s 19717 +
m=1 m=1

n n
ac Z "Tmllz 1 Z h2I+2,
m=1 m=1

which yields the assertion of the theorem.

Computational Experiments. In this section, we present numerical experiments to verify the
theoretical estimate. To validate the theoretical convergence estimate established in Theorem 2, a
series of computational experiments were conducted using a model problem.

Example 1. Consider the equation:

p d¢ d¢ %¢ ¢
6‘0Jt¢=+ula+u25—k(¥+ayz)=f, t>0, (1)
where
207 (x = x*)(y —¥7)
,t) = -t (142002 =)+ (1 +2y)(x* —

with initial and boundary conditions:
¢y, t)=0, (y €Tl t>0 (12)
oy, t)=0, (xyE€En (13)

where @ € (0,1). The exact solution is (¢, t) = xy(1 —x)(1 — y)t?.

The goal of this computational experiment is to determine the actual order of convergence with
respect to the fractional derivative order @. Several combinations of fractional derivative orders from
the set {0.1,0.5,0.9} were considered in the experiment.
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To analyze the dependence of the error order on the spatial step, the time step was fixedas T = h,
while the spatial step h varied from h = i toh = ﬁ, decreasing by a factor of two at each stage.

The errors were evaluated using the L,-norm for the solution ¢. Table 1 presents the error values
for different fractional derivative orders @ and corresponding parameters h and 7. Figure 1 shows
the convergence plot of the finite element method in a log-log scale. The results exhibit a straight
line, indicating a clear algebraic convergence. The slope of the line corresponds to an empirical
convergence rate, consistent with the theoretical prediction for the method and problem considered.

Table 1 — L,-errors and convergence orders for Example 1 for cases &« = 0.1,& = 0.5 and @ = 0.9

a=0.1 a=0.5 a=09
L?-error Order L?-error Order L?-error Order

— 1.0297 - 1072 - 8.2755-1073 - 7.2457 - 1073 -

— 5.1843-1073 | 0.99 (= 1.05) | 3.6021-1073 | 1.20(= 1.25) | 2.7266-1073 1.41 (= 1.45

— 2.5922-1073 1.00 (= 1.05) | 1.5571-1073 1.21(=1.25) | 1.0190-1073 1.42 (= 1.45

— 1.2694 - 1073 1.03 (= 1.05) 6.5923 - 107* 1.24 (= 1.25) 3.7817 - 107* 1.43 (= 1.45

— | 6.1308-107* | 1.05(=1.05) | 2.7717-107* | 1.25(=1.25) | 1.3842-107* 1.45 (= 1.45

]D-?U .

10 25 |

L*-arror

10 A5

‘:DI?" ml's ml‘“
T

Figure 1 — Convergence plots for Example 1 for cases @ = 0.1,& = 0.5
anda = 0.9

As seen from Table 1, the convergence order strongly depends on the value of @. Higher values of
a = 0.9 yield the best accuracy and convergence order. Lower values of & = 0.1 result in a reduced
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convergence order, confirming the sensitivity of the method to the fractional derivative order. Overall,
the experiment confirms the theoretical conclusions regarding the convergence of the method and
its dependence on &. The computational experiments verified the theoretical convergence estimates
established in Theorem 2. The results demonstrate that the method exhibits the expected convergence
rate for higher values of o o and a decrease in accuracy for lower fractional derivative orders.

Example 2. Let us consider a more realistic example. In this numerical test, the goal is to predict
the dynamics of the S0z in the atmosphere based on the proposed fractional differential model on the
example of the city of Ust-Kamenogorsk during one day, January 1, 2024.

c¢) Concentration field after 3 hours d) Concentration field after 4 hours

Figure 2 — Simulation results of S0, distribution for @ = 0.9
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Unlike Problem 1, the boundary conditions of the first kind are replaced by boundary conditions
of the second kind, and the right-hand side is selected as the sum of two sources. Computational
experiments were carried out for orders of fractional derivatives & € {0.5,0.6,...,0.9}. The modeling
results for the case of @ = 0.9 are shown in Figure 2.

The results show that SO, spreads more slowly compared to classical diffusion which is suitable
for modeling pollution in urban areas with obstacles and complex wind patterns. Therefore the order
& controls the degree of temporal memory: smaller values of @ correspond to stronger memory ef-
fects and subdiffusive behavior, leading to slower pollutant spread and prolonged atmospheric reten-
tion. This is consistent with observed pollutant dynamics in complex urban environments.

Moreover, the proposed scheme has proven itself to be stable for a wide range of time steps.

Conclusion

This study proposed a numerical solution of the convection-diffusion equation with fractional-
order derivatives for assessing air quality in urban environments. The developed model takes into
account the influence of linear sources of pollutants, transport processes, turbulent mixing, and
the memory effect modeled using the Caputo fractional derivative. This approach enabled a more
accurate description of the dynamics of pollutant dispersion in complex urban conditions.

The theoretical analysis of the stability and convergence of the proposed finite element scheme
confirmed its efficiency and reliability. Numerical experiments demonstrated a high degree of
agreement with theoretical results, validating the correctness of the chosen approach.

The developed model proved its applicability for forecasting atmospheric pollution under
various weather and infrastructural conditions. It effectively identifies pollutant accumulation zones
and helps in planning measures to reduce pollution levels. This makes the model a valuable tool for
environmental monitoring and for developing strategies to improve air quality in urban areas.

The obtained results can be used in future research for more complex modeling scenarios,
including the consideration of nonlinear pollutant sources, as well as integration with real-time
monitoring systems for air quality assessment. Further development of the model will enhance its
accuracy and broaden its application in environmental and engineering tasks.
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AHHOTAIUA

B pabote mpencraBieH YMCICHHBIA METOJ PEIICHMS YPABHEHMS KOHBEKIUH-AU(QY3UH C TPOU3BOAHBIMHU
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K.A. TomeHeB ateiHAarsl yHUBepcuTeT, LlIbIMKeHT K., Kazakcran
’BusiibHIOC YHUBEPCUTETI, BunbHIOC K., JIuTBa

HOBEJIMAMEH BEJICEHJIPLITEH CTPOHIMIA AJJIOMUHATBHIHBIH
(SR, ., CA AL 0,:NO,) CHHTE3I MEH ONITUKAJIBIK KACUETI

AnjaTna

HobGenmiimen GeceHtipiares CTpOHIMN amOMHUHATHI (ST4-x-yCa,Al;4025:Noy) 9pTYpIIi KOHIICHTpaIHsiia 30J1b-
Telb 9JiCi apKbUIbL, OOP KBIIIKBIIBIH KOJJAHBII CHHTE3/EN 1. ANBIHFAH YATUIEp ayaja opTYpli TemIepaTypana
KBI3ABIPBUIBI, PEeHTTeHAIK nudppakunsislk (XRD) tammay sHoTmkenepi Ooifprama 1300°C temmeparypanma Gip
(azainsr SryAl;40;5 anpiHFaHbl aHBIKTABL. CTPOHIMI HOHJAPBIH KAJIBIMI HOHJAPBIMEH 11IHApa aybICTHIPY YIIIH
Kypambinza 0,04 Mosis/T HOOE KT Oap Oipaeii CTPOHIIHIA ATFOMHUHATHI TAHAAJIBIIL, O1p (a3zaiisl yiariiep kaabiuiaia xCa
= (0,9-ra JeliHri KOHIEHTPAIUSCHIHA albIHAbL. Bapisik yirinepaeri Ho** HOHAApBIHBIH JFOMUHECIIEHIUACHIHBIH
€H KOFaphl CabICTHIPMANbl KAPKBIHIABUIBIFEI OChl HMOHAapabiH °Fs — g oTyiHe coiikec KeJeTiH CEKTpiH
KbI3bUI aliMarblHAa Oaikanael. YArinepAiH (OTONOMHHECHEHIMSIIBIK 3€PTTEYIEPIHAE TOJIKBIH Y3bIHABIKTAPHI
465 uM xoHEe 560 HM OONATHIH COyIIeNeHyMEH KO3ABIPFaH/Ia, KAPBIK MIBIFApyObH ~652 HM, ~692 HM koHEe ~694
HM MakcHUMyMapbl maiina Oonyuel. CuHTesenreHn 0ip ¢aszaibl MaTtepraiiapAblH 0apiblK CepusiiapbiHia KapbIK
HIBIFAPYIBIH €H KApKBIHIBI MIBIHAAPB! Sr2* cTpoHiuii noHaapbin Ca?" HOHAAPBIMEH alMACTBIPFaH KOCBLIBICTApIa
Oaiikamupl. CkaHepieyini 3MeKTpoHIsl MuKpockon (COM) kemeriMeH TycipuireH cyperrepae Sry_Ali4Oz5:Hox
OeutmrekTepi KbI3ABIPY/IBIH aca >KOFaphl TEMIIEpaTypachiHa OaiyIaHBICTHI Oip-OipiHe aOBICHI KaJFaH MOHOJHTTI
Omokrap Typinzae xepinai. CTpoHIUIiNI KaTbIUHAMEH alMacThIpy CHHTE31 Oipei Temreparypaja Kypri3iireHiMeH,
Mopdoorusina esrepicrep Oaiikanms: Ca?* MOHIAPBIMEH KapThUlail aybICTHIPBUIFAH aTIOMHUHAT OOJIIIEKTEePiHiH
ANTHIOYPBINITHI MIIITHI AKbIH KOPIHII.

Tipek ce31ep: CTpOHINI aTFOMUHATHI, 30JIb-T€Nb JJIiCl, MomMuHeceHms, XRD, COM.
Kipicme

3aMaHayu TEXHOJIOTUSHBIH aXbIpaMac 06JIiri — JJIOMUHECIeHTTI MaTepranaap. CTpoHIMH alo-
MUHATTapbhl XUMUSUIBIK TYPaKThl MaTepHalgap, COHIBIKTaH CHUPEK KE3JIeCeTIH MeTajaapiabl Oel-
cenaipyre ete KoJaiibl. COHIBIKTAH CHUPEK KE3JIeCETIH MeTalaapibl TaHAay KOpIHEeTIH >KapblK
caJlachlH/1a FaHa €MeC, COHBIMEH KaTap MH(PaKbI3bLI COyJIEIEeHY CalachIHIA J]a SMUCCUAFa MYMKIHIIK

Oepeni [1]. Sr,Al,O,,:Ce crponumii amomuHatbiHga CTOKC BIFBICYBI a3 OONybIHA OaNIaHBICTBI,
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OHBIH KBAHTTBIK THIMJIUIITI >KOFaphl OOJIATBIHIBIFBIH JKOHE JIFOMHHECICHTTIK KacHeTTepiH [2—6]
aBTopnapsl 3eprreren. Sr,Al O :Mn*" momunodopnapei kek xkapbikineH (450 HM) THiMII KO3-
IpIpyFa koHe 630—680 HM auama3oHbBIHAA KBI3BUT KAPHIKTHI IIBIFAPYFa OONATHIHIBIFBIH JKOHE
MHKAICYJSUUSIIaHFaH KYPBUIFbI JTIOMUHO(OPIAPABIH aK KapbIKThl AUOATAPBIHBIH TYC KOPCETYIH
JKaKcapTa aJaTbIHbIH KepceTeni [7]. Sr,Al 4O25 Eu*3* JHOMI/IHO(I)OpI)I K03(p(PUIIMEHTTIK ONTHUKAIIBIK
TEpPMOMETpHUsZAa KOJIJaHy YIIiH MEpCIeKTUBTI, TeMIepaTypara ce3iMTal MaTepuall peTiHIe KoJ-
JlaHyFa OOJIaThIH/IBIFBIH KepceTei [§].

dochopasiH imIiHAC CHPEK Kep MOHAAphl O0ap CUITIII kKep aTrOMUHATTAphl KOK JKOHE KBI3BLI
alimMakTap/a KYILITI JIOMAHECHEHIMICHI 0ap GyHKIMOHAIAbI OeHopraHuKalIbIK MaTeprangap OobIn
tabbutanel [9—11]. By marepuanmap opTypii canajapia KeHIHEH KOJIaHBUIAIbI, MOCEJICH: amaT
OenrizepiH, )KapbIFbl a3 IBaKyalusIIay KyHeaepiH, 9CKepH KoJIaanoanapapl, TOKbIMa TaIIIbIKTapbIH,
KapBIKTaHABIPY KYPBUIFbUIAPBIH, IIBIFY O€riiepid xkoHe T.0. KaMTybl MyMKiH [ 12]. By marepuaniap
aca Kayinci3, XAMHUSIIBIK TYPaKThl, POTOTYPAKTBUIBIFBI ©T€ XKAKCHI, OTE )KOFApPhI JKapbIK IIBIFapy KoHE
CoyJIeJIeHYIeH KeH1HT1 Y3aK yaKbITKa CO3bLIAThIH JKapKeIpay [13] apkachiHaa apTypili KepaMUKaJIbIK
cananap/ja MaHbI3/Ibl MaTepuaaap/ sl Kypans [ 14].

Eu** xone Dy*" kocnanapsi kocbutran SrAl O, men Sr,Al O, Tamama momuHObOpIIap peTinie
KapacThIPBUIBIN, 3epTTEYHIUIEPAiH KBISBIFYHII)IJIBIFI)IH TYIBIPHIT, (HOCHOPECICHIIUIHBI JKaKCAPTY
YILiH KYPTi3UIreH KonTereH 3epTreyiep Kocmaaapra, MOJSPIBIK KaTbIHACKA KOHE JaibIHIay dJIic-
Tepine Hazap aynapasl [14—16]. Ctponuuii amoMuHaTTapbl 0OJIaT JKOHE IEMEHT OHEpKCciOiHe
OailyTaHBICTRIPYIIBI 3aT PETiHIE Oipa3 yakKeITTaH Oepi KOJIaHBUIBII Kenerdi. FrutbiMu camana Oyl
MaTepuanap y3akka co3bUiFaH (DOTOTOMUHECIICHIMACHIHBIH apKAChIH/IA aca KbI3bIFYIIBUIBIKKA
ue Oonapl [17]. OnebuerTepne CTPOHILMI aTIOMUHATTAPBIHBIH OPTYPJi (hazanapbl CHUMATTANFaH:
SrAl O,, SrAl ,O,,, Sr,Al O, xoune St AIMOZS, SrALO., Sr,ALO,, Sr,ALO,, Sr, AlO, Sr,AlLO,
[18, 19]. CTpOHuHH aJIIOMI/IHaTI)I Sr,Al O, (4SrO— 7A1 O S — OpTOpOM6TBI KpI/ICTaJII[I)I K¥pI>IJII)IM
Pmma xenictiktik Tom (51) Gomeim Tabbiamser [20]. E¥pHHFH KEeHeCTIK 3eprreyminep Hamxuaa
KoHe T.0. [21] rumporepmusibik dmicnen Sr,Al O 055 [Al,O,,] (45rO-7Al,0,) MOHOKpHCTaIbIH
CHHTE3/Ie/li ’KOHE KYPBUIBIMABIK MaJliMeTTep i KentipreH. COHBIMEH KaTap KOITEreH 3epTTeyIiyiep
CUPEK Ke€p MOHJApbIHBIH KOCHAchl MEH KAaThIHACHI dcep €TKEHIEr! ONTHKAJIbIK KACUETTEpPIH 3epT-
teni [20], Al/Sr [22] karbiacel Men B, O, kocnackinbid Mesmepi apkbuibl [23] Sr,Al O, :Eu** Hemece

Sr,Al O,:Eu*,Dy** moMuHO(OpHI 3KO0Faphl TEMIIEpaTypa MeH aJICi3 aTMocdepaia arjoMepanusiay

ApKBUIBI TabIHIAJIFaH.
MarepuaJjigap MeH dicrep

CTpOHIIMH aJIFOMHHATHI 30J1b-T€JIb 9/liCiMeH cuHTe3aAel. Sr—Al-O renbaepiH CUHTE3/CY YIIIiH
Sr(NO,), (tazanbirer 99% (CarlRoth, I'epmanns)) men AI(NO,),-9H 0) (razamsirsr 98% (Aldrich,
I'epManus)) CTEXHOMETPUSIBIK MOJIIEpIepl TEHECTIpUIAl. belceHaipireH  KOChUTBICTapIbI
cunreszey yuin caiikec Ho, O, (Tasanbiret 99,9% (Aldrich, 'epmanus)) Mesiepi, ain aMacThIpbUIFaH
xoceutbicTap ymin Ca(NO,),4H O (tasambirbr 99% (AlfaAesar, I'epmanus)) colikec memmepae
anbiHazel. St(NO,), ctponnuid HuTpathl a30T KelKbUIbIHAa (HNO,, Tasanbirel 66% (Reachem,
Cnosaxkus) epitineni, oman keiiin AI(NO,),-9H,O) xocbanpL. BencequpmreH KOCBUIBICTAp YIIiH
anaeiver Ho, O, KplIKpUIAa epiTiei, anMacTeipbuiran KocsuibicTap yiin Ca(NO,), HuTparrapst
AI(NO,), 9H20 KochlIanbl. AnbiHFaH Kocmajap 60—-65 °C TemmepaTypaaa KbI3AbIPY apKbUIbI
apanacteippuiafbl. Onapra kommieke Tysymi rmunepun (HOCH,CHOHCH,OH, rtasambirsr 99%
(Aldrich, I'epmanust)) peareHTi apajacThIpy/Ibl TOKTAaTIall KOChLIAAbl KOHE jKa0bIK CTaKaHJa apa-
JACTHIPBUIAJIBI. AJIBIHFAH MOJJIIp, TYCCI3 epITIHAIIepAl allblK CTaKaHIapAa apalacThIpy apKbUIbI
Oymnananbl. Ansiaras renpaep 100 °C Temnepatypana kentipy mkadsiaaa 12 carar 00iibl KenTipiii
JKOHE araT YHTaKTaFrbllIbIHJAa MYKHAT YCaKrajaabl. AJBIHFaH YHTaK, OHbIH Oip Oemirine 2,5%
Maccanblk 6op Kpmkeuibin (H,BO,, Tasaneirer 99,8% (CarlRoth, I'epmanns)) KockaHHaH KeHiH
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nemre 900 °C temrieparypana 8 carat O0HBI KbI3IBIPHUTABI. OpraHUKAIBIK KOCBUTBICTAPIBI KYHIIpy
YKOHE KaJIFaH HUTPATTAPAbl bIABIPATY YILIH KbI3ABIPbUIFAH KOCHIAJIAP araT YHTAKTaFbIIIBIHAA MYKUSIT
ycakranbin, 8 Hemece 10 carar 6oitsl ayana 1100°C, 1200°C, 1300°C, 1400°C, 1500°C xone 1600°C
TeMIiepaTypaja KbI3aAsIpbulsl [24, 25].

Cunre3 eniMmaepiHiH peHtrenaik audpakuus (XRD) cnextpiaepi Cu Kal coynenenyin
(A=1,5406 A) naitnanansim Rigaku MiniFlex I mudpakromerpinze (bparr-bpentan reoMmeTpusch!)
*a3puiasl. CkaHepaeyni anekTponasl Mukpockon (SEM) keckinnepi Hitachi SU-70 mukpockomnsi-
MeH anbiHbl. JlrtomuHectiennms R928P nerekropsr 6ap Edinburgh Instruments FLS920 kypansiaaa
OJIIICH/I.

HoTu:xesiep MeH TaJKbLIAY

Bip ¢asamer Sr,Al O,, Sr—Al-O amy ymiin Gacrankel Trenpaep OPTYpI Temmeparypana
KbI3ABIpbULbl. CHUHTE3ENreH 3aTTapAblH peHTreHaik audpakuusiblk (XRD) tanmaynapsr 60p
KBIIIKBUIBIH Maiaanan6ai Sr,Al O, basacein amy MyMKiH emecTirin kopcerti. CunTes Kesinue 60op
KBIIIKBUTBIH KOJIaHbUTFaH yirinepaiy XRD Tangay HoTmxkenepi 1-cyperre kepceTires.

1200°C sxone 1400°C rtemmeparypaga CHUHTE3JeNreH yiariiep Oip Qaszanbl emMec maTepua
Ty3€TiHi anbIKTanasl. Anaiaa, 1300°C temneparypana 6ip pasaner Sr,Al ,O,. amy MyMKin GonpL.
CoHJIBIKTaH 0acKa CHHTE3eP/Ii KYPrizy YIIiH ¢uroc peTinae yieci ooibiHma 2,5% 00p KhIIIKBIIBI
KosmaubLIbi, YiTiHi 1300 °C remrieparypana 8 carar O0WbI KbI3IBIPY IApTTaphl TAHIAIAIbI.

3oab-renb oniciMmen cuHTesaenin 1300 °C temneparypana KyWIIpUIreH roJbMUNA KOCBUIFaH
CTPOHLIMH aTIOMMHATBIHBIH PEHTIeHIIK Tu(paKkTorpaMmmanapsl 2-cyperre kepceriiaret. bip ¢asans
CTPOHIIMI JIFOMHHATBHIH TOJIBMHUIIH TOMEeH KoHIeHTparusichiaaa (0,02—0,04 momnw/T) anyra Gona-
TBIHBIH 2-CypeTTeri audpakrorpamMmanaH Kepemi3. ['oJbMUN KOHIEHTPAIUSCHIH JKOFapbUIATy
apKBUIBI KOCTIaJbl KOCBUIBIC — TOJBMHUM ATIOMUHUHN TOTBHIFBI (TOJBMHUN QTIOMHUHHMNA TPaHATHI) TY-
senei. CTpOHIMM alFOMHHATHI Sr4Al1 ,O, MEH TOoJIbMUi aTIOMUHUIM OKCHIIHIH H03A15012 TOH
TG PAKIISUTBIK MIAFBUTBICYJIAPBI YKcac 20 MoHAEpiHAe OpHATIaCKaH, COHIBIKTaH OYJI KOCBUTBICTAP IbI
QXKbIPATy KUBIH, TEK IIBIHAAPABIH KAPKBIHBUIBIFEIMEH CPEKIICICHE/I].

,J. I" 'h | 1600°C
A \ “l, F“ f 1500°C
. ! l fl |’ \ 1400°C

I
I I l Hl 1300°C

..,.A_h_m-'.r\_
i Fma

A ’l ; 1000°C

| | | x=SrAl 0,

10 20 30 40 0 60 70
26

KapkeiagsumIK (c.6.)

L]

Cypert 1 — Bop KbIIKBUIBIMEH CHHTE3/IEITeH YITIepAiH PEHTIeHIIK
nuppakrorpaMmmanapsl. Beprukais coizbikrap Sr,Al O,  ctanapTThl
(aszanbik quppakTorpaMmmacs 0onbin TadbLIansl; SrAL O, dasanbik

mbIHAaps! X oenricimer [PDF#00-034—0379] GenrineHreH
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Cyper 2 - Sr, Al O,:Ho_ynrinepiHid peHTreHIiK IudpakTorpaMmanapbt:
a) x=0,02-0,16 sxone b) x = 0,32 — 2,56. Beprukanb chisbikrap ctanaaprrsl St,Al O,
¢azaneik qudpakrorpammacs! [PDF#00—-074—1810] Goubin TaObLIAIb;
Ho,A O, dazansix msaaps! *6enricimen [PDF#00-076-0112] Genrinenren

2-CcypeTTeri peHTTeHIIK TuGpaKIus YTiIe TOIBMUN MOJIIIepi O1aH dpi KOoFapbUIaraH CaiibiH
Oapneik Kocwubictap St Al O, (dasaceiHa TOH WBIHAAPABIH 0ap €KeHiH KepceTeni, Oipak Oy
KOCBIIBICTAP/IBIH CIIKAUCHICH Oip (azanbl Oonmaiinbl. ['onbMuii adrOMUHHI TpaHATBl OapiIbIK
yJIriiepe Ke3aecei xoHe roabMuil KoHIeHTpanusacel 0,64 MOJIb/T koHE 0J1aH Ja Kell bosiraHa Oyt
(haza 6aceM (cUIaTTHI MIBIHAAP * OenriciMeH Oenrisiene;i) Oomabl.

Bapasik yarinepaeri Ho®* voHIapbIHBIH JTIOMHHECIIEHIIUSACHIHBIH €H YKOFaphl CABICTHIPMAIIBI
KapKBIHBUIBIFBl OChI MOHIAPAbIH *F.—°l  eTyiHe colikec CIEKTP/iH KbI3bLI aiiMarbiHaa 00JIajbl.
YarinepaiH GOTOIOMUHECICHIMSIIBIK 3€PTTEYJIEPIHIE KO3AbIPY €Kl TYPJIl TOJKbIH Y3bIH IbIFbIHBIH
KOMETIMEH KY3€ere acajpl.

TonkeiH y3bIHABIFEL 465 HM coyleleHyMeH KO3JBIpY Ke3iHJAe TOJbMHUIBIH €H a3 TepT
koHneHrparusice (0,02; 0,04; 0,08; 0,16) 6Gap CTpOHIHIA aTIOMUHATTAPHI YIIIH KaPBIK IIBIFAPyIbIH
HOTHXelepi 3-CypeTTe KopceTureH. AJBIHFaH HOTHKEJIEPACH TOJIbMHUHIBIH KapbIK IIbIFapybIHBIH €H
KapKBIHIBICH ~652 HM-7e Kypambiaaa 0,02 MOJIB/T MeITIepIeri amoMUHATTa OOJIATBIHBIH KOPEMI3.
Kapoik mbrapyaby ~692 HM koHe ~694 HM TOJKBIH Y3bIHIBIKTAPbIH/IA KOC IIBIHBI /1a KOPIHEI.
byn memgap 0,04 mMonb/r GoNaThIH KOCBUIBICTAP YIIIH €H KApKbIHABI €KeHIH OalKaiMbI3 *kKoHE
Kypambigaa 0,08 mons/r meH 0,16 Monb/T roasMuil 0ap KOCBUIBICTAP/IbIH JIIOMHUHECICHIIUACHIHBIH
TOMEH/IeyiHe KOCIaJbl 3aT — FOJIbMUIN aIFOMUHUNA OKCHJI1 9cep eTell.

a '. x,,=0,02| b — x,,=0,02]
I x,=0,04 I x, =0,04
x =0,08

. - T T T =
600 700 720 740 600 620 &40 660. 680
m

Cypet 3—Sr, Al ,O,.;Ho_’KapbIK WbIFapy CIEKTPIIEp:

14725°

a) A_ =465 um xkoHe b) A = 560 am
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Ko3apipy yIiH TONKBIH Y3bIHABIFEI 560 HM 0ONaThIH Coyie KOJIJaHFaHa CoJl MaTepranIapIably
KAPBIK LIBIFApy CHEKTpIepi 3-CypeTTe KopceTUIreH. byl TONKbIH Y3bIHABIFbIHIAA ~052 HM KapblK
miblFapy aici3 0osbir, an ~692 HM koHe ~694 HM KapblK LIBIFApy MAaKCUMYyMbI Maiijna OoJafbl.
byn sxarpaiina ronbMuAIH KOHIEHTpALMsAChIHA OalIaHbICTBl €H KapKbIHIbl JIOMUHECLEHIIHS
0,04 Monb/r 60ONAaTHIH CTPOHIUI ATIOMHHATBIMEH CHUIIATTaNabl. backa KOHIEHTPALUACH KOFAPHI
Kocrmayapsel Oap YATUIEPIiH JKapbIK IIbIFapy KapKBIHABUIBIFEI Oip (aszaibl yarisepre KaparaHma
a3 Oonaapl. KOHIEHTpaUsHBIH KOFApIAybIMEH JKapbIK IIBIFapy CHEKTPJIEPIHIH KapKBIHIBUIBIFBI
azasbl. OchlFaH yKcac yaepic [26] opTyp:ti aliMaKkTarbl HOHAAP apachIHAAFbl SHEPTUs TachIMasiay
HOTHKecIMeH TyciHaipineai. Ho®* MOH KOHIEHTpalMsChIHBIH YiiFaobiMeH Ho'*-roHbI cTpoHIuii
topeiHaa kakeiHaan Ho*'—Ho®* mon sxyObiH Ty3eiini. KoHIEHTpalys IIEKTIK MOHHEH acKaHIa
KOHIIeHTpauus MexanusMmi ommesi. Conbiven katap Ho’* ete a3 konuentpanusia Sr,Al O, ToObIMeH
ocepreceni, ajl aca KOFapbl KOHIICHTpAIHsAa OTTETLIIK TonTapMeH ocepiecemi. KoHmeHTparms
CUMATBIHBIH OIIyl HEeTi3ri JeHreil MeH KO3FaH JeHred apachlHIAaFrbl PE30HAHCTBHIK HSHEPTUs
TachIMangayMeH OailsiaHbICThI 00a bl

Ckanepieyl1i 3JeKTpOHAbl MUKPOCKOIIIIEH TYCIpUIreH cyperTepie (4-cypeT) CTpOHIMM aito-
MHUHATBIHBIH OeJIIIeKTepl MOHOIUTTI OJI0KTapra Oip-OipiHe >kaObIChIN KalFaHbIH Kepemi3. MyHnait
6erTik Mopdosorus OalKyAbIH aca XOFapbl TEMIIEpaTypachl Ke3iHJe ycak OemeKkTepaiH Oipiryl
HOTWKECiHe maiiaa Oonmazapl. bemmekrepain emmemi OipHeme Ky3ereH OemeKTep i Ke31eHCcoK
Tagaay apkputbl Fiji OarmapiiaMachIHBIH amiblK OacTamkel Koabl Oap Imagel-mbiH kemerimMeH
OarajaHabl. YJITi YIKEH HOJIUKPUCTAIIBI SPTYPIIi AYPHIC €MEC MillliHre e OeIIeKTepaAeH KypalFaH,
enmemi 2—100 MKkM apanbiFbiHAa 00JbIN TaObLIaAbl. ¥ caK OemeKTep e AYpbIC eMec MIMIHre ue
MKOHE YJIKEH OeJIIIEeKTep/IiH KapblUTybIHBIH HOTHKEC] OOJIBII KOPIHE/].

Cyper 4 —Sr, Al O,:Ho (x=0,04) COM cyperrepi: a) 50 MM, b) 20 Mmxm

CTpoHITHI HOHAAPBIH KaTbINI HOHIAPBIMEH ilIiHApa aybICTRIPY YiiH KypaMbraaa 0,04 Mos/T
HOOemii Oap Oip/ielt CTPOHIIMI aTFOMUHATHI TaHAAIIbI. [ oabMuit Sr( 4X)CaXAll 4025:H00,0 , YAriIepine
KaJILUAIIH xCa=0,3—l,2 CepHsChI JTalbIHAAIbl. PeHTIreHIIK TupaKIUsUIBIK Tajlaay JepeKTepiHCH
Oip asaner ynrinepain x.=0,9-Fa neliH anbIHATBHIHBIH 5-CYpeTTeH Kopyre Oomaibl. Al YIKEH
KOHIEHTpanusa Kocbimma StAl O  dbasace! anbiHabL.

Sr(4x)CaxA11 4,O,5:Ho , KOCBUTBICTAPBIHBIH JIFOMHHECHCHIUSAIIBIK 3epTTeyNepi Ke3iHae KO3IbIpY
YIIH TOJIKBIH Y3BIHABIFBI 465 HM Oo0JIaTBIH coylie KOJMJaHbuIanbl (6a-cypeT). JKapblK IIbIFapy
CHEKTPiHEH ~652 HM Ke3iH/IET1 €H KapKbIH/bI IbIH X, =0,3 OoJIFan Ke3/I€Ti KOCBUIBIC EKEHIH KOpyTe
Oomaznpl. Jlerenmen, ~692 HM Ke3iHI€ €H KapKbIHIBI JKapblK WIbIFapy X.=1,2 KOCBUIBIC YILIiH
Oaiikananpl. TOMKBIH Y3bIHABIFBI 560 HM CoyJeNeHyAl KOMAaHbII KO3AbIPY Ke31HAe €H KApKbIHJIbI
KaphIK WbiFapy ~652 uM kesinge x. =1,2 Gonbin, ~692 um kesinge X =0,9 Gonamsl (6-Cyper).
Sr,Al 0, Ho ,, KocbubicTapbinia Ca Kocnanaphl KOHLIECHTPALHMSCBIHBIH apTybl JKa- PBIK LIbIFapy
KapKbIHBLIBIFBIHBIH apTybiHa ocep eremi. Sr,Al O, .Eu momunopopsina RE® kockanna sxapbik

1425
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IIBIFapy KapKbIHABUTBIFBIHBIH apTybl Eu?* MOHBIHA KOCBIMINIA KapMaybIIITap/aKayap maiia OoJbI,

Eu*" vonmapbiaa sHeprus oepineni [26].

=12

KapkuIHnbUmIK (€.6.)

<3 bt ,
_L||

Cyper 5 —Sr, Ca

20

Al O..:Ho

X 14725

0,04

40 50 60 70

peHTreHaiK TudpaKrorpammanap.

Beputkans ceisbikrap Sr,Al O, ha3achHbIH CTaHIaPTTHI AM(PAKTOrpaMMachl

[PDF#00-074-18107]; SrAl,,O , dasaceiubir mbraapsl [PDF#00-080-1195]

* QeJriciMeH OeJriIeHreH

Ca?* woHIapeIMEH ilIiHApPa aybICTHIPBUIFAH CTPOHIUK amoMuHATBIHBIH SEM kepinictepi
7-cyperTe KenTipuireH. YJITiHiH HiliHi O1pKeki emec 6enmekTepaiH ememi 2—10 MKM apabiFblHAa
00JbITI, OOIIIEKTEPIH OpTala eJIeMi maMaMeH 5,5 MKM 0oJaThIHbI aHBIK 0oabl. CTpOHIMIII
KaJbIIMIMEH aJMacThIpy CHHTE31 OipAeil Temmeparypana Kypri3uireHiMeH, MOop(hOJIOTHSIHBI
e3repTeTiHIH OalikayFa 00Jiapl. AJTFOMUHAT OOJIIICKTEPiHIH alITHIOYPBIIITHI MIlTiHI AHKBIH KOPiHEe/I],
SIFHU aJITBIOYPBIIITHI IUIACTUHANAPABIH JKUEKTEp1 MEH OeTTepl alKbIH KOpiHEIl.

& — =03

——x,70.3
—x,=0,8
—x, =09

x, =12

Ca

B00 620 64D

Cyper 6 — Sr, Ba Al ,O,,:Ho |, KOCBUTBICTAPBIHBIH JKAPBIK IIBIFAPY CHEKTpJIepi:
a) A = 465 um xone b) A = 560 nm
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Cyper 7 — linapa alIMacTbIpbUIFaH CTPOHIIMNA aIIFOMUHATBIHBIH
Sr, Ba Al ,O,.:Ho, ,, x=0,3(a) xane x=1,2(b) COM cyperrepi
JXKapsIk mbIFapysaapsl €H KapKbIHIbI 00J1aTHIH OapJIbIK cepHUsuIap IbIH Oipda3zaibl MaTepHaIaapbiH
CaJTBICTBIPA OTHIPHII, 013 €H KapKbIH/IBI IIBIH Sr** cTpoHIuit noHmapbiH Ca** HOHIaphIMEH aJTMacaThiH
KOCBUIBICTA JKapPbIK IIBIFapy MIBIHBIHBIH KapKbIHIBUIBIFBI JKOFaphl O0NIaIbI.

KopbIThIHABI

Bip dazansr crponnumit amromunarer St Al O, 301b-renb daici apKpuibl 2,5% OG0pP KBIIIKBUIBIH
naiiganansit, 1300 °C temmeparypana 8 carar KbI3IbIPY apKbUTbI CHHTE3EN . [ 0bMuUil KOCBUTFaH
(Sr, Al,,O,:Ho ) CTpoHIMH alrOMHUHATBIHBIH KO3/BIPY CAyneneHyl A = 465 um men A = 560
oonranna Ho** monnapeiueiy °F —°l, eTyiHe colikec CNEKTPiH KbI3bL1 afMarbiHia 00JaThIH KapbIK
LIBIFAPyIbIH MAKCUMYM/IAPhI kem = 652 HM XoHE }\'em: 692 HM MeH kem= 694 uM Ke3inge OarKaIgbl.
EH KapKbIHIbl JKapblK LIbIFapy T'OJbMUNA KOHILIEHTPALMSCHI XH0:0,04 Oobin, Sr** WOHIAPBIH
Ca’" MoHapbIHBIH JKOFaphl KOHIIEHTPAIMACHIMEH IIIiHApa aybICTHIPY KesiHae Oaiikamamsl. Ca*
MOHJAPBIMEH KapThilai aybIcThIpbIFan  Kochuibictap (Sr, Ca Al O,.:Ho*) anTeiOypeimTe!

14725
IUTaCTUHAJIapAaH Typabl.
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SYNTHESIS AND OPTICAL PROPERTIES
OF NOBELIUM-ACTIVATED STRONIUM ALUMINATE

(SR, «y CAJAL,,0,2NO,)

Abstract

Nobelium-activated strontium aluminate (Sr iy Ca Al ,0,.:No ) was synthesized using boric acid by the sol-
gel method in different concentrations. The samples obtained were heated in air at various temperatures, using
the results of X-ray diffraction (XRD) analysis, it was found that Sr,Al ,O,. is single-phase at 1300°C. For partial
replacement of strontium ions with calcium ions, the same strontium aluminate containing 0.04 mol/g of Nobelium
was selected, and single-phase samples were obtained from a calcium concentration up to x.=0,9. The highest
relative intensity of the luminescence of Ho** ions in all samples was in the red zone of the spectrum, corresponding
to the passage of these ions *F_>°I.. In photoluminescence studies of samples, when excited by radiation with
wavelengths of 465 nm and 560 nm, the maximum light emission of ~652 nm,~692 nm, and ~694 nm were formed.
In all series of synthesized single-phase materials, the most intense light emission peaks are in the compound that
exchanges Sr** strontium ions with Ca*" ions. From the images taken using a scanning electron microscope (SEM),
it can be seen that Sr, Al O :Ho_ particles are stuck together in monolithic blocks due to the use of extremely
high heating temperatures. Although the synthesis of strontium replacement with calcium was carried out at the
same temperature, changes in morphology were observed, and the hexagonal shape of aluminate particles partially
replaced by Ca?* ions was clearly visible.

Keywords: strontium aluminate, sol-gel method, luminescence, XRD, SEM.
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"Vuusepcuter uM. JK.A. Tamenesa, r. lIsivkenT, Kazaxcran
’BUNbHIOCCKHIN YHUBEPCUTET, . BunbHioc, JIutea

CUHTE3 1 OITUYECKHUE CBOMCTBA AJTJIOMUHATA
CTPOHLIMUA, AKTUBUPOBAHHOI'O HOBEJIMEM
(SR, yy CA\AL,,0,:NO,)

AHHOTAHUA

AKTHBUPOBaHHBII HOOCIHEM aIFOMUHAT CTPOHIIHS (Sr4_x_y CayAl1 ,0,,:No ) ObLT CHHTE3MPOBaH € TPUMEHEHH-
eM OOpHOH KHCIIOTHI C TIOMOIIBIO 30J1b-T€JIEBOTO METOAA B Pa3HBIX KOHIEHTpauusx. CHHTE3UpOBaHHbBIE 00pa3IIbl
HarpeBaJii B BO3[yX€ IPH Pa3HBIX TEMIIEPATYpax U IO pe3yibTaTaM peHTreHoandpakironaoro (XRD) ananmsa
nomyganu oxuodasueiii Sr,Al O,  mpu 1300 °C. nst 4acTHYHON 3aMEHBI MOHOB CTPOHIMS MOHAMH KaJbIHS
OBLT BBIOpAH TOT XK€ AlOMHHAT CTPOHIWM, coxepkamuii 0,04 Moss/T HOOemust, a ogHO(a3HbIe 00pa3Ibl OBLIH
IMOJIYYCHBI U3 KOHICHTPAIUN KAJIbIUA 10 XCaZO’g' CamMast BbICOKAsl OTHOCUTEJIbHASI HHTEHCUBHOCTD JIJFIOMHUHCCIICH-
U HoHOB Ho®™ BO Beex 00pasiiax HaXouinach B KPACHO# 30HE CIEKTPa B COOTBETCTBUH C MPOXOKIACHHEM THX

1oHoB °F.—’l,. B (hoTONOMHHECIIEHTHBIX HCCIIEI0BAHUAX 00Pa3IoB MPK BO30YKICHUH M3ITy4EHHEM C JTHHAMU
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BOJIH 465 HM 1 560 HM 00pa30BaIMCh MAKCUMYMBbI H3IIy4eHHsI cBeTa ~652 HM U ~692 HM, ~694 HM. Bo Bcex cepusix
CHHTE3UPOBAHHBIX OTHO(A3HBIX MaTepHUAIOB HanOoIee MHTEHCHBHBIC IIMKU M3ITyYSHUS] HAXOSTCSl B COSIMHEHHH,
rae Sr** oOMeHUBaeT HOHBI CTPOHIHs ¢ noHaMu Ca’’. Ha CHUMKaX, C/ICNaHHBIX C MOMOIIBI0 CKAHUPYOLIETO dJICK-
TpoHHOro Mukpockorna (COM), Buano, uto vactuupl Sr, Al ,O,;:Ho cnumarorcs B MOHONHMTHBIE ONOKH HM3-3a
HCHOIb30BAHUS CBEPXBBICOKOM TEMIIEPATyphl HArpeBa. XOTs CUHTE3 3aMEIEHHs] CTPOHLUS KalIbI[EM IIPOBOIMICS
IIPU TOM 7K€ TeMIeparype, ObUIO 3aMEUCHO, YTO B MOP(HOIOTUH ITPOUCXOIAT U3MEHEHHS, M TeKCaroHaJIbHast popMa

AJIIOMUHATHBIX 9YaCTHIl, YaCTHYHO 3aMCIIICHHBIX HOHAMU C32+, ObL1a O4YCBH/IHA.

KiroueBble ¢j10Ba: aJIOMIHAT CTPOHIIHSL, 30J1b-TEJIb METO, TIoMuHecteH s, XRD, COM.

MaxkananblH pegakiusra TyckeH kyHi: 11.01.2025
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SYNTHESIS AND STUDY OF GAS-SENSITIVE PROPERTIES
OF FILMS BASED ON TIN OXIDE

Abstract
The article looks at how to make sensitive parts for gas analyzers that work at room temperature using thin
films of tin oxide (SnO,) that are deposited on glass substrates. Three precursor systems were employed: a solution
of SnCl,*5H,0 in ethanol, a hydrosol of tin hydroxide, and a combination of them. The films were formed by spray
pyrolysis at 400°C. X-ray structural analysis and scanning electron microscopy were performed; it was found that
the crystallite sizes were 6—13 nm. We studied the sensitivity of the films to water vapor. The highest sensitivity
(R/R,, = 3.75) and response time (less than 1 second) were observed in films obtained from the sol. When

vapor

adsorption on t-Sn0O, (001) and c-SnO, (111) surfaces were modeled, it was found that the c-SnO, structure is better
for detecting carbon monoxide because it stays stable in high humidity. The results obtained are of interest in the
development of new gas sensors

Keywords: tin oxide (SnO,), thin films, spray pyrolysis, sensory properties, adsorption of molecules, gas
analyzers.

Introduction

Tin oxide (SnO,) thin films are among the most studied materials for gas sensing applications
due to their high sensitivity, fast response, and chemical stability. As an n-type wide bandgap
semiconductor, SnO, exhibits gas-sensitive behavior primarily through surface interactions with
adsorbed species, which affect its electrical conductivity [1, 2]. These features make SnO, a promising
candidate for environmental monitoring and industrial safety systems [3, 4].

Traditionally, SnO,-based gas sensors operate at elevated temperatures (typically above 200 °C)
to achieve sufficient sensitivity and response times. However, this imposes limitations on sensor
miniaturization, energy efficiency, and long-term stability, especially in compact or wearable
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devices [5]. Therefore, the development of sensitive layers that can operate effectively at room
temperature remains a critical challenge in modern sensor design.

The properties of SnO, thin films are highly dependent on the synthesis method and precursor
composition. Numerous fabrication approaches—such as magnetron sputtering, sol-gel methods,
inkjet printing, and spray pyrolysis—have been explored to tailor the microstructure, porosity, and
defect chemistry of the films [6, 7]. For instance, magnetron sputtering enables the formation of
nanocrystalline structures with high surface area, which is favorable for gas adsorption [3]. Similarly,
variations in deposition parameters have been shown to influence film thickness and, consequently,
gas sensitivity [4]. The presence of oxygen vacancies and structural defects plays a key role in
enhancing gas sensitivity, as they serve as active sites for molecular adsorption [1, §].

Among the available methods, spray pyrolysis stands out for its simplicity, cost-effectiveness, and
scalability, making it suitable for fabricating gas-sensitive layers on glass and flexible substrates [9].
Moreover, doping strategies and catalyst addition—such as palladium or tungsten—can further
enhance sensitivity and selectivity by promoting chemical interactions with target gases [10—12].
Morever, advances in thin-film technology allow for the miniaturization and integration of these
sensors into compact systems, thereby promoting wider applicability in real-world scenarios without
compromising on sensitivity [13—14].

In this work, we investigate the gas-sensitive behavior of SnO, thin films obtained by spray
pyrolysis at 400 °C using three distinct precursor systems: (1) a solution of SnCl,-5H,O in ethanol, (2)
a hydrosol of tin hydroxide, and (3) a mixed composition of both. The structural and morphological
properties of the resulting films were characterized by X-ray diffraction and scanning electron
microscopy. Crystallite sizes ranged from 6 to 13 nm depending on the synthesis route.

The films were tested for their sensitivity to water vapor under ambient conditions. Among the
samples, the film derived from the hydrosol exhibited the highest sensitivity (R /R_vapor =3.75) and
the fastest response time (less than 1 second). To complement the experimental findings, we conducted
ab initio modeling of water and carbon monoxide adsorption on different SnO, surface terminations.
The results show that the (111) surface of the cubic phase (c-SnO,) maintains structural stability
under high humidity, suggesting its potential for selective CO detection in humid environments.

Overall, the findings contribute to the design of efficient room-temperature gas sensors by
demonstrating the importance of precursor chemistry and surface structure.

Materials and Methods

Tin oxide was chosen as a compound that changes resistance with changes in the composition of
the environment, and a glass slide was used as a substrate.

We used three film-forming systems to create tin oxide films on a glass substrate:

1. Pentahydrate tin chloride tetrahydrate was mixed with ethanol to make a solution that had
0.11 mol/l of tin ions in it [15].

2. An aqueous solution of SnCl,-5H,0 with 0.11 mol/l of tin ions was heated on an electric
hotplate at 100°C for 1.5 hours, or until the color changed. This was done to make hydrosol. This
formed a tin hydroxide hydrosol according to the reaction:

SnCl, + 4H,0 — Sn(0H), | +4HCI (1)

3. A mixture of the ethanol system and tin hydroxide hydrosol in a 1:1 ratio by volume.

The film-forming systems were prepared from tin tetrachloride crystal hydrate (SnCl, - 5H,0) of
the “pure” grade, rectified alcohol, and distilled water.

The films were applied by spray pyrolysis onto a substrate heated to 400°C. The final reaction is
the formation of tin oxide:

Sn(0H), 400°C — Sn0, + H,0 2
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The structure of the films was studied using a JEOL JSM-6490LA scanning electron microscope
and a DRON-6 X-ray diffractometer. The change in resistance when water vapor was introduced was
measured using the four-probe method.

Results and Discussion

Figure 1 shows the transmission and reflection spectra of the samples under study. As can be
seen in Figure 1(a), the transmission of the glass substrate in the visible and near-infrared regions
is approximately 85-90%. A sharp decrease in the transmission of electromagnetic waves with
wavelengths less than 300 nanometers corresponds to the absorption edge of glass. A sample with
a film obtained from an ethanol system has a transmission of 80-85% in the same regions. This
means that films produced from ethanol-based systems can be used for architectural windows and
car window coatings. Samples with a film obtained from mixtures of systems and hydrosols have a
visible spectrum transmission of less than 70%. According to GOST 32565-2013, paragraph 5.1.2.5
states that the light transmission of windows must be at least 70% in order to provide visibility for
the driver from both the front and back. Therefore, the use of hydrosols and ethanol mixtures in the
production of transparent coatings is not recommended. However, a decrease in transmission may be
due to the surface structure of the film.
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1 — Glass, 2 — Sample from an ethanol system, 3 — Sample from a mixture, 4 — Sample from a hydrosol
a) Transmission spectra, b) Reflection spectra

Figure 1 — Spectra of tin oxide thin films

Figure 1 (b) shows the reflection spectra of electromagnetic waves directed at a 45-degree angle
to the samples normal. It can be observed that the reflection from a sample with a film produced from
an ethanol-based system (Figure 1 (b), curve 2) is higher than that of a glass sample without a film
(Figure 1(b), curve 1). This indicates that films produced from ethanol-based systems can be used as
energy-efficient coatings, as more of the energy carried by electromagnetic waves will be reflected
back into the environment.
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The smallest reflection of the samples studied was observed on samples with a film obtained
from a hydrosol (Fig. 5.1 (b), curve 4). This may be due to the scattering of electromagnetic radiation
on the irregularities of the surface.

The thickness of the samples, determined by the change in sample mass, was 500+=15 nm for all
films. X-ray structural analysis was performed to determine the crystallinity of the films obtained.
Table 1 presents the results of the crystallite size calculations.

Table 1 — SnO, crystallite sizes

Film-forming system Sn0O2
(110) (101) (200)
On ethanol 13,6+0,2 nm 10,7+£0,1 nm 10,5+£0,3 nm
Mixture 12,4+0,1 nm 12,6+0,1 nm 10,1+0,1 nm
Sol 6,2+0,2 nm 6,3+0,2 nm 10,3+0,4 nm

Table 1 shows that all films consist of tin oxide crystallites with a size of ~6—13 nm, i.e., they are
nanostructured. The literature data confirms this, stating that SnO crystals form at 400°C [16—19].
The film-forming system on ethanol directs the preferential growth of crystallites along the (110)
plane [20]. Along the 101 and 200 planes, the sizes differ within the limits of measurement accuracy.
The crystallites formed during the sol preparation have sizes of about 6 nm along the (110) and
(101) planes. The formation of crystallites from the mixture of film-forming systems occurs in two
stages. The first is the formation during the preparation of the hydrosol. Next is the growth of the
crystallites that were made in the first step, which is caused by ions from the system that form the
film on ethanol. As as it can be seen in Table 1, the crystallites that form in the film when different
film-forming systems are mixed grow along the planes (110) and (101). The sizes of crystallites are
associated with sensitivity to gases in the environment [21-24].

Table 2 presents the study's results on samples' sensitivity to water vapor at room temperature
(22 °Q).

Table 2 — Parameters of the sensitive layer of samples

Parameters Sample
On ethanol Mixture Sol
Initial resistance value R0 9,74£0,4 kOhm/sq. | 140+5 MOhm/sq. 150+5 MOhm/sq.
The lowest value of resistance when water 9,7£0,4 kOhm/sq. | 52+1,5 MOhm/sq. 40+1,5 MOhm/sq.

vapor is released Rvapor
Sensitivity RO/Rvapor - 2,69 3,75
Response time (speed) tresponse - 4-5 sec. Less than 1 sec

The time to restore the initial resistance - 10-12 sec. ~ 3 sec.
value trestore

Table 2 shows that the film from the ethanol system is not sensitive to water vapor. The film from
the sol exhibits sensitivity to ethanol vapor. When water vapor is introduced, it changes its resistance
by 3,75 times in less than 1 second. It restores its initial resistance value in about 3 seconds. Films
obtained from a mixture of film-forming systems are also sensitive to water vapor.

Based on the SEM images of the film surface shown in Figure 2, we can estimate the effect of
the composition of the film-forming system on the morphology of the surface of films formed on a
glass substrate.
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a) synthesized from an ethanol system; b) synthesized from a mixture of systems; c) synthesized from sol.

Figure 2 — SEM images of the film surface

As can be seen in Figure 2(a), the film obtained from the ethanol system has a continuous and
homogeneous structure. Similarly, the film produced from the mixture in Figure 2(b) also has a
consistent structure. However, there are individual teardrop-shaped spots caused by the application
process. In contrast, the film made from sol in Figure 2c is cracked and has weak adhesion to the
substrate, flaking off at room temperature. Despite its high-water vapor sensitivity of 3.75 arb. units
(Table 2), it is also prone to partial crumbling when in contact with foreign objects.

However, the response time and the time of restoration of the initial resistance value are longer
than those of films obtained from the sol. Thus, obtained tin oxide films on a glass substrate that
are sensitive to water vapor at room temperature. Supplying water vapor causes a 3.75-fold change
in the resistance of the films. The response time is less than 1 second; the restoration time is about
3 seconds. At room temperature, films made from a 1:1 mix of hydrosol and ethyl solution of tin
tetrachloride are also sensitive to water vapor. At the same time, they are more resistant to abrasion

Adsorption modeling

Two model systems were used to model thin tin films. The first is a 1.5 nm thick layer of
tetragonal tin dioxide with a (001) surface. The second structure corresponds to cubic tin dioxide's
(111) surface (hereinafter t-SnO, and ¢-SnO,). The first structure corresponds to films grown on
substrates with cubic symmetry in the surface layer, and the second on substrates with hexagonal
symmetry. This type of surface is the main one for many metals with fcc lattices, such as copper.
Firstly, the energies of vacancy formation and added an additional oxygen atom were calculated. The
calculation results show fairly high energies of vacancy formation (see Table 3), corresponding to
temperatures above 200 °C. At the same time, the energies required for oxygen addition are very low.
Because all vacancies in the surface layer will oxidize quickly, we excluded structures with vacancies
from consideration.

Next, the adsorption of various molecules on these surfaces were simulated. The calculation
results presented in Table 3 show that oxygen, carbon monoxide, and water will stably deposit on
the (001) surface of t-SnO, at room temperature, while only carbon monoxide and water will deposit
on the (111) surface of c-SnO,. It should be noted that carbon monoxide and water occupy the same
positions on the (001) surface of t-SnO, and different positions on the (111) surface of c. Thus, all
available positions on the t-SnO, surface will be occupied by oxygen, and, under high humidity
conditions, by water, as evidenced by the Langmuir isotherms shown in figure 1. While on the ¢-SnO,
surface, water and carbon monoxide will occupy different active positions, even at minimal pressure
(see Figure 1). Based on these results, it can be concluded that the (111) surface is suitable for use
in carbon monoxide sensors.
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Table 3 — Calculated values of the energy of defect formation and adsorption of molecules on the
discussed tin dioxide surfaces

Defect Energy of formation (kJ/defect)
Tetragonal SnO, (001) Cubic SnO, (111)
vO +181.9 +204.5
+0 +89.3 +14.6
Molecules Enthalpy / Free energy of adsorption at room temperature (kJ/mol)
NO, -37.9 -4.8 +371.8 +404.9
CO, +2.9 +19.0 +17.2 +33.3
0, -44.0 -32.5 -1.3 +10.2
H,0 -82.1 -50.8 -109.4 -78.1
4H,0 -27.9 -8.5 -119.3 -88.0
8H,0 -122.3 -91.0
CO -66.5 -47.2
+4H,0 -65.7 -46.3
+8H,0 -74.0 -54.7
1
F

0.84
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S
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Figure 3 — Langmuir isotherms for gas adsorption on the studied surfaces

Figure 4 — Changes in charge density for the cases of carbon monoxide molecule adsorption on the (001)
surface of t-SnO, (left panel) and on the (111) surface of ¢-SnO, for the cases of low (center panel) and high
(right panel) humidity. Blue and yellow “clouds” correspond to a decrease and increase in charge density
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The final stage of this work was to evaluate the effect of carbon monoxide adsorption on the
substrate. This step allows to evaluate the effect of charge transfer from the molecule to the substrate,
which is essential for assessing the suitability of the material as a sensor. As can be seen from figure
2, carbon monoxide adsorption on the (001) surface of t-SnO, leads to a visible charge redistribution
in the molecule itself and insignificant doping of SnO,, small yellow “clouds”. In contrast, carbon
monoxide molecule adsorption on the (111) surface of c-SnO, leads to a serious redistribution of
the charge density in the surface layers and a visible change in the subsurface layers. Considering
that the surface (111) is likely to be saturated with water molecules, the change in charge density
was also calculated for the case of high humidity. Figure 2 shows that the pattern of charge density
redistribution remains unchanged, even at an H,0:CO ratio of 8:1. Thus, the sensor properties of the
(111) surface of ¢c-SnO, will be unchanged in dry and humid atmospheres.

Conclusion

In this work, a comprehensive experimental and theoretical investigation of the sensor properties
of tin oxide (SnO,) films was conducted to evaluate their potential for use in gas analyzer systems.
SnO, films synthesized from hydrosol precursors demonstrated high sensitivity to water vapor at
room temperature, with notably fast response (less than 1 second) and recovery times (approximately
3 seconds). These characteristics are particularly valuable for real-time environmental monitoring
and safety systems that require immediate detection of hazardous or critical gas concentrations.
Furthermore, the use of mixed hydrosol/SnCl,*5H,O systems resulted in improved mechanical
robustness and resistance to surface abrasion, which is a crucial factor in ensuring sensor longevity
under industrial operating conditions.

The modeling component of the study provided key insights into the molecular-level interactions
at the surface of different SnO, polymorphs. It was found that the (111) surface of cubic SnO,
(c-Sn0,) retains its ability to detect carbon monoxide even under high humidity conditions, due to
favorable redistribution of charge density across surface and subsurface atomic layers. This finding
is particularly significant, as it addresses a common challenge in gas sensing applications — signal
degradation due to water vapor interference.

The results of this study contribute directly to the development of next-generation gas sensors
designed for low-temperature, moisture-rich environments, such as underground mining operations,
chemical processing facilities, and smart building air quality monitoring systems. The demonstrated
combination of high sensitivity, rapid response, structural durability, and moisture-tolerant selectivity
makes these materials promising candidates for explosion-proof sensor platforms, where rapid
detection and operational reliability are critical.

Future work will focus on integrating the synthesized films into miniaturized sensor devices,
validating their performance in real-world environments, and optimizing device architecture based
on the surface interactions revealed through modeling. Overall, the synergy between synthesis,
experimental characterization, and atomistic modeling in this study provides a solid foundation for the
rational design of SnO,-based sensor materials tailored to specific industrial and safety applications.

Funding: This research is funded by the Science Committee of the Ministry of Science and
Higher Education of the Republic of Kazakhstan (BR21881954).
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Makasaaa 0eMe TeMIIepaTypachiH/a )KYMBIC ICTEHUTIH Ta3 aHAIM3aTOpJIaphl YIIH Ce31MTal 3JICMEHTTEp )Kacay
MaKCaThIH/Ia [IIBIHBI TOCEHIII HEeTI31H/1e JKacaylaThlH Kasiakbl okcuaiHiH (SnO,) jxyKa KaObIKIIanapsl 3eprreiareH. O
YIIIiH YII 5Ka0bIH TY3€TiH XKyie Kommanbpuiasl: dTanonnarsl SnCly-SH,O epitinmici, Kanaibl THIPOKCHIL THIPO30ITL
JKOHE onapslH Kocmackl. JKabsamap 400 °C TeMiiepaTypaja cripei-Iupon3 d1iCiMEH KaJIbITAaCTRIPBUIIBI. PeHT-
TeHIIK KYPBUIBIMIBIK Tall[ay JXOHE CKaHEPIIEYINi SJIEKTPOHABIK MHKPOCKOMHS KYPTi3iiai, KPUCTALUTUTTEPIiH
emmemzaepi 6—13 HM ekeHairi aHeIKTamabl. JKaOBHAAPABIH Cy OybIHAa Ce3iMTaNIBIFBI 3epTTenni. EH skorapsl
cesimMranasik (Ro/ROy = 3,75) xone enimaitik (1 cexkyHaTaH a3) 3071a1aH ajlblHFaH KaObIHIapaa 0alkaaasl. t-SnO,
(001) »xone c-SnO, (111) Oerrepinzeri aacopOLUSIHBI MOJEIBACY JKOFAPhl bUIFAJIBUIBIK KaFIaiblHIa TYPaKThI
CCHCOPJIBIK KacueTTepiHe OaimaHbpICThl c-SnO, KYPBUIBIMBI KOMIPTETi TOTBHIFBIH aHBIKTayFa KOJAWIBl CKCHIiH
KOpPCETTi. AJBIHFAH HOTIDKENEP YKaHa T'a3 CEHCOPIIAPBIH jKacayFa KbI3BIFYIIBUIBIK TYIBIPaIbL.

Tipex ce3aep: kamaiter okcuni (SnO,), *yka KaObIKIIamap, OYPIKKIII MHPOJIN3, CEHCOPINBIK KacHeTTep,
MOJIEKYJIaJIbIK a/IcOpOLH, a3 aHaIN3aTOpIapHL.
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CHUHTE3 U1 UCCJEJJOBAHUE T'A304YBCTBUTEJBHBIX CBOHCTB
IIJIEHOK HA OCHOBE OKCHUJA OJIOBA

AHHOTaUA

B crarbe nccnenoBaHbl TOHKHE IUIEHKH OKcnaa ojoBa (SnOz), MOTydeHHBIE Ha CTEKIISTHHBIX MOJIOXKKAX, C
LIEJIBIO CO3JJaHNS TyBCTBUTEIBHBIX AJIEMEHTOB /ISl TA30aHAIN3aTOPOB, pPAOOTAIOIIMX MTPH KOMHATHOH TeMIeparype.
Brutn renonap30BaHb! TPH IJICHKOOOpasyomtue cucteMsl: pactBop SnCly*5H,O B aTaHoNe, rHAPO30IE THAPOKCHA
oJI0Ba U ux cMmech. [lnenku popmupoBauck MeronoM crpeii-riuponusa npu 400 °C. [IpoBeneHbl peHTIeHOCTPYK-
TYPHBII aHaJIM3 ¥ CKaHUPYIOIIAs 3JICKTPOHHAS MUKPOCKOIIHS, YCTAHOBIICHO, YTO pa3Mepbl KPUCTAJUINTOB COCTAB-
astroT 6—13 HM. MccnenoBana 4yBCTBUTENBHOCTh IUICHOK K TTapaM Bozbl. Hambosee BbICOKast 4yBCTBUTEIBHOCTh
(RO/Rnap = 3,75) u OpicTponeiicTBre (MeHee | CeKyH/IbI) HAOMFONAIOTCS Y INICHOK, MOTYYCHHBIX U3 30J1s1. Moaemupo-
BaHUe azcopOmm Ha moBepxHOCTAX t-SnO; (001) u c-SnO, (111) moxazamo, uro cTpykrypa c-SnO, mepcrneKTHBHA
JUIsl IETEKTUPOBAHUS yTapHOTO ra3a Omarofapsi CTaOUIbHBIM CEHCOPHBIM CBOIMCTBAM B YCIIOBHAX BBICOKOM BIIaX-
HocTH. [TonydeHHble pe3ysIbTarhl MPEACTABISIOT HHTEPEC IS pa3padOTKU HOBBIX CEHCOPOB ra3oB.
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NGC 2516 OPEN STAR CLUSTER:
SIMULATIONS AND MOCK OBSERVATIONS

Abstract
This study examines the NGC 2516 open star cluster using numerical simulations and comparisons with
observational data. By employing the phi-GRAPE-GPU code, we reconstructed the cluster’s orbit over 123 Myr
to identify its birthplace within the Galaxy. Over 70 simulations were conducted, refining the initial parameters
of the star cluster to better match present-day observations. The analysis revealed that the standard mass function
parameters could not fully replicate the unique characteristics of NGC 2516. To address this, we adjusted the
mass function to align more closely with the observed stellar properties. The results demonstrate morphological
similarities between the simulated and observed clusters. However, the simulations also include additional tidal tail
stars that are absent in observational data, possibly due to observational limitations. These findings highlight the
need for more detailed analyses and comparisons. In future studies, we plan to apply machine learning techniques

to more accurately identify and classify stars in the tidal tails.

Keywords: NGC 2516, numerical simulations, star clusters, Galactic evolution, mass function.

Introduction

Studying the history of star clusters provides insight into the history of our galaxy. Star clusters
form from large molecular clouds [1, 2]. Additionally, open star clusters (OC) are formed in the arms
of galaxies. They are young and reside near the galaxy’s disk. [3-5].
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After the Gaia telescope was activated, it began collecting observational data from both near and
distant space, including information on the star clusters (SC) within our Galaxy. Gaia provides highly
accurate astrometric data (such as right ascension a, declination 6, proper motion by right ascension
, proper motion by declination and parallax m) and photometric data (such as absolute magnitude G
and color indices (GBP-GRP)) with minimal error [6].

This data enables the identification of star cluster memberships, which is crucial for understanding
the evolution of our Galaxy. In the work, Gaia’s data was utilized to determine the membership of
stars in various clusters, including NGC 2516 [7].

One of the young open clusters (OCs) of the Milky Way is NGC 2516, also known as Caldwell 96
(or the Sprinter), the cluster situated in the southern sky within the constellation Carina at coordinates
a = 119.5270°, 8 = —60.8000° [8], and discovered by Abb¢ Lacaille in 17511752 [9]. This cluster
lies at a heliocentric distance of X = 26.65 pc, Y = —394.41 pc, and Z = —112.85 pc. It exhibits
velocities of U =-21.99 km/s, V =—-25.02 km/s, and W = —4.51 km/s. The age of NGC 2516 is 123
Myr, with a mass of M| = 1973.3M. Its half-mass radius is 7.9 pc, and its tidal radius is 18.3 pc, The
cluster contains 2690 members [7].

In this paper, we conduct a tailored simulation of the NGC 2516 cluster by using Phi-GPU code.
We identify the birthplace of the cluster within the Galaxy. Subsequently, we determine the initial
parameters of the cluster stars for further comparison with observations. All simulations are carried
out following a gas expulsion event [10—13].

Materials and Methods

Galactic Context of NGC 2516

We have calculated the cluster’s initial position and velocity by performing a backward N-body
simulation of its orbit for 123 Myr using the phi-GRAPE-GPU code as in the work [14]. To model
the Milky Way, we used a three-component axisymmetric Plummer-Kuzmin potential [15]. Thus,
the place of birth and the initial velocities of the cluster were determined. Table 1 presents both the
current and initial positions and velocities of NGC 2516 based on observational data. Pang et al.
illustrates the locations of all identified members of the 13 target clusters in Galactic coordinates, as
shown in Figure 1 [7]. And NGC 2516 has been shown as pink color.
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Figure 1 — 2D projection of identified member stars
of each target cluster in Galactic coordinates (I, b).
Each of the 13 clusters for which the members are obtained
via Gaia Early Data Release 3 in study [7]
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Table 1 — Current and initial position and velocity of NGC 2516 in Galactocentric cartesian coordinates

Age [Myr] X [pc] Y [pc] Z [pc] VX [km/s] VY [km/s] VZ [km/s]

123 8.1510714 -3.94570 -8.95693 -1.52141 2.234854 -5.2921946
483E+03 41569E+02 80551E+01 | 11034E+01 8042E+02 487E+00

0 5.74054 5.674317 -5.87520 -1.51544 1.6857979 -7.6864457
50590E+03 4345E+03 98540E+01 | 07861E+02 7T17E+02 765E+00

After identifying the cluster’s initial birthplace, we proceeded to determine the initial parameters
of the selected cluster. Over 70 models of star clusters with varying parameters orbiting NGC 2516
were generated to align with present-day observations [16].

Results and Discussion

To compare the simulation results with the observed data, three types of star distributions were
analyzed: the stellar mass distribution, the cumulative distribution of star numbers, and the mass
function. Figure 2 illustrates these distributions for the member stars of NGC 2516, as reported by
Pang et al. (2021) [7].

= number
2500 4 —— mass [M;]

10°

2000

102 1500

MNor M

1000
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10° 0 2 4 6 8 10 12
d [deg]

m. [Ms]

Figure 2 — Mass function and cumulative mass and number distributions
of member stars of NGC 2516

The initial mass function (IMF) proposed by Kroupa (2001), which we used in our simulations [ 13],
may not be a good fit for NGC 2516. Our further analysis revealed that NGC 2516 follows a distinct
mass function that the Kroupa (2001) IMF cannot replicate [17]. We attempted to adjust the Kroupa
IMF to better align with the observations at an age of 123 Myr.

The universal IMF Kroupa [17] has the following form:

§(m) xm™* =m™, (1)
where,
ap =+4+0.3+0.7, 0.01 <m/M; < 0.08,
o =4+1.3+0.5, 0.08 < m/My < 0.50,
g =+23+0.3, 0.50 < m/Ms < 1.00,
a3 =—+2.3+0.7, 1.00 < m/Ms,
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We tried to change values of from equation 1 as well as limits for different The lower and upper
limits for initial stellar masses kept the same as in previous simulations our works as [18]:

My = 0.08Mg, m,,, = 100M,. )

Our best-matching IMF has the following values for:
ay = +0.6, 0.08 <m/M, < 0.75,

ap =431, 0.75 <m/Mg < 100.

Figure 3 shows the mass distributions of NGC 2516 (a grey area) and the best-matching simulated
cluster (blue lines). The blue dashed line shows the mass distribution of all stars including neutron
stars and black holes in the simulation. The blue solid line includes only optically visible stars (about
mag for a distance of 400 pc) within the Jacobi radius. In Figure 3 we present the cumulative mass
and number distribution profiles. The line colors and styles are the same as in Figure 2. That is the
solid line shows optically visible stars that can be observed from the Solar system, while the dashed
line corresponds to all simulated stars, including brown dwarfs, white dwarfs, neutron stars, and
black holes (if such exists). Comparing the two panels of Figure 3, since the mass difference is
smaller than the number of stars, we can understand that the mass excess comes primarily from low-
mass stars. Additionally, the simulated cluster also has tidal tails and ex-members that escaped during
the violent relaxation, which cannot be included in observational data. That is clear if we compare the
proper motions in simulation and observation (Figure 6).

10¢
10° 4
1024 !
= 1
10t |
i NGC2516 ;
10°4 —— Simulation 1
16-1 16“
m. [Ma]

Figure 3 — Stellar mass distributions in NGC 2516 (grey area)
and best-matching simulation (blue).
The dashed line represents all stars, while the solid line corresponds
to the visible stars in the simulations

Using the methods described by Kalambay et al. [19], we produced the mock observational
data for our simulations using only the last snapshot corresponding to the age of 123 Myr (Gaia
Collaboration 2019 [20]). We present the proper motions in the equatorial coordinates in Figure 5.
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Figure 4 — Cumulative number and mass distribution profiles of a simulated (purple)
and actual (black) NGC 2516 star cluster. The dashed line indicates all stars,
whereas the solid line represents only the visible stars from the simulations
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Figure 5 — Proper motions in right ascension and declination
of NGC 2516 from observations (left panel) and simulations (right panel)

The actual observational data from [7] is presented in the left panel, while our best-matching
simulation is shown in the right panel of Figure 5. The observations have a wider spread of proper
motions than the simulation. The positions of optically visible stars (the all-sky view) projected onto
the sky are presented in Figure 6, where again, the simulated cluster is in the right panel, while the
observed one is in the left.
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Figure 6 — An all-sky view of NGC 2516 (left) and its tailored simulation (right)

Figure 6 shows that the simulation accurately reproduces the current observed location of the
cluster. Additionally, the simulation reveals extra stars surrounding the main cluster, which may have
been excluded in observations, possibly being filtered out along with stars from the Galactic field.

Conclusion

The orbit of the NGC 2516 cluster was modeled to determine its birthplace within the Galaxy.
Following this, over 70 simulations were conducted to estimate the initial parameters of the star
cluster. To achieve this, we analyzed the widely accepted formula for the mass function distribution
but found that its standard parameters did not align with observations. Therefore, we adjusted the
parameters specifically for our cluster. These revised parameters were subsequently compared to
observational data for NGC 2516.

Morphological similarities between the simulation and observations were identified. However,
the simulation includes a greater number of stars in the celestial sphere, which may correspond to tail
stars that, during observations, could be mistaken for field stars. This discrepancy arises because stars
in the tidal tails have distinct motions and can be dispersed around the cluster.

Figures 5 and 6 highlight stars that differ from the main cluster. These findings call for a more
detailed investigation and comparison with other studies. In the future, we aim to utilize machine
learning techniques to more accurately identify stars in the tidal tails.
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NGC 2516 IHAIIBIPAHKBI 7KYJI/1bI3 IOT bIPbI:
MOJAEJIBJAEY K9HE KOPAMAJI BAKBIJIAYJIAP

Angarna

Ocoi xymbicta NGC 2516 manmbipaHKbl KYJ1/IbI3 TIOFBIPBIH CAHIBIK MOJICIIBJICY YKOHE OaKbUIay JepeKTepiMeH
CaJIBICTBIPY apKpuIbl 3eprTeyiep xyprizinai. Phi-GRAPE-GPU koabiH naiiaanana OTBIPBII, KYJIIBI3AAP MOFBIPHI-
HBIH opOuTacsl 123 MIiIH KbUTFa Kepi Kapail ecemnrenin, oHbIH [ amakTukanarsl nmaiaa OOIFaH OpPHBI aHBIKTAJIJIBL.
Byrinri Gakpmaymapra colikec KeNEeTiH KYJIAbI3Iap IIOFBIPHIHBIH OacTankbl MmapaMeTpiepiH aHpIKTay yria 70-
TEH acTaM MOENbACY Kyprizinai. Tanaay HOTHKECIHAE CTaHAAPTTH Macca (GYHKUMACHIHBIH mapameTrpiepi NGC
2516-HbIH Oiperell cumarramMaiapblH TOJBIFBIMEH KOpPCETe alIMaWTBhIHBI aHBIKTAJ/Ibl. bysl MoceseHi miemly YIuiH
Macca (YHKIMSCHI KYJABI3IAp/AbIH OakbUIaHFaH KacHeTTepiHe colikecTenaipinai. Horwxkenep mozpenbiaey MeH
OakplIay apachlHAaFbl MOP(HOIOTUSUIBIK YKCACTBIKTApAbI KopceTTi. [lereHMeH, MOfIeNbey JIepeKTepinae OaKpuiay
ozicTepiHzeri mekreynepre OaillaHbICThl OaKplIaylap/ia aHbIKTaJIMaFraH TOJBICY KYHPBIKTAPBIHAAFBI JKYJIIBI3AAP
TaOBUIABL. Bynm HOTIKeNmep KOCHIMINA Talaylap MEH CaNbICTHIPYIAapIbIH KaXeTTUTriH kepcererdi. bomammakra
TOJBICY KYWPBIFBI KYJIIBI3IAPhIH ATIPEK aHBIKTAy *KOHE JKIKTEY VINiH MAIIHMHAJIBIK OKBITY SICTePiH KOJTaHYIbI
JKOCTIapIIar OTBIPMBI3.

Tipek co3aep: NGC 2516, caHAbIK MOJENb/ELY, KYIABI3AADP IIOFBIPHI, TaJlaKTUKAHBIH ABOJIOIHUSICHI, Macca
(YHKIMSACHI.
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PACCESHHOE 3BE3/IHOE CKOIIVIEHUE NGC 2516:
MOJAEJIUPOBAHUE U MHUMBIE HABJIIOJAEHUSA

AHHOTAIUA

B nanHOM HCCllenoBaHUM H3y4daeTcs paccestHHoe 3Be3qHoe ckoruieHrne NGC 2516 ¢ ucnonb30BaHUEM UHCIICH-
HBIX CUMYJISIIMI M CpaBHEHMH ¢ HaOmonarebHBIMK TaHHbIMU. Mcnonbsys kox phi-GRAPE-GPU, mb1 BoccTano-
BWJIM OPOMTY CKOILIEHUs 32 TocyeHue 123 MIiTH j1eT, 4ToOBI OIIPe/IeInTh MECTO ero poXkaeHus B ['anakruke. bouro
BBINOIHEHO Oosee 70 cuMyISIMiA JUTsl yTOYHEHHUS Ha9a IbHBIX TApaMETPOB 3BE3HOTO CKOIUICHHS M MIX TTPUBEICHUS
B COOTBETCTBHE C COBPEMEHHBIMH HAOMIOICHUSMU. AHAIIN3 [T0KA3aJl, YTO CTaHJAPTHBIE TapaMeTpbl (PYHKIMH Macc
HE MOT'YT B ITOJTHOH Mepe OTpa3uTh yHUKanbHbIe XapakTepucTuku NGC 2516. B cBs13u ¢ 9TUM MBI CKOPPEKTHPOBAIH
(dyHKIMIO Macce [uist oJiee TOYHOTO COOTBETCTBUS HAOJIOAAEMBIM 3BE3/IHBIM CBOICTBaM. Pe3ynbrarhl 1eMOHCTpH-
PYIOT MOpdosoruYecKkrne CXoACTBa MEXy MOJICITUPYEMbIMU M HAOIIOAaEMBIMH CKOTUIEHUSAMHU. OJTHAKO CUMYIISILIUN
TaKKe BKJIIOYAIOT JIOTIOJHUTENBHbIEC 3B€3/1bI MPWJINBHBIX XBOCTOB, KOTOPbIE OTCYTCTBYIOT B HAOIIOAEHHSX, BEPO-
ATHO, W3-3a OTPAHUYCHUI METO/0B HAONIONCHNH. DTH pe3yabTaThl MOTIEPKUBAIOT HEOOXOANMOCTD JaTbHEHIINX
uccien0BaHuil u Oonee rTyOOKHUX cpaBHEHHU. B Oymaymux paboTax Mbl INIAHUPYEM MCHOJIB30BAaTh METOABI MAIIMH-
HOTo 00yueHHs /iJIst OoJiee TOUHOTO ONPEACICHUs U KIIaCCU(HUKAIIMK 3B€3/] IPUIIUBHBIX XBOCTOB.

KuroueBnie ciioBa: NGC 2516, unciieHHbIC CUMYJISIIIAHN, 3BE3HbBIC CKOIUICHUS, SBOJIOIHS [ anakTuku, QyHK-
LU Macc.

Article submission date: 15.04.2025
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O TEXHOJIOI'MU CUHTE3A T'HAPOI'EHU3UPOBAHHBIX
AJIMA30IIOAOBHBIX TOHKUX IIJIEHOK
NMOHHO-IITASMEHHBIM METOJOM

AHHOTAIUA

B npencrasienHoit paboTe paccMOTpPEeH CHHTE3 aMOp(HBIX alIMa30Mnof00HBIX YIIEPOJHBIX IJICHOK MarHer-
POHHBIM METONIOM B atMocdepe cmecy Tazos CH +Ar. CunTes anma3ononoOHbIX MIIEHOK OCYIIECTBIISIICS B IIHPO-
koM auamna3one Temmepatyp ot 80 °C mo 240 °C. M3ydyena nokanbHas CTPYKTypa CHHTE3UPOBAHHBIX 00pa3IoB Me-
TOZIOM PaMaHOBCKOH crieKTpockonuu. KpoMe Toro, n3yueHbl MEXaHNYECKUE U ONTHYECKHE CBOMCTBA MOIYYEHHbBIX
TOHKHUX TUICHOK ajMa3ornoio0Horo yriepozaa. [loka3aHa 3aBUCMMOCTb HCCIIEIYyEMbIX XapaKTEPUCTHK OT YCIOBHI
CHHTe3a. BhIsiBIIEHO, YTO TemIlepaTypa MOIOKKH CYIIECTBEHHO BIUSET Ha ()OPMUPOBAHHUE CTPYKTYPBI M CBOHCTBA
THIPOTCHU3UPOBAHHBIX aJIMa30I0/I00HbIX YIIEPOIHBIX TUICHOK. [Toka3ana 3aBUCHMOCTD BEJIMYHMHBI 3alPEIICHHON
30HBI OT TEMIIEPATYPhI HOIOKKH. BBIJIO BBISBICHO, YTO MIMPUHA 3alPEIICHHON 30HBI CHHTE3UPOBAHHBIX THApOTe-
HU3WPOBaHHBIX 00pa3IioB yMeH