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APPROXIMATIONS OF THE THEORIES OF STRUCTURES WITH
ONE EQUIVALENCE RELATION

Abstract. Recently, various methods similar to the “transfer principle” have been rapidly developing, where one property
of a structure or pieces of this structure is satisfied in all infinite structures or in another algebraic structure. Such methods
include smoothly approximable structures, holographic structures, almost sure theories, and pseudofinite structures
approximable by finite structures. Pseudofinite structures are mathematical structures that resemble finite structures
but are not actually finite. They are important in various areas of mathematics, including model theory and algebraic
geometry. Pseudofinite structures are a fascinating area of mathematical logic that bridge the gap between finite and
infinite structures. They allow studying infinite structures in ways that resemble finite structures, and they provide a
connection to various other concepts in model theory. Further studying pseudofinite structures will continue to reveal
new insights and applications in mathematics and beyond. Pseudofinite theory is a branch of mathematical logic that
studies structures that are similar in some ways to finite structures, but can be infinitely large in other ways. It is an area of
research that lies at the intersection of model theory and number theory and deals with infinite structures that share some
properties with finite structures, such as having only finitely many elements up to isomorphism. A. Lachlan introduced
the concept of smoothly approximable structures in order to change the direction of analysis from finite to infinite, that
is, to classify large finite structures that seem to be smooth approximations to an infinite limit. The theory of pseudofinite
structures is particularly relevant for studying equivalence relations. In this paper, we study the model-theoretic property
of the theory of equivalence relations, in particular, the property of smooth approximability. Let L = {E}, where E is an
equivalence relation. We prove that an any w-categorical L-structure M is smoothly approximable. We also prove that any
infinite L-structure M is pseudofinite.

Key words: pseudofinite structure, pseudofinite theory, equivalence relation, approximation, approximation of theory,
smoothly approximable structure.
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BIP DKBUBAJIEHTTIK KATBIHACBI BAP K¥PbIJIBIM TEOPUSAJIAPBIHBIH
AIINTPOKCUMALUAJIAPBI

Anpmarna. CoHFbl yakKbITTa KYpBUIBIMHBIH OIp KacHeTi HeMece OChl KYPBUIBIMHBIH O6JiKTepi OapiblK IIeKCi3
KypbUIbIMIap/ia HeMece 0acka ajreOpaliblk KypbUIbIM/Ia KaHAaFaTTaHAbIPbUIATBIHAN «TachIMalliay PUHLUITIHE» yKcac
OPTYPJIL SicTep KapKbIHIBI JaMblll Keieai. MyHaail opictepre OipKelnKi yKybIKTANAThIH KYPbUIBIMAAD, TOJIorpadusiIbK
KYPBUIBIMIAP, CEHIM/II ACPIIK TEOpHsIap )KOHE aKbIPJIbl KYPbLIBIMIAPMEH XKYBIKTAIAThIH TICEBI0AKBIPIIbI KYPbUIbIMIAD
xaranpl. [IceBIOaKbIpibl KYPBUIBIMAAP - aKbIpJIbl KYPBUIBIMJApPFa YKCAWTBhIH, OlpaK IIbIH MOHIHIE aKbIpIbl eMec
MareMaTHKaJIbIK KypbuibiMaap. Onap MaTeMaTHKaHbIH OpTYpJl cajajlapblH/la, COHBIH IIIHJE MOJENBAEP TEOPHSCHI
MEH aireOpasblK reoMeTpusiia MaHb3Abl. [IceBIOaKbIpIbl KYPbUIBIMAAD - OYJI aKbIpJIbl JKOHE ILEKCi3 KypbUIbIMIAp
apachIHJIaFbl ANIIAKTHIKTHI OTCUTIH MaTeMaTHKAIIBIK JIOTMKAHbBIH KbI3BIKTHI canachl. Oap NIeKCi3 KYPbUTbIMAAPIbI aKbIPIIbI
KYPbUIBIMIAPABI €CKE TYCIPETIH TOCUIAECPMEH 3€PTTEyre MyMKIH/IIK Oepei oHe opTypii Oacka TEOPUSIIBIK MOICIIbIIK
TYXKbIpbIMaMallapbiHa ciaremeniep Oepeni. IlceBmoakpIpibl KypbhUIbIMIAPABI OJlaH dpi 3epTTey MaTeMarHKaJa >KOHEe
OJIaH THIC JKepliep/ie JKaHa UesuIap MEH KOoJIJaHOasap/ibl alrybl xKajaracTeipaisl. [IceBnoakpIpiibl Teopusiap — Keioip
JKarbIHaH MIEKT] KYpbUIbIMIapFa yKcac, 6ipak 0acka acniekrisepi OOWbIHINA IIEKCi3 YIIKEH 00ybl MYMKIH KYPBUIBIM/AP/IbI
3epPTTEUTIH MaTeMaTHKaJbIK JIOTMKAHBIH OeuiMi. Byl Moenbaep Teopuschl MEH CaHAap TEOPUSICHIHBIH KUBUIBICHIH/IA

67



o BECTHUK KA3AXCTAHCKO-BPUTAHCKOIO TEXHNYECKOIO YHUBEPCUTETA, N92 (65), 2023 o

OpHAJACKAH JXOHE HM30MOp(U3MIe ACHIHTI IEMEHTTEPIiH MICKTEYNi CaHbl CHSIKTHI MIEKTI KYPBUIBIMJIApPMEH OpTaK
KacueTTepi 0ap IIeKci3 KYphUIbIMAAPMEH aifHaJIBICATHIH 3epTTey canachl. A. Jlaxuan TanmayabiH OarbIThIH aKbIPIBIIAH
IIEKCI3Te O3repTy, SFHU IIEKCi3 MIEKKE TETIC armpoKCHMAITUsIIay OO KOPIHETIH YIKSH MIEKTi KYPBUTBIMIAPABI KIKTEY
YIIiH KYPBUTBIMIAPABIH OIpKeNKi ammpoKCHMAIUsuIay TYCIHITIH eHri3mi. [IceBmoakpIpibl KyYphUTBIMIApP TEOPHUSACHI
SKBHUBAJICHTTIK KaTBIHACTApPIBI 3EPTTEy YIIIH epeKIIe ©3eKTi Oombim TaObuiambl. bym skympicTa 0i3 IKBHBAJCHTTIK
KaTbIHACTAP TEOPHSACHIHBIH MOJEIbAIK-TCOPHSUIBIK KACHETIH, aTanm alTKaH[a, TETiC anmpoKCHMalMalaHy KacHeTiH
3eprreiimiz. Erep L = {E} sxoHe £ — L-KypbUTBIMIa SKBUBAJICHTTIK KaThIHAC 0OJICa, OHNIA Ke3 KeNTeH M-KaTerOPHSIIBIK
L-kypbutbIM M TeTic anmpoKCHUMalMaIaHaTelHbl gaienneHai. COHBIMEH Karap, Ke3 KeNreH IIeKci3 L-KypbsuibiM M
TICEB0AKBIPIIBI OOJIBITT TaObLIa IBI.

Tipelc €e3ep: MCECBIOAKBIPJIIBI KYPBIIIBIM, TIICEBAOAKBIPIIBI TEOPU, 9KBUBAJICHTTIK KaTbIHAC, alllIpOKCUMalus, TCOPpUA

alIIpoOKCUMAlUACHI, Teric AlMpOKCUMAIMAIAHATBIH KYPBLJIbIM.
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AIIIMPOKCUMAIIMUA TEOPUM CTPYKTYP C OJJHUM OTHOILIEHUEM
9KBUBAJIEHTHOCTH

AnHoTanusi: B mocnennee Bpemst OypHO pa3BHUBAIOTCS pa3IMdHBIC METOJIBI, CXOXKHE K «IIPUHIUIY TEPEHOCay, KOInia
OIIHO CBOWCTBO CTPYKTYPBI HJIM YacTeH 3TON CTPYKTYPHI BBIITOIHSACTCS BO BCEX OECKOHEUHBIX CTPYKTYPAX WM B IPYyTOM
anreOpanyeckoil cTpykrype. K Takum MeTozaM OTHOCSTCS INTAKO alllIpPOKCHMHUpPYEMbIe CTPYKTYpHI, Tojorpaduiaeckne
CTPYKTYPBI, TIOYTH HA/ICKHBIC TEOPUH U MCEBIOKOHEUHBIX CTPYKTYPHI, alIPOKCUMHUPYEMbIE KOHEUHBIMH CTPYKTYpPaMH.
[IceBnoKOHEYHBIE CTPYKTYPBI — 3TO MAaTeMaTHYECKUE CTPYKTYPhI, KOTOPbIE HATOMWHAIOT KOHEYHBIE CTPYKTYPbI, HO Ha
CaMoM JieJie He SIBISIFOTCS] KOHEYHBIMU. OHHM BayKHBI B PA3IIMUHBIX 00JIACTSAX MAaTeMATHKH, BKIIOYas TEOPHUIO MOAEIEH 1
anredpandecKyro reoMeTpuro. IIceBIOKOHEUHBIE CTPYKTYPBI — 3TO YBJIEKaTesIbHAs 00JacTh MaTeMaTHIECKON JIOTHKH,
KOTOpasi yCTPaHsACT Pa3pbIB MEXK Ty KOHEUHBIMU U OECKOHEUHBIMH CTPYKTypaMHu. OHH TO3BOJISIOT H3y4aTh OCCKOHEUHBIE
CTPYKTYpBI crioco0amu, HAllOMHHAIOIIUMH KOHEYHBIE CTPYKTYPBI, U OOECIIEUMBAIOT CBSI3b C PAa3IUYHBIMH JIPYTHMHU
KOHIICTIIUSAMH Teopun Mopesneil. JlanpHeiee n3ydeHue MCeBJOKOHEYHBIX CTPYKTYp OyZeT MpOJOoIKaTh OTKPBIBATh
HOBBIC HJICW 1 TIPUJIOKEHNUS B MaTEMaTHKE | 3a ee npenesamMu. [IceBIOKOHETHbIE TEOPHN — 3TO Pa3ell MaTeMaTHIeCKOH
JIOTUKH, M3YYaIOIIUH CTPYKTYpHI, KOTOPBIE B YEM-TO MOXOKM Ha KOHEYHBIC CTPYKTYpPBI, HO MOTYT OBITh OCCKOHEYHO
OONIBIINMH B APYTHUX OTHOIICHUSIX. DTO 00IACTh UCCIIE0BAHUN, KOTOPAsi HAXOANTCS Ha TIEPECEUCHUN TEOPUH MOJIeNei 1
TEOPUH YHCEI U IMEET JIEJIO0 C OECKOHEUHBIMHU CTPYKTYPaMH, KOTOPHIE IMEIOT HEKOTOPBIE 00IIMe CBOHCTBA C KOHSUHBIMHU
CTPYKTYPaMH, HallpuMep, UMEIOT TOJIBKO KOHEYHOE YHCIIO JIEMEHTOB C TOYHOCTHIO /10 m3oMopdusMa. A. Jlaxiian BBen
MOHSATHE TJIAJIKO aIlIPOKCUMHUPYEMBIX CTPYKTYP, YTOOBI H3MEHNTH HAIpPaBJICHUE aHAIN3a C KOHEYHOTO Ha OECKOHEYHOE,
T. €. KJ1accn(puIrpoBaTh OOJBIINE KOHEUHBIE CTPYKTYPBI, KOTOPBIE KayKyTCsI TNIaIKUMH MIPHOIMKEHUSIMA K OECKOHETHOMY
npeneny. Teopusi MICEBIOKOHEYHBIX CTPYKTYpP OCOOCHHO aKTyallbHA JUIS M3YYEHHs OTHOIICHWH SKBHBAJCHTHOCTH. B
JTaHHOW paboTe HccleyeTcss TEOPEeTHKO-MOJIEbHOE CBOWCTBO TEOPHM OTHONICHWI SKBUBAJCHTHOCTH, B YaCTHOCTH,
cBoiicTBO mceBmokoHeuHocTH. [lycte L = {E}, rme £ — OTHOIIEHHE >KBUBAJICHTHOCTH Ha L-cTpykrype. JlokazaHo,
4yTo Jr00asi m-KareropudHas L-CTpykTypa M Tiajgko anmpokcuMupyema. Taroke J10KazaHo, 4To Jro0ast GeckoHeuHast
L-ctpykTypa M sBnsieTcst ICEBAOKOHEUHOM.

KotoueBble ci10Ba: IICEBIOKOHEYHAsI CTPYKTYpA, TICEBIOKOHEUHAsT TEOPHs, OTHOIICHNE 3KBHBAJICHTHOCTH, alIPOKCH-
Manusi, almIpoKCHMaIus TECOPUH, TIAAKO alpPOKCUMHUpPyeMast CTPYKTYpa.

Introduction

Approximations for permutation theory by theories of finite structures were studied in [1], for locally
free algebras in [2], for ordered theories in [3], for Abelian groups in terms of Szmielev invariants in [4,5], for
regular graphs studied in [6].

We denote by J; the family of all theories of the language L. It should be noted that in [14] the rank for
families of theories was introduced similarly to the Morley rank. And in [13], the following proposition was
proved

Proposition 1. If L is a language containing an m-ary predicate symbol, for m > 2, or an n-ary functional
symbol, for n > 1, then RS( T} ) = oo.
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In paper [7] isomorphisms and algorithmic properties of structures with two equivalences are considered
based on methods developed by D.A. Tusupov for graph definability in a bipartite graph and in a structure with
two equivalences, which preserve the algorithmic and syntactic properties of the original structure.

Definition 1. [8] An infinite structure M is pseudofinite if for any sentence ¢ with M |= o, there exists a
finite model M, with M |= o.

Definition 2. Let M and N be L-structures. N is a homogeneous substructure of M, notationally
N <pom M, if N < M and for every positive natural k and every pair @, b € N¥, @ and b lie in the
same Aut(M)-orbitifand only if @ and b lie in the same Aut(yy(M)-orbit, where Autyy(M) : = {o €
Aut(M): o(N) = N}

Definition 3. An w-categorical structure  is called smoothly approximable if it is the union of an ®-chain
of finite homogeneous substructures; or, that is the same, if any proposition @ € Th(M) is true for some finite
homogeneous substructure N of the structure M.

Smoothly approximable structures were first considered in general form in [9], then in [10]. The
theory of models of smoothly approximable structures was further developed in the works by G. Cherlin
and E. Hrushovskii [11,12]. The class of smoothly approximable structures is the class of omega-categorical
supersimple structures of finite rank, which properly contains the class of omega-categorical omega-stable
structures (in particular, totally categorical structures).

Remark 1. [15] Any smoothly approximated structure is pseudofinite, the converse is not always true.

Example 1. Random graph is w-categorical, homogeneous, pseudofinite, but not smoothly approximable.

Main provisions

We are dealing with (complete) theories of equivalence relations. We fix a language L = {E} and a
L-structure M, where E is interpreted in M as an equivalence relation.

Let the set {K;|i € w} be the set of cardinalities of E-classes of the L-structure M. To describe the smooth
approximability of L-structure M, we use the following invariants. Consider the pair (Ki, A(k;)) where k, is
the cardinality of the i-th E-class, and A(K;) is the number of cardinality classes of &, A(k;) €W U {oo}.
Therefore, we also consider the indicator € € {0,1} indicating the absence or presence of an infinite £-class.
Also, we often use the following well-known

Fact: An L-theory T is w-categorical iff the set {i;|i € w} is finite and all models have the same
invariants (K A(K;)).

If M is countably categorical, there may be classes of infinite cardinality among the E-classes, that is, in
the set {K;|l € w} there is at least one infinite cardinality k..

Proposition 2. Any an w-categorical L-structure M is smoothly approximable.

The following theorem says that any L-structure M is approximated by finite structures.

Theorem 3. Any infinite L-structure M is pseudofinite.

Materials and Methods

We know several ways to show that a theory T is pseudofinite [8], that is, approximated by theories of
finite structures.

We have the following methods (tools) for examining algebraic structures for pseudofiniteness:

— Probabilistic argument [15,16];

— Ultraproduct Construction [8,17];

— Approximations of the theory of algebraic structures by theories of finite structures[18];

— Fraisse limit.

— Smoothly Approximability [9]

Some of the above model-theoretic methods are also actively used for applied research. For example, the
Probabilistic method is widely used in data analysis and can provide valuable information about relationships
between variables in a dataset. However, it is important to select the appropriate method for a particular
research question and carefully evaluate the assumptions underlying the model.

Results and Discussion
Proof of the Proposition 2: Let M be countably categorical and ¢ = (. Then either all E-classes have
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the same cardinality i.e. for any E-class there is an infinite number of isomorphic £-classes (1), or some finite
number of E-classes have the same cardinality (2). Since all elements of each E-class are equivalent, there is
an automorphism mapping this class onto itself. This means that each equivalence class can be considered
as a finitely homogeneous substructure. Therefore, (1) if for all i and j, x; = k;, then M is an unique up to
isomorphism and M = Ujew M;, where M; = Hicw N; and N, are E-classes.

(2) Let the set of cardinalities of E-classes be finite in M, that is, Ko,K1, > Kn—1. For finite natural /
and m, with 1 <1 <m and 0 <p <n—1 denote by 4 a finite substructure consisting of A(k,) =1
E-classes. This substructure is finitely homogeneous and can be represented as a disjoint union of a finite
number of E-classes. Now we denote by B 3 substructure that for any p<t<n-—1, A(Kt) = o0, Then
B = Ilieo(N}! U N7 U - U Nf). Generally, M = Uiew M;, where M; = A U B.

Let M be countably categorical and € = 1. This means that among Ko, K1, ..., Kn—1 only one indicates
infinite cardinality. Let's say it k,. And all other {x;|1 < i < n — 1} indicates finite cardinalities. Let us
denote the substructure with finite cardinalities as in the previous case by A. All possible cases for 4 are
considered in the previous part of the proof.

And the substructure consisting of infinite classes will be denoted by B. If A(x ) is finite, let's say A(x,) = s
, for finite natural s, then B = Uje, (N} U NZ U -+ U Nf) at that N © Nf, for j < i. If A(x,) is infinite, then
B = [licw Ci, where C; = Ui (N; U N7 L=+ LI NP).

Generally, M = U;e, M;, where M; = A LU B.

Proofofthe Theorem 3: The proof of pseudofiniteness is in some sense easier than smooth approximability,
because smooth approximability is a stronger condition including countably categorical and finitely homogeneity
substructures. Therefore, we consider only the non-countably categorical case, if the structure M is countably
categorical, then we refer to the smooth approximability. Table 1 below shows the proof.

Table 1 — All possible approximations by finite structures of L-structure M.

The number of equivalence classes

A(x;) is finite A(x;) is infinite
k. is K <n not infinite 1) If the cardinality set is finite,
finite then M is smoothly approximable,
hence pseudofinite. Let the set
of cardinalities infinite. Then
M = [l;e, M; and M, are E-classes.
K=K, 0 # not infinite 2) The gtmcmre M is smoothly
approximable by the first case of the
proof of Proposition 2.
k. is Only some classes | 3) L-structure M represented as 4) Similarly, by Proposition 2 and
infinite | have infinite M = M, U Ml, where M, is a substructure case 1) of this table.
cardinality of finite cardinality E-classes, M is a
substructure of finite cardinality £-classe. All
possible cases were considered earlier. If it
is countably categorical then it is smoothly
approximable by Proposition 2. If not, then
case 1) of this table. For M, we refer to
Proposition 2
All equivalence 5) Smoothly approximable, hence 6) Smoothly approximable, hence
classes have pseudofinite pseudofinite
infinite cardinality;

Example. Let M be a countably infinite set and L = {=}. List M as {a; : i € w}, and M; ={Qo, -, a}.
Then M is smoothly approximable, and M = U;e, M;.
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Conclusion

Pseudofinite structures are a fascinating area of mathematical logic that bridge the gap between finite and
infinite structures. They allow for the study of infinite structures in ways that resemble finite structures, and
they provide a connection to various other concepts in model theory. Further study of pseudofinite structures
will continue to reveal new insights and applications in mathematics and beyond. The theory of pseudofinite
structures is particularly relevant for studying equivalence relations. This article examines the model-theoretic
property of the theory of equivalence relations, in particular, the property of smoothly approximability. We
prove that an any w-categorical L-structure M is smoothly approximable. We also prove that any infinite
L-structure M is pseudofinite.
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