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ANALYTICAL APPROACH FOR INVERSE PROBLEMS THEORY APPLICATIONS
TOWARDS DETERMINATION OF THERMOPHYSICAL CHARACTERISTICS OF SOIL

Abstract

Current paper presents analytical expressions received for investigation of determination of thermophysical characteristics
of soil applying the theory of inverse problems. There was considered experimental design with exact measurements and
constructed mathematical model for considered case. The analytical expression for transient one-dimensional temperature
field was received by Laplace transform. Additional data, such as the heat flux at inlet domain received by conducting
numerical simulation of the heat source via computational model. Presented analytical expression for heat transfer
parameter allows to determine the soil thermal property without loss of precision, which is crucial in agricultural field.
Paper discusses posed peculiarities considered for the inverse problem methodology along with derivation stages of
analytical expression. The analytical expression for proposed model is presented both in the frequency and real time
domain by applied direct and inverse Laplace transform. The measured outlet input data is interpolated further by the 8-th
order polynomial and presented with approximation residuals.

Key words: Inverse problems, transient heat transfer, analytical solution, experimental measurements, numerical
simulation, soil.

Cununa A.B."', Auronno Kanconn®

'Kazakcran-bpuran Texuukansik Yausepcureti, 050000, Anmarsr K., Kazakcran
*MusiaH MOMUTEXHUKABIK YHHUBEepcuTeTi, Munan, Mtanmus

TOHBIPAKTBIH TEPMO®U3UKAJBIK CUITATTAMAJIAPBIH AHBIKTAYT' A KEPI
MOCEJIEJIEP TEOPUSACHI KOJIJAHBIJTYBIHBIH CAPAIITAMAJIBIK TOCIJIIAEPI

Anjgarna

Byt xymbIcTa Kepi ecenTep TEOPHSICHIHBIH KOMETIMEH TOIBIPAKTHIH TEePMOPH3UKAIBIK CHIIATTaMaIapblH aHBIKTAY/IbI
3epTTEy YIIIH ajblHFaH capantaMaliblK epHekTep OepinreH. Hakrel esemaepi 60ap SKCIEPUMEHTTIK CXeMa 3epTTEill,
KapacThIPBUIBII OTBIPFAH JKaFjaiifa MaTeMaTHKAJIBIK MOJICSb KYPacThIpbUIAbL. Jlamiac TypieHIIpYyiHiH KeMeriMeH
CTAIMOHAPIIBI eMec Oip eJIeM Il TeMIIepaTypa epici YIlliH aHAIUTHKAJIBIK OPHEK albIH bl KOChIMIIIa 1epeKTep, MbICAIIBI,
KipiC KBUTYy aFbIHBI, CCCITEY MOJCIIH MaiaJaHbIl KbUTy KO3iH CaHIBIK MOJCIBICY apKbUIbl aibiHAAbL. JKbuTy Oepy
mapaMeTpi YIIiH YChIHBUTFaH aHATMTUKABIK OPHCK TOMBIPAKTHIH JKBLTYIIBIK KACUETTEPIH JOJIIKTI )KOFAIITHAN aHBIKTayFa
MYMKIHIIK Oepeni. Bysl aypul mapyalmbUIBIFBI cajlachlHIA ©T€ MaHBI3ABL. Makanaga Kepi eCenTiH oicTeMeci YIIiH
€CKepIIETIH JKUBIHTBIK OeNriiep, COH/Iail-aK aHAMTUKAIIBIK OPHEKTI HIBIFapy Ke3€HJEpi KapacThIpbuiaibl. ¥ ChIHBUIFAH
MOJICTTh YIIIiH aHAIUTUKAIBIK OpHEeK JlammacTeiH TikeJel jkoHe Kepi TYPIACHIIpYIepiHiH KOMETIMEH JKUUTIK OONBICHIHIA
Jla, HAKTHI YaKbIT aiiMarbplHAa 1a YCHIHBUTFaH. [IIBIFynars! eJmeHreH Kipic 1epeKrepi 8-Imi peTTi KenMymeMeH KOChIMIIa
MHTEPIONSLUSIIAHAIbI XKOHE KYBIKTAY KaJIIbIKTAPbIMEH YChIHBUIAAbI. COHBIMEH Karap, MOJCIbCYIH IIIITIH apTThIPY
YIIiH KaH-)KaKThl KYPBUIBIMAAPHl 0ap MOJENbAI KOPCETYre KaHIIAJIBIKTHI BIHTANBI OOJCAK, aHATUTHKAJBIK IICTIiMII
MIBIFapy Ke3eHAePiHe COFYPIIBIM KUBIHBIKTAP TYbIHAaN b1 OChI ce0enTi 013 HAKTHI QJIeM/Ie KapacThIPbUIATBIH MOCEICHIH
JKaJIbl TCHICHIUSIAPBIH KOPCETETIH SKBUBAJICHTTI MOJICIIB/II YChIHA ajlaMbI3. ¥ CHIHBUIFAH MaKaJIaHbIH JKaJIIbl MAKCAThI
— OipTeKTi OpTa YIIiH KOJJaHBUIATBIH KO(G(GHUIIMCHTTEPAl aHBIKTAy MPOLEAYPAChl YIIH aHATUTHKAJIBIK KEpi Taugay
9JIiCTEMECIHIH Kbl UIESIChIH YCBIHY.

Tipex ce3mep: Kepi ecenrep, oTmei xKpuly aIMacy, aHATUTHKAJIBIK MICIIIM, TOKIPHOCITIK eJIIeMIep, CAHIBIK MOJICIIBICY,
TOIIBIPAK.
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AHAJIMTUYECKHUH MOJXOI AJ MPUJIOKEHUI TEOPUU OBPATHBIX 3A1AY
K OITPEAEJIEHUIO TEIVIO®PU3NYECKHUX XAPAKTEPUCTUK I'PYHTA

AHHOTAIMSA

B nmanHOit paboTe mpecTaBICHbl aHAIUTHYCCKUAC BBIPAKCHHS, TIOJTYUYCHHBIC U1 MCCIICIOBAHUS OMPEIACICHUS TeIUo(hu-
3MYCCKUX XapPaKTCPUCTUK TPYHTA C MPUMEHCHHEM TEOPHH OOpaTHBIX 3a7a4. bbula paccMOTpeHa SKCIEPUMEHTATbHAS
cXeMa ¢ TOUYHBIMU U3MEPEHUSIMU U TIOCTPOEHA MaTeMaTH4eCcKasi MOJIEJb JUIsl PACCMaTPUBAEMOTr0 Ciyyasi. AHAJTUTHYECKOe
BBIPQKCHUC JIJII HECTAIMOHAPHOTO OJHOMEPHOTO TEMIICPATypHOIO IMOJsl TOJYYECHO C IOMOIIBI0 MPEOOpa3OBaHUS
Jlarutaca. [lononHuTenbHbIE TaHHBIE, TAKKE KaK TEIJIOBOM MOTOK HAa BXOZE, MOXYYarOT MyTeM MPOBEACHUS YUCICHHOTO
MOJICIIMPOBAHMS HCTOYHHKA TEIlJIa C MOMOIBIO BEIUUCIUTENbHOM Moaenu. [IpeacTaBieHHoe aHaTUTUYECKOE BEIPAKEHIE
JUTs TapaMeTpa TeTIoNepe1adun M03BOJISIET 0€3 MOTEPU TOUHO CTH OTIPEACTUTh TETNIOBBIE CBOMCTBA IOUBBI, YTO KpaitHe BAXKHO
B CEIILCKOXO3SIMCTBCHHOM cepe. B cTarhe 00CyKIAIOTCsI TOCTABICHHBIC 0COOCHHOCTH, YYUTHIBAEMBIC [UISI METOJIOIOT U
00paTHOM 3a71a4H, a TAKXKE ITAIbl BEIBO/IA AHAIUTHYCCKOTO BBIPAKCHHS. AHAIMTHYCCKOES BRIPAKECHUE JIJIS TIPEITIOKECHHON
MOJICIT TIPE/ICTABJICHO KaK B YaCTOTHOW OOJNIACTH, TaK M B OOJACTU PEaIbHOIO BPEMEHHU C NMPUMCHEHUEM MPSMOTO U
oOparHoro npeodpaszoBanus Jlamtaca. M3MepeHHbIC BXOJHBIC JAHHBIC HA BBIXOJE JOMOJHHUTEIBHO HHTCPIIOIUPYHOTCS
MTOJIMHOMOM 8-T0 TIOPSIIKA U MPEACTABIISIFOTCS ¢ OCTaTKaMu armpokcumanuu. O0Ias meib npeiaracMoi CTaTbi COCTOUT
B TOM, 4TOOBI U300pa3UTh 0OIICE MPEICTABICHUE O METOOIOTUU aHATUTHYCCKOTO 0OPATHOTO aHAIN3a ISl IIPOLICTYPhI
onpeneneHus: K03 GUIUCHTOB, UCTIONIB3YEMbIX JIJIsl OIHOPOIHOM CPEIbI.

KiroueBble ciioBa: 00OpaTHBIC 3a1a4M, HECTAIIMOHAPHBIN TCIIIOOOMEH, aHATUTUYCCKOC PEIICHUE, YKCIICPUMCHTAIIbHBIC
M3MEpEHUs], YUCIIEHHOE MOCITMPOBAHUE, TPYHT.

Introduction

In today’s world there are a lot of well-known empirical methods for determination of thermal-
physical characteristics of structural and non-structural materials in the laboratory conditions with
prescribed accuracy [1-5]. However, it is still a matter of difficulty to identify key properties of material
without terminating the exploitation process during experiments conducted on the field or receiving
such data analytically without loss of accuracy and precision [6]. It is well-known fact that analytical
expressions are more favorable in terms of reduction of computational cost expressed in time and
memory, to receive exact value without losses due to introduced errors by numerical approximation [7].
Determination of thermal characteristics of soil plays key role in agricultural area and construction sector
[8-9]. Investigating soil fertility or appropriate freezing depth of soil are the key issues in agricultural
sector which are impossible without reliable data of thermal characteristics for considered soil category
[10—-12]. Another application of the usage of inverse problems is to determine the type of the soil by
observing calculated values of key thermal parameters using statistical comparative analysis [13-16].
The essence of the inverse analysis methodology lies in the prescribed ill-posedness of the problem due
to violation of one of the following factors: lac of solution, infinitely many solutions or the solution
discontinuous dependency on the input data. These factors comprehend numerical exploitation of the
posed inverse problem. In such case analytical investigation is more preferable, since we illuminate these
factors, however such implementations require to overcome number difficulties due to derivation stages.
For instance, there should exist the solution of the posed direct problem, its continuous transform in the
frequency domain, and same solution of the invers problem derived for the considered process. Moreover,
the more we are keen to imply model with comprehensive structures in order to increase the accuracy of
simulation, the more difficulties will arise during the derivation stages of the analytical solution. For that
reason, we may pose an equivalent model that will reflect general tendencies of real-world considered
problem.

The general goal of proposed paper is to depict general idea of the analytical inverse analysis
methodology for coefficients determination procedure utilized for homogeneous medium terrain.
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Main provisions
In current experiment we considered a box with specific soil type equipped with the measurement
devices located at specific points of domain as illustrated below.

Figure 1 — Soil experimental design

The direct problem consists of determining the temperature field in domain Q = x € [0, )
Ut € [0, T]. We set absence of bounds on the right side for spatial part of domain since for single-layered
structure we do not have any reflections of the heat-wave flux from the right side, considering it as isolated
side, thus for set experimental design the model describing transient heat flow is constructed as:

-l (1)
0(x,0) = 0, (x). 2
6(0,t) = 0,(t). 3)
600, ) = 0. 0

Here the initial condition (2) is received by interpolating measured data through time domain and
the same is done for boundary condition (3), heat conductivity coefficient is expressed as a = /k/pc,
where P and c are density and specific heat capacities of the soil, whereas £ is the heat transfer coefficient.

The inverse problem is formulated as follows: to determine the heat conductivity coefficient by

measuring additional data on the inlet of the domain. For that reason, we measure heat flux from radiation
of the bulb lamp at point x — 0.

Materials and Methods
The measured radiation received from numerical simulation of the heating processes inside the bulb

lamp [17]. The geometrical domain is considered as axis-symmetrical region, which is discretized by
structural grid presented below:
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Figure 2 — Axis-symmetrical region and heat flux inside bulb lamp
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Simulated processes include conduction trough the tungsten spiral, which is further transferred by
convection through argon to the lamp glass and then as the heat flux by radiation from glass to soil inlet.
The following profiles gives numerical values of received heat flux due to radiation from the bulb

lamp:
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Figure 3 — Heat flux profiles
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The introduced heat flux is depicted in model as expression:
69
o lx=0 = @ (5)

Considering (5) and (3), we can reformulate them as follows:
a0
_lx =0 — helx 0 h kG(Ot)

To find an analytical solution form, we apply Laplace Transform as usually done for seeking
analytical expressions [18-20], so the problem (1)-(6) will take form in the frequency domain:

U-a22l =9 ™
p a 0

(6)

au
dx lx=0 = hU|x=0- (®)

The solution of (7) is found in the form:

U= % L cex, ©)

The constant is found by boundary condition (8):

_ b __h —‘/—Ex 0o _ —Qx 6o 1 —@x
U_p<1 @Hle ) p<1 >+“\/_(@+h)e ' (12)

The form (12) represents an analytical expression for proposed model in the frequency domain. Now,
it is necessary to apply inverse transform and receive equivalent form in real-time domain. Considering

that:
ﬁ
-1 E Y-
. <pe ) 5rf (sae) (13)
From it, follows that:
8o Py
?<1—e a )%Hoerf(z \/_) (14)
For the right part of (12) shifting and similarities theorems of operational calculus are applied:
“HF(p)] =Lt [ﬁ e_pE] = qe Mat=x)y(at — x). (15)
Having Efros theorem together with (15), we know that:
L—l [F(@) — L_ 1 1 —h(aT x) 4th
7 VB \/—f (16)

Results and Discussion
Combining expressions (15) and (16) together the analytical expression in the real-time domain

takes form:

0(x,t) =0, [erf( ) + ehxta’h’topge (7 + ah\/_)] (17)
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Expressing (17) having (6), the form becomes as:

0(x,t) = 6, [\%f;“—ﬁe‘fzdt +

q a_\?
eae(o,t)x+(9(o,t)) t ifoox q e—tzdt (18)
G (W"'e(o,t)‘ﬁ)
It should be noted that the error function can be expressed as the following converging series:
2 -1 nx2n+1 2 x3 x5 x7 x9
erf(x) = X0, OO L 2 (p 2y X 42 ) )
Vm n!(2n+1) Vr 3 10 42 216

Now, having the measurements of temperature received experimentally, we can find analytical
expression for the heat diffusivity coefficient from (18). The data was measured during ten discrete time
intervals that could be smoothly interpolated by the eighth order polynomial, depicted on the figure below,

along with residual plot:

Q@ | | | | =
10 0 X 40 5 #

Figure 4 — Measured discrete data interpolated by 8" order polynomial (above) along with its residuals (below)

On the above figure, we observe the fitting model, that is the coincide of the interpolated data with
the measurements, so that the vertical axis represents the measurements, and we have time interval in
the horizontal axis. Meanwhile the below graph represents the points at which the residual indicates an
outliners, stating that at these points the measurements were influenced by the noise introduced via the
measurement device error.

Conclusion
We take the first three term of the series (19), however increasing the order will lead to better
accuracy, simplifying the expression (18) we obtain the following form:

(hE + a?h?t) {1
480a%t2¢ + 960a*ht3 — 320aSh3t* + 96aBh5tS — 40t&3 + 35

5
480\/madt2
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n u(ét)  4a*&t?-3a2&%t+2.58°

u 5
0 ama5t2

—1 = 0. (20)

Expression (20) is an analytical form with heat transfer parameters of soil which is heated by the lamp
on the inlet. Determination of the necessary coefficients could be done by numerical iterative approach
or direct calculations. In (20) the term 6(¢,t) is additionally measured temperature at point x = ¢,
whereas all other terms are known constants. It could be clear that heat transfer parameters will depend on
temperature and vary through time exponentially.

Received form is crucial in performing on site investigations or mathematical exploitations
over correlational studies between thermal characteristics of soil and other terms. It is also useful for
convergency rate studies for different approaches.
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