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INFINITE FAMILIES OF TOTAL FUNCTIONS WITH
PRINCIPAL NUMBERINGS
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Abstract. It was known that any non-single-element (in particular, any infinite) family of total functions with
an oracle A, such that @' <4 A, does not have A-computable principal numbering; later it was proved that
any finite family of total functions with a hyperimmune-free oracle 4 always has an A-computable principal
numbering. The unresolved question was whether there exists an infinite family of total functions with a
hyperimmune-free oracle A that has an A-computable principal numbering. The paper gives a positive answer
to this question: it is proved that there exists an infinite A-computable family F of total functions, where the
Turing degree of the set A is hyperimmune-free, such that F has an 4-computable principal numbering.
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BACTbl HOMIPTIEYJIEPI BAP BAPJIBIK KEPIE AHBIKTAJIFAH
OYHKIUAJTAPIAH TYPATBIH INEKCI3 YUIPJIEP

NCAXOB A.A., PAXBIMKAHKBI3bI ®., OCTEMIPOBA Y.

Kazaxcman-bpuman mexnuxanvix ynugepcumemi, 050000, Aimamet, Kazaxcman

Anoamna. Kes xeneen 6ip-snemenmmi emec (dcexe dHcagdaiioa, Kes KeleeH WeKkcis) Oapivlk scepoe anblKmaiean
dyukyuarapoan mypameln A opakyiviMeH ecenmenemin yiipnepoiy A-ecenmenimoi 6ac Hemipaeyi
bonmaiimuinbl 6eneini 6onean scone Oyn myocvipbiv @' <. A ywin Oypuic; Ketlinipek, Ke3 KeneeH 6apnvik
Jrcepoe aHbIKMan2an QyHKYuALapOaH mypamoii 2unepumMmynovi-6oc A opaxynvimen ecenmenemin *This work
was supported by the Science Committee of the Republic of Kazakhstan (Grant AP08856493)
axwipasl yuipnepoiy apoaiivim A-ecenmenimoi bac Homipineyi bonamuiHbl 0anendeHeeH. A-ecenmenimoi
bac nHemipneyi 6ap bapivik dicepoe aHbIKMANAH QYHKYUALAPOAH MYPAMbIH 2UNePUMMYHObI-00C A
OPAKYIbIMEH ecenmelemin aKblpchl3 YUip maovliamsiibl wewiimezen macene oonvin Kanean. Ocol
aHcymvlcma Oy macene O wewimin manmol: A-ecenmenimoi bac nHemipneyi 6ap dapuvix dnepoe
AHLIKMANEAH BYHKYUALAPOAH MYPAMbIH 2UNEPUMMYHObL-00C A OpaKyIbIMeH ecenmeiemin aKblpCol3
YUip maowbLiamoiHbl 0N€10EeH2eH.

Tyiiinoi ce3zoep: A-ecenmenimoi Hemipiey, 2unepuUmMMyHObl OPAKyI, UNEPUMMYHObI-DOC OpaKyi, bac
HOMIpILE).

BECKOHE‘{HI)IEUCEMEI‘/'ICTBA BCIOAY OIIPEJAEJIEHHBIX
®OYHKINU C INTABHBIMU HYMEPALIUAMHU

NCAXOB A.A., PAXBIMKAHKBI3bI ®., OCTEMHWPOBA Y.

Kaszaxcmancko-bpumanckuti mexuuueckuil ynugepcumem, 050000, Armamuol, Kazaxcman

Annomanusn. Panee 6v110 uzgecmuo, umo 1oboe He 00HOIIEMEHMHOE (8 YACMHOCTU, H000e DecKoHeuHoe)
cemeticmeo 6cro0y onpedenennvix @yuxyull ¢ opaxyrom A, maxoe umo @' <. A, ne umeem A-evruuciumyio
2NABHYIO HYMEPayuio, no3ice 010 OOKA3AHO, YMO 1H000€ KOHEUHOe CeMeiCE0 6CI00Y ONPEeOeleHHbIX (DYHKYUL
C 2UNEPUMMYHHO-CE0000HbIM Opakyiom A ece2oa obnadaem A-gviuuciumon anasnoi nymepayueti. Ocmasancs
HEPEUIeHHbIM 80NPOC O MOM, CYWecmeyem U OeCKOHEUHOe CeMelcmEo 6CHOY ONpeOenieHHbIX (YHKYULl ¢
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UNEPUMMYHHO-CBOO0OHBIM OPAKyIOM A, KOmopoe umeem -8ublYUCTUMYIO 2IAGHYIO HyMepayuio. B pabome

npueoéumc;l NOJLOJICUMENIbHBLIL OMmBem Hd yKaS’aHHbllZ eonpoc: 001<a3aH0, umo cyuiecmeyem beckoneurnoe

-guiyucaumoe cemelicmeo F 6cio0y onpedenennvix (@yHKyuil, 20e MblOPUHS08a Cmenenb MHodcecmea A

2UNEPUMMYHHO-c80000Ha, makoe, umo F umeem A-8biuuciumyio anasnyio Hymepayuro.

Knroueswie cnosa: A-gviuuciumas nymepayus, CUNepUMMYHHbIIL OPAKYIL, SUNEPUMMYHHO-CE0DO0OHBII OPAKYIL,

2Nnasras nymepayus.

Introduction

A-computable principal numberings

All basic definitions related to computable
numberings can be found in [1].

If a family F of total functions is A-comput-
able for arbitrary set 4, then a numbering @ of the
family F is called A-computable while a(n)(x) is
A-computable binary function, [2]. If degree a
contains a hyperimmune set, then @ is hyperim-
mune. Otherwise, @ is hyperimmune-free.

It is known that if an A-computable family F
of total functions contains at least two elements,
where A is a hyperimmune set (for 4 = @' see [3]),
then F has no A-computable principal numbering,
[4]. It was also proved that if finite A-computable
family F of total functions, where Turing degree
of the set 4 is hyperimmune-free, then F has an 4
-computable principal numbering, [5].

Now we introduce alternative proofs of some
theorems related to the main theorem.

Main part

Theorem (Issakhov, [3]). If an A-comput-
able family F contains at least two functions,
where @' <; A, then F has no A-computable
principal numbering.

Proof. Let @ be an A-computable numbering of

the family F. f and 9 are two different functions
from F. Therefore there exists @ € @ such that

fla) # g(a)

Construct a numbering # such that for any

e e w:
B(e) # ap.(e).
Let

K={ay<a,<a, <-}

K={by<by <b,<-}
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be halting set and its complement, respec-
tively, which are A-computable sets. Let’s define

B(b;) = a(i)

for any i € w, which guarantee that £ is an 4
-computable numbering of the family F. But

e

Then B is still A-computable numbering of
the family F, and

B(a;)(a) # ap,, (a;) (a].

Therefore, for any @ there exists £ such that
£ % a, which means @ can not be a principal
numbering of the family F.

Theorem is proved.

Note that every finite family of computably
enumerable (c.e.) sets has a principal computable
numbering.

Theorem (Badaev, Goncharov, [2]). For
every set A where 0" =r A a finite family S of

A A

-c.e. sets has an “*-computable principal num-

bering if and only if 5 contains the least set under
inclusion.
Theorem (Badaev, Goncharov, [2]). For

A

every set A there is an infinite -computable

family 5 of sets with pairwise disjoint elements
such that © has an A—computable principal num-
bering.

Compare with the results in [6].

An infinite set 4 is hyperimmune if and only
if no recursive function majorizes A [7].

Theorem (Miller, Martin), [8].

(a) If @& is hyperimmune and @ < b then b is
hyperimmune.

(b) @ is hyperimmune iff some function of
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degree < a is majorized by no recursive func-
tion.

(c) If (3a)[a < b < a'], then b is hyperim-
mune.

(d) Every nonzero degree comparable with
0' is hyperimmune.

Theorem (Issakhov, [5]). Let A be a hyper-
immune set. If A-computable family F of total
functions contains at least two elements, then F
has no principal A-computable numbering.

Proof. Let @ be an A-computable number-
ing of the family F, and f and g be two different
functions from F. Then there exists a number a
such that

fla) # g(a),

Construct £ such that § £ a, i.e. for any
e€w: B #Fap, Let

B({0,e,x)) = {g, if @@, nio({0,e,x))(a) = f(a)

. otherwise

where h is a non-majorized A-computable
function. And

B{n, e x)) = a({ex))

for all n > 0, i.e. B is the numbering of the
family F.
If @. is not total, then

B(x) # agp, (x)

for some x € w.
If %= is total, then

h(x) = min{s : @, .({0,e,x)) L}

is computable function.

Since h is a non-majorized A-computable
function, then there exists a number b € @ such
that h(b) < h(b). Therefore

Peney (0,8, D)) L

and

B({(0,e,b)) # aw,({0,e, b)),

Theorem is proved.

Theorem (Issakhov, [S]). If Turing degree
of a set A4 is hyperimmune-free then every A
-computable finite family of total functions has
an A-computable principal numbering.

Proof. Note that a degree @ is hyperimmune
if and only if some function of degree = @ is ma-
jorized by no recursive function. Therefore a de-
gree @ is hyperimmune-free if and only if for any
function f of degree = @ there exists computable
function g such that f(1) = g(n) foralln € w.

Let @ be an A-computable numbering of the
finite family

F= {f[:.rfj_r "'Uf::z}

of total functions. Define distinguishing sets
Ags Ay s Ay of the functions forfis - fu which
satisfy the next two conditions:
(1) 4; = {a;n, @1, v, Oy  fOr some m = n,
(2)for any J =7 there exists k <m such
that
if / # i then filag) # f(ay).

It means

Ay = {aaurﬂ'uir ---raumn|fu (ago) # filage). folag,) # fi(aﬂlj!""fﬁ[aﬂmn) s f;z(aumnj}

Ay = {alﬂu Qs ems Qo |f1(f11c-j # folay) filay) # f (ailjr"-rfl(_ﬂ’im._) # falaym, )}

‘q:'z = {a’:zI}’ rJ:’:lzl-" e a’umn |f::z (a’nl}) # f[:. (a’ul}:]’f::z (a’nl) # flta’:zlj’ ’f::z (a’nm) # f::z—l (a’umnj}

where Mo: My, sy =11

Denote by 2 (x.¥) all A_computable binary

functions by € € ¢_Then there exists € such that
% (x) () = 22 (x,¥) = a(x)(y)
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and the same for any numbering. Let

f:(v),
Ble,x,s))(v) = { :
fu (}’L

From construction it is easy to see that § is
A-computable numbering of the family F. We
show that § is A-computable principal number-
ing of F.

Let ¥ be an A-computable numbering of the
family F. Then there exists e; € @ such that

y(x) = @7 (x)

for any ¥ € @ Let

g(x) =min{s: 3i <n (filaz) =
=2 (x)(ay)) forallk < |Ai|}.

g(x) is an A-computable total function,
where Turing degree of the set 4 is hyperim-
mune-free. Therefore, there exists a computable
function f such that g(x) < f(x) for any x € w.
Then

Blley,x, fF()NO) = f,(y) =
= £ =@ (D) =y W)

forall y € w, i.e.

B{eyx, f(x))) = y(x)

which means y < f.

Theorem is proved.

Note that the Rogers semilattice of the fami-
ly from previous theorem is not trivial, since

Theorem (Issakhov, [S]). Let @ <, 4. Then
any A-computable non-trivial finite family of to-
tal functions has at least two non-equivalent 4
-computable numberings.

Proof. Let
F={fo.fr - fad,

where n = 0,
L Ifi=n
a(i) = fo if

o fi=n
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if3i<n (Jﬂ(ﬂ'ik) = ':I":,s(x)(aik)) forallk < |A;]

otherwise

and
foo ifisn
Bli)=<for ifi=nandi€ A
fi, ifiznandig A

We show that @ Z B. Assume a = §, then
there exists a computable function g such that

B(x) = al(g(x)). Note that

x € A\[0;n] & (x =n) and (g(x) = 0 or g(x) = n)

Since the right part is computable then
A\[0;n] is also computable. Therefore 4 is com-
putable too, contradiction.

Theorem is proved.

Main result

Theorem. There exists an infinite A-com-
putable family F of total functions, where Turing
degree of the set 4 is hyperimmune-free, such
that F has an A-computable principal numbering.

Proof. Let’s remind that a is hyperim-
mune-free degree if and only if for any f <; a
there exists computable function g such that

f(n) < g(n)

forall n € w.

Assume that the infinite A4-computable fam-
ily F of total functions consists of only constant

functions fo:f1s s Fus - where

filx) =i

for all x € w. Denote by ®2(x,y) all 4
-computable binary functions by € € w. Let @
be an arbitrary A-computable numbering of the
family F. Then there exists a number e such that

a(x)(y) = @5 (x.¥).

Let
Ble,x,s)(y) = {fe »), if Elz(fi[kj =

fu(}’);
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= &2 (x) (k)) forallk<s
otherwise_

From construction of B it is easy to see that
£ is an A-computable numbering of the family F.
Let’s show that f8 is a principal numbering of the
family F.

Take any numbering ¥ of the family F and
show that ¥ =< 8. Since ¥ is a numbering of the
family F, there exists a number €1 € @ such that

y(x) = @Z ()

for any ¥ € @,
gl{x) = min {s: 3i (,ﬂ (k)= ‘;bis(x](kj) forallk < s}

g is an A-computable total function, where
Turing degree of the set 4 is hyperimmune-free.
Therefore, there exists computable function f
such that g(x) < f(x) for any x € w. It means
that

Bllerx, fF)NO) = £,(30) = 22 .(x) () = ¥ () (»)

forall¥ Ew ie.

y(x) = Blley,x f(x))),
Therefore y < B.
Theorem is proved.

Conclusion

Note that, [4, 9], if an A-computable fami-
ly F of total functions contains at least two el-
ements, where 4 is a hyperimmune set, then F
has no A-computable principal numbering; but
if Turing degree of the oracle set A is hyperim-
mune free then any finite A-computable family F
of total functions has an A-computable principal
numbering, and also now there exists an infinite
A-computable family F of total functions such

that £ has an ‘q-computable principal numbering.

Question. Is there an infinite A—computable

family of total functions, where Turing degree of

A

the set 4 is hyperimmune free, with no “*-com-

putable principal numbering?
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