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ON AN ANALOGUES OF VAN DER CORPUT LEMMAS

Abstract. The article deals with analogues of the van der Corput lemmas involving Mittag-Leffler functions. In fact, the
classical estimates for the oscillatory integrals was obtained by the Dutch mathematician Johannes Gaultherus van der
Corput and named in his honour. Various generalisations of the van der Corput lemmas have been investigated over the
years. The general statement is that we replace the exponential function with the Mittag-Leffler-type function, to study
oscillatory integrals appearing in the analysis of time-fractional partial differential equations. For a particular purpose, the
present paper focuses on the integral of the form

I p(A) = fR Eq (3¢ () (x)dx,

in the case = a, for the range 0 < o < 2. This make wider the variety of estimates obtained in the work [1], where integrals
with functions Eqp(i*A¢(x)) have been studied. In this paper we interested in the behavior of the integral laz(4)
when 1 is large. We realize that the decay rates of the integral which, we have been considered, depend on the ranges of
parameters o and f. Further studying Van der Corput lemmas will reveal new insights and applications in mathematics
and beyond.

Key words: Van Der Corput lemmas, Mittag-Leffler function, inductive hypothesis, estimate, smooth function, oscillatory
integral

Introduction

In this paper we will expand the study of oscillatory-type integrals involving Mittag-Leffler functions E, g
initiated in [1]. In the case of a =B =1, we have E1,1(Z) = e”?, thus reducing the integral to the classical
question of decay of oscillatory integrals. Indeed, the estimate obtained by the Dutch mathematician Johannes
Gaultherus van der Corput [2] and named in his honour, following Stein [3], can be stated as follows:

Van der Corput lemma. Suppose ¢ is a real-valued and smooth function in [a;b]: If 3 is a smooth function
and ¥ (x) v> 1,k > 1 forall x € (a,b), then

|12 e=26@y(x)dx| < €A71/%,2 — oo, (L1)

fork=1and ¢’ is monotonic, or k > 2. Here C does not depend on A.

Various generalisations of the van der Corput lemmas have been investigated over the years [3], [4-10].
Multidimensional analogues of the van der Corput lemmas were studied in [11-17], while in [18] the multi-
dimensional van der Corput lemma was obtained with constants independent of the phase and amplitude.

We consider the generalized oscillatory integral defined by

Iog() = [, Eqp(d2¢p(x))(x)dx, (1.2)

where 0 <a <2,>0,{ €C,¢isaphaseand 1 is an amplitude, and A —is a positive real number that
can vary. Here Eqp (¢2¢(x)) is the Mittag-Leffler function defined as (see e.g. [19], [20])
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Fep(i90) = Y SO (s open,
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with the property that
E11(S29(x)) = e, (13)

Since the function Eqpg ((Mb (X)) has a set of real zeros [20], the integral (1.2) is oscillating.

The main goal of the present paper is to obtain van der Corput-type estimates for the oscillatory integral
(1.2) in the form

| I Ea,a((,1¢(x))lp(x)dx| < CAT, ) — . (1.4)

It is one extension of (1.1) in view of (1.3), namely, an extension (in Theorem 3.5) to the range 0 < a -
<2,,for k=1 and ¢’ is monotonic, or k > 2.

This present paper is a generalization of [1], where a variety of van der Corput type lemmas were obtained
for the integral defined by

g (D) = [, Eqp(i%(x))ih(x)dx. (1.5)

As we see above, the integral (1.5) is different from the integral (1.2), since in (1.5) there is a purely
imaginary number i* before the phase function, and in (1.2) the complex number, i.e. {. As in the case of
(1.5) studied in [1], we find that the decay rates of (1.2) when, f = a, as A1 — oo depend on the ranges of
parameters and . We also obtain more results in the case of in finite intervals.

Main provisions. Material and methods
Proposition 2.1 ([Pod99]). If 0<a <2, f is an arbitrary real number, p is such that ma/2 <
u < min{m, wa}, then there is Cy, C; > 0, such that we have

|E,p (G40 (00)| < C1(1 + 184 DB @exp (m (GAg0)"” “)) F s (1.6)

1+[32¢ (Ol
where, { € C, |arg((/1¢(x))| <pu
We are interested in particular in the behavior of Is,g(4) when X is large, as for small A the integral is
just bounded.

Results and discussions
In this section we consider integral (1.2) in the finite interval [a,b] € R, —0 < a < b < +, as well as
we are interested in a particular case of the integral (1.2), when 0 < ¢ < 2,8 = a, i.€.

Ia,a()') = fl Ea,a(c/l(p(x))lp(x)dx- (2.1)
Since Ia,a (/1) is bounded for small A, further we can assume that 4 > 1.

Theorem 2.1. Let —w<a<b<+4oand [ =[a,b]cR Let 0<a<2 andlet ¢ be a real-valued
function such that ¢ € C¥(I),k = 1. Let ¢p*(x) V=1 forall x € I, and { € C,v { V# 0, then

) Faa(S20(0)dx| < M AT, 221 (22)

for k=1and ¢’ is monotonic, or k > 2. Here M, does not depend on A.

We note that the classical van der Corput lemma (1.1) is covered by (2.2) with o = 1.

Proof. First we will prove the case k = 1. Let 0 < @ < 2, 2> 1 and let ¢ has one zero c € [a,b]. Let us
consider the integral

J, Eaa($A(x))dx.
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Then integrating by parts gives
a d
[ Baalroi =5 [ s (Baalso0) ax

l ﬁj—x(lsa,l(w(x))) dx

a1 (20 (1) 2 = = Ea ((29(@) 7

¢(b) Z ¢()

- d 1
] Eea@e) g (5)
thanks to property —Eq,1(2) =—Eqq(2) and Then we get

f |Ea1(€/1¢(x))||dx( (x))|d

| ] Eo (20 ()) dx

+a
— |Eaa (229 (0))| W

+a|

2 |Eq (329 (@)|

1
¢’ (@I

As @’ is monotonic and ¢'(x) =1 for all x € [a,b], then % 1s also monotonic, and
sign.
Hence estimate (1.6) and ¢(c) = 0,c € [a, b] gives

C -a
|| Eeatsroenar| <5 [ a+apen's
1 1

C - C -a
TEA+ AN T + A+ @D T

2Ca
<|¢(x)|>o | ( )|d cta
o \g /T
| ( ) +2Ca
dx \¢'(x) A
C_a 1
=7 TGRS (b)| = A’

thanks to fixed sign diﬁ. Here M, does not depend on
X X

We prove (2.1) for k = 2. Let for d € [a, b] satisfies 1¢'(d)| < 1¢'() for all x € [a, b].
Then |¢'(x)| = ¢ on [a,b]d — &,d + . Hence

[ Eearpnas=([""+[H[" ) palepena

Then |¢'(x)| = ¢ on [a,bld — ¢,d + &, we obtain estimates

|87 B (029 () dx| < My (e1),

b
L Ea,a ((/1¢(x))dx

< M;(eA) L.

| d+e

J128 Eaa(§2G0)dx| < 2,

it is evident that

|f¢f Ea.a(a¢(x))dx| < 2M, () + 2.
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Taking ¢ = A7 we obtain the estimate (2.1) for k=2.
We prove the case k > 2 by induction method. Let (2.1) is true for k, and suppose [p*+V(x)| = 1, for all
x € [a,b], we prove (2.1) fork + 1.
Let for " d € [a, b] satisfies |p*(d)| < |¢p*(x)| for all x € [a, b].
Then on |[¢*(x)| = € on [a, b]c — &, ¢ + . Therefore
As

| BaclcrpGa)ix =
I
By inductive hypothesis, we infer that

|7 Eaa(02 () dx| < Mic(e)

and |7 Eea(020G0)dx| < M (D),
d+e AS
f Eqo(QAd(x))dx| < 2,
d-¢
we have b .
f Ea,a((/l(,b(x))dx < 2M, (eA) & + 2e.
a

Taking . — ,1k__+11 -we obtain the estimate (2.1) for k+1.

Below we show that if ¢’ is not monotonic, then to obtain estimate (2.1) when k = 1, it is necessary to
increase the smoothness of function ¢.

Theorem 2.2. Let —co <a<b<+o0 and [ =[q;b] c R- Let 0 <a <2 and let ¢ be a real-valued
function such that ¢ € C2(I). Let |¢p'(x)| = 1 forall x € I,and ¢ € C, then

<MALAx>1,

j Eq (32 (x))dx

I

where M does not depend on A.
Proof. Suppose that ¢ € C*(I) and |¢'(x)| = 1 for all x € I, then from (2.3) we have

| fl Eqo(020(x))dx s% jl |Ea,1(<z¢(x))||:_x(ﬁ)‘ .

% |Ea1 ($200 (D))

2 Eaa((20(@))]

Since ¢ € C?(I) and |¢'(x)| =1 for all x € I, then the function will be continuous and bounded, and

- A I ,( )

Ca
77

’f Eqa ((/1¢ (x))dx
I
<

a . .
where M, = ”3(ﬁ)”mo’ € > |E,1(2)|, and M is a constant independent of A.
Conclusion
We could show the behavior of I,z(1) when A is large, and we obtain variety of van der Corput type
lemmas for the integral (2.1).
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BAH JEP KOPIIYT JJEMMAJIAPBIHBIH AHAJIOI' TAPBI TYPAJIbI

Anparnma. byn makamaga Murrar-Jlepduep dynkuusiaapeiven Ban gep KopryT jaemManapblHbIH aHAIOrTaphl
KapacTeipbutanbl. LLIbIH MoHiHe, Gy Garamay eH alnFall peT rojmanj Maremaruri Moxamuec XonsTepyc BaH jep
KopnyTnen anmsiHIBI XKoHE OHBIH KypMeTiHe Ban mep Kopmyt emmack! gen atannsl. Ban nep KopnyT nemManapbsIHBIH
TYPITi JKaJIbUIaMaaphbl OipHEIIe JKbIUT OOWBI 3epTTeIiM Kee . JKanmpl MakcaThIMBI3 OCH KYMBIC OapBICHIH CHIIATTANTHIH
6oncak: 6i3 Ban nep Kopmyt nemmaceinnarsl skcrioneHnnanasl GyHkuustael Murrar-Jledduep tunti gyHkuumsiMen
ayBICTBIPAMBI3, SIFHU YaKbITTaH Toyesci3 auddepeHnnanaplk TeHISYASpAl Tanaay Ke3iHae naina 0onareiH Tepoeamerti
HMHTETPaJIap/Ibl 3ePTTCHMI3. ApHalibl OChI MaKcaT YIIiH Oy Makaiaaa auana3onsl 0 < o < 2 OoaThiH

s = | Eap(G390)GIx,
R

HMHTETPAJIbIH = 0 *KaFaalibIiHa Ha3ap ayaapbiiasl. by Ea,p(ialqb (x)) (yHKUIUSUTAPBI KATBICKAH TepOeIMelTi HHTerpaiaap
[1] >kyMBICBIHA 3€pTTEIIlN alblHFaH Oarajaylap/blH OPTYPIUIriH KeHeireni. byn mMakanaza 01341 A mamacel yJIKeH
Gonran xaiirnaiinarsl 1, (1) TepGenMerni MHTErpaIbIH ©3repy OpeKeTi KbI3bIKTEIpasl. bi3 KapacTsipran TepOenMeni
HWHTETPAJIBIH KEMY JKbULIaMIBIKTAPHI 3 )KOHE oL TapaMeTpIIepiHiH Auana30HaapbiHa OaiIaHbICTEI eKeHIH TyciHemi3. Ban
nep KopryT stemmanapbsIi oiaH opi TepeHHEH 3epTTey MaTeMaTnKa/ia )KaHe OfIaH e3re cajajap/a jkaHa TYCIHIKTep MEH
KOJITaHOATap IbIH alllbLTybIHA MYMKIHIIIK Oeperi.

Tipek ce3nep: Ban nep Kopmyr nemmanapsi, Murrar-Jledduep GyHKIMsCH, MHAYKTUBTI TUNOTE3a, Oaranay, Teric
¢byHknus, TepOenmeni HHTerpanaap.
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Ob AHAJIOTAX JIEMM BAH JEP KOPIIYTA

AnHoTanus. B nanHOl crarbe paccMarpuBaroTcs anajoru JiemMm Ban aep Kopmyra ¢ ¢pynkuusmu Murrar-Jleddiepa.
Ha camom pnienie sta oneHka Oblia BIIEpBbIC TOJIy4eHA TOJUIAHACKAM MaremarikoM loxanHecom XosbrepycoMm BaH
nep Kopnyrom u HazBaHa B ero uectsb JieMMoil Ban nep Kopryra. Ha nmpoTsbkeHHH MHOTHX JIET M3Yy4aJIUCh pa3iudHbIe
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0006menus iemm Ban nep Kopnyra. Ecim onmcars Hanny o01Iyo 1eits ¥ X011 padoThI: MbI 3aMEHsIEM IKCITOHCHIIMAILHY IO
¢ynkumio B iemme BaH aep Kopryra dynkuueii Tuna Mutrar-Jledduepa, To ecTh M3yuaeM OCHMILIMPYIONINE HHTETPaIb,
BO3HHUKAIOIIHE NPH aHann3e quddepeHmanbHbIX ypaBHeHUH, He 3aBUCIINX OT BpeMeHHU. CrienuaibHoO ISl 9TOH 1eH B
HACTOsIIIEH CTaThe OCHOBHOE BHUMAHUE Y/EISIETCsl MHTErpainy GopMbl

ILp) = | Eqp(32¢(x))(x)dx,
R

st quanasoHa 0 < o < 2, B cirydae B = o. DTo pacmmpsieT pazHooOpa3ue OLEHOK, MOIyYeHHBIX B padore [1], Tie
u3yuanuch uaTerpanst ¢ dynkmuamu Eqp(i%A¢(x)). B aroii crathe Hac muTepecyer mosenenue muterpama lap(d)
npu GoibIIMX A. MBI IOHMMaeM, YTO CKOPOCTH YOBIBAHUSI PACCMOTPEHHOTO HAMM MHTErpaja 3aBUCAT OT JHalla30HOB
napameTpoB o u [3. JlanpHelimee nzydenne temM Ban nep KopmyTa oTkpoeT HOBBIE HIASH W NPUIOKEHHS B MAaTEMaTHKE
U 3a ee MpeeIaMH.

KuroueBble cioBa: nemmMsl Ban nep Kopmyra, dynkuns Murrar-Jledduepa, rumnoreza WHIYKIUH, OLEHKA, TJIA/IKas
(YHKIMS, OCIMILTMPYIOIINE HHTETPAJIBI.
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