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RANKS FOR FAMILIES OF REGULAR GRAPH THEORIES

Abstract. This article deals with families of regular graph theories. Using invariants of regular graph theory, a criterion
for e-minimality, ¢-minimality, and a-minimality of subfamilies of the family of all regular graph theories is obtained.
These ranks and degrees play a similar role for families of theories with hierarchies for definable theories, such as Morley's
Hierarchies for a fixed theory, although they have their own peculiarities. The rank of families of theories can be thought of
as a measure of the complexity or richness of these families. Thus, by increasing rank by expanding families, we produce
richer families and get families with infinite rank, which can be considered "rich enough". The ranks for families of the
theory of regular graphs with finite and infinite diagonals are described. The family of all regular graph theories has
infinite rank. This follows from the fact that if a language consists of m-ary symbols, m>2, then the family of all theories
of the given language has an infinite rank. This also means that the family of all regular graph theories is not e-totally
transcendental. The results obtained can be considered as a partial answer to the question posed in [5].
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PAHI'! JIJIsI CEMEMCTB TEOPUI PEI'YJISIPHBIX T'PA®OB

AHHOTanusi. B HacToOsIIiel CTaThe HCCIEAYIOTCS CeMeicTBa TEOpuil peryispHbix rpadoB. Mcnonb3ys WHBApUAHTHI
JUIS. TEOPUH PETYJIAPHOrO Tpada, MOJydYeHbl KPUTEPUH €-MHUHHUMAIbHOCTH, a-MUHHUMAJIGHOCTH U O-MHHUMAJIbLHOCTH
MOJICEMENCTB CeMeiCTBA BCEX TEOPHUIl PEryJsipHBIX IpadoB. ITH PAHTH U CTENCHU WIPAIOT aHAIOTHYHYIO POJIb IS
CEMENCTB TEOPHIi C HEpapXUSIMHU JIJIsI ONIPEAETUMBIX HAOOPOB TEOPUH, TAKMX KaK HepapxXuu Mopitu [1Jisi PUKCHUPOBAHHOMN
TEOPUH, XOTSI OHU UMEIOT COOCTBEHHBIE XapaKTEPUCTUKH. PaHT CeMEHCTB Teopuil, aHAIOTHYHBINA paHTy MOopiH, MOKHO
paccMaTpuBaTh Kak MEpY CII0XKHOCTH HJIH OOTaTCTBa OTUX CeMEUCTB. Takum 00pa3oM, MOBBIIIAS PAHT 33 CUET PACIIUPEHHS
CEMENCTB, MbI TIPOU3BOMM Oojiee Gorarbie CeMENCTBa, MOoMydasi CEMENHCTBA ¢ OECKOHEUYHBIM PAHIOM, KOTOPhIE MOXKHO
CUUTATh «JIOCTATOYHO OorarbiMu». ONUCAHBI PAHTH JUIS CEMEHCTB TEOPHU PErYISIPHBIX TPadOoB C KOHEYHBIMH U
OeCcKOHEYHBIMU JraroHatssMu. CeMelCTBO BCEX TEOPHUil peryisipHbiX rpadoB uMeeT OECKOHEUHBIH paHr. DTO CleayeTr
u3 (hakTa, YTO €CIU A3BIK COCTOMT U3 M-aPHBIX CHMBOJIOB, m>2, TO CEMEHCTBO BCEX TEOPHI JAHHOTO SA3bIKA UMEET
GeckoHeuHbIl paHr. OTCIOA TaKXKe CIIEIYET, YTO CEMEHMCTBO BCEX TEOPHH PEry/SIPHBIX Ipad)oB HE ABIAETCS €-TOTAIBHO
TpaHCIeHAeHTHBIM. [1oJTydeHHbIe Pe3yIbTaThl MOKHO PACCMATPHUBATh KAK YACTUYHBINA OTBET HA BOMPOC, MOCTABJICHHbIM
B pabore [5].

KiroueBrble ciioBa: peryssipHbiil rpad, paHr, CTeNneHb, CEMEHCTBO TCOPHUH, e-MHHUMAIILHOE CEMEHCTBO, a-MUHIUMAJIbHOE
CEMEHCTBO, 0-MUHUMAILHOE CEMEHCTBO
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TYPAKTBI I'PA®TAPIBIH YUIPJIEPI YIIITH PAHTVIEP TEOPUSICBI

Amngarna. byn Makamama TypakTel rpadrTap TeopMsIIapBIHBIH YHipiepi 3eprreneni. TypakTsl rpad TEOPHACH VINiH
WHBapUaHTTAPIBl MaianaHa OTHIPBIN, TYPAKTHl TpapTapAbH OapibIK TEOPHsIAPHl YHipIepiHiH e-MUHUMAIIBUIBIFBI,
@-MAHHMaJJIBUIBIFBI JKOHE O-MHHHMAJIIBUIBIFBIHBIH KPUTEPHItl anblHanbl. byl paHrTep MeH IopeKenep TeopusiIapIbH
AHBIKTAJATHIH KUBIHAAPH! VIIiH HepapXusuIapsl Oap Teopusutap YHipiepi YIIiH yKcac pell aTKapaibl, MBICATBI, apHABI
Teopus yuriH Mopim mepapxusiapsl, 0ipak OJTapIblH ©3iHIIK cHmarTamaiapsl 6ap. Mopiu paHTiCiHe yKcac TeopHsuiap
YHipiepiHiH paHTiCiH OCHl YHIpIepAiH KYPIENiTiri Hemece OalBIFBIHBIH ONIIEMi pEeTiHIE KapacThIpyFa OoJabl.
Ocpunaiima, yHipiaepai KeHEHTY KoHE paHTiHI apTTHIPY apKbUIBI 0i3 «KETKITIKTI Oaib» Aen caHayra OOJATBIH IIEKCi3
paHTiT YHipIepai KypacTbipa ajxaMbl3. AKBIPIBI JKOHE aKbIPCHI3 ITHArOHANbBII TYpPaKTHl rpadyTap Teopusuiap yHipiepi
YIIiH paHTiIep cunarTairad. bapibik TypakTsl Tpad TeopusIapbsIHBIH YHIpIIEpi meKci3 gopexere ue. by keneci ¢pakTiHig
caimapbl: erep TUT m-IIi peTTi TaHOamapeIHAH Typca, m>2, oHAa OepiiareH Tinaeri OapibIK TeopusuIap YHipiepi meKci3
nopexere ue 0omanel. byst cCOHBIMEH Katap OapIibIK TYPaKThI Tpad TeOpHUsUIapBIHBIH YiHipiIepi TOTalIIbl TPAHCIICHACHTTIK
eMec eKeHiH OuTmipesni. ATBIHFaH HOTIDKENEpdi [5] )KyMpIcTa KOWBIIFAH CYpaKKa ilIiHapa )ayamn peTiHae KaOwuimayra
OO0mabl .

Tyiiinai ce3aep: TypakTsl rpad, panr, mopexe, TeopHusiIap Yipi, e-MAHIMAJIbI YHip, a-MAHAMAJIB YHIP, O0-MHHAMAIIBI
Yiip

Introduction

Below we consider families T of consistent first-order theories in languages 2 S X'(T7), where X (7))
is the set of language symbols that are represented in some sentences of some theories in 7. By F(X)
we denote the set of all formulas in the language 2 . If 2 is relational, i.e., it does not contain functional

symbols, then we denote by T the family of all theories of the language 2 Forasentence ¢ we denote

by T, theset {T € T'|¢ € T}. Any set Ty is called the @ -neighbourhood, or simply a neighbourhood,
for T

Main provisions

Definition [1]. A regular graph is a graph where all vertices have the same number of neighbors. A
regular graph with vertices of degree k is called a k-regular graph or regular graph of degree k.

In [5], the ranks of complete theory families have been defined inductively as follows.

(1) For an empty family 7 we set the rank RS(J) = —1 and for non-empty finite families 7" we
set the rank RS(7) = 0.

(2)Forafamily T andanordinal ¢ = g + 1 weset RS(T) > « ifthereare pairwise T -inconsistent
X (T)-sentences ¥Pn, n € w, such that each Pn-neighborhood has rank RS (Ttpn) >f,n€ w.

(3) If o is a limit ordinal then RS(T) = a if RS(T) = B forany B < a.

(4) Weset RS(T) = a if RS(T) >« and RS(T) = a + 1.

(5)If RS(T) = a for any o, we set RS(T) = oo.

Afamily T is called e-totally transcendental if RS(T)isan ordinal. If 7 is e-totally transcendental,

we define the degree ds(T) for the family 7 as the maximal number of pairwise inconsistent sentences
@i such that RS(T%) = aq.
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Definition [4]. An infinite family T of complete theories is called e-minimal if for any sentence
@ € X(T), either T is finite or T, is finite.

Definition [5] A family T, with infinitely many accumulation points, is called a-minimal if for any
sentence @ € X ('), either Ty or T, has finitely many accumulation points.

Let o be an ordinal. A family T of rank a is called a-minimal if for any sentence ¢ € X (T) either
RS(T,) < aorRS(T.,) < .

Materials and Methods

Denote by Jreg the family of all regular graph theories. For any theory T € Treg» consider the pair
(k,vx), where k € w,y) € w U {0} is the number of k-regular connected components.

Let us first consider families with bounded Vk.

In the case when for each theory T from the subfamily J° c 7., it is true that the diameter d(T)
is finite, as well as, the subfamily T is finite, therefore RS( 77 )=0, and the degree ds( 7") is equal to the
number of invariants. Let's illustrate how the degrees of families vary.

Let us deal with the finite family 7" C T4 consisting of theories Tf, ..., Ty,. If each theory has the
same number of k-regular graphs, that is, Yx; = S with Vi; # Vi [ # J, then RS( 7)=0, ds( T )=n,
since T is represented as a disjoint union of finite subfamilies T;,, = {T; € T'|¢@; € T; is a sentence
describing k-regular graphs}.

In the example above, one can notice that the degree of the family depends on the number of invariants.
If for the theories considered in above we complicate the conditions that each theory has the same number
of invariants, let, for example, 7, then the degree of the family 7 is ds (77) = n - r. And if for different
Ty, -, T, in each theory 7, there are 7, invariants, then the family 7" has degree ds(T") = XiL 7;.

Results and Discussion

Proposition 2.1 (1) 4 family T is e-minimal if and only if T is a set of regular graph theories with
one arbitrary value Vi, Ym = 0 for m # k. (2) A family T is a-minimal if and only if T is a set of
regular graph theories with two arbitrary values Vi, Yk, Vi, = O for ko # kq # k.

(3) For countable ordinal o a family T is a-minimal if and only if T is a set of regular graph
theories with arbitrary values Vi Vigr -+ Vi T € @, Vi, = 0 for ko # k; # k;.

Proof. (1) It is known that if the family is finite, then the rank is 0, and the degree is equal to the
number of invariants. If the family is infinite, then the number of accumulation points is considered. By
the definition of e-minimality, either T is finite or I 1s finite. Moreover, an e-minimal family T has
rank 1 and degree 1. This means that the family 7" has a single accumulation point

T ={¢p € X(T)|T,, is infinite}-

In turn, the family consists of a finite number of theories with one arbitrary value ¥m,Vx = 0,
m # k, and an infinite number of theories with Yk ¥Ym = 0 for m # k.

The family 7 which is a set of regular graph theories with one arbitrary value ¥m Yx = 0, for
m # k, consists of theories 7 with m € w U{oo} k-regular graphs and the theory Teo with an infinite
number of k-regular graphs. The theory Tw is the unique accumulation point for 7. Thus, RS( T) = 1,
ds( T) =1 and therefore the family 7 is e-minimal.

(2) Let the family T be not a-minimal. Then by [5, Proposition 2.13] RS(T) # 2andds(T) #
1. From the previous case, a family with rank 1 and degree 1 has a single accumulation point and only
one invariant v,. If RS(T") > 2 and ds( ") >1, then the family can be divided by the sentence ¢ into
subfamilies T, and T, with an infinite number of accumulation points and the family will have at least
three invariants.

We are dealing with k -regular and k -regular graphs. Then we get a countable number of variants
(Yk,» Yk,). Thus, there are countably many k -regular and k-regular graphs, forming the family 7.
Here, each subfamily with one infinite Yk, or Yk, has RS = 1, and the only accumulation point with
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Yk,= Yk,= %, has infinitely many k -regular, infinitely many k -regular graphs and RS= 2. Thus, for a
given family T, we obtain RS( 7 ) =2 and ds( 7°) = 1. Therefore, the family is a-minimal.

(3) It is proved as a right direction proof of the previous case, assuming that the family is not o
-minimal. The family will either have a finite rank or an infinite (uncountable) rank. Hence the number of
invariants is finite or uncountable.

If there is a countable number of k-regular graphs, | € w, having a countable number of variants
(Yiy» Viyr--+» Vk;) one can construct an a-minimal family 7 consisting of a countable number of
e-minimal subfamilies 7;, i € w. By the definition of o-minimality, the family T has RS(T) = a,
ds(7) =1 and is represented as I;c,, ¢;.

The Proposition 2.1 has been proven.

Realizations of e-minimal, o-minimal, a-minimal subfamilies of the family Jreg of all regular graph
theories show that it is possible to construct a subfamily T having a given countable rank and degree.
Subfamily T is represented as a disjoint union of subfamilies J¢,, -, T, for some pairwise inconsistent
sentences $1, --» Pn, such that each I, is a-minimal.

Ty U oo o e e U Ty
RS(T) =« 7 T = {Tan- Taw b Tamn = {Tma)-- T}
Ti Ty = (Tan--Taw b Tkmy = T+ Tneo)}
Ta Tan = {Tan---Tawp - Tan = Tm--- T}

An illustration of a family with a given countable rank and natural degree.

We now consider families of theories of regular graphs with infinite diameter and an unbounded

number of Vk. The next result shows that the family 7.4 of all regular graph theories is not e-totally
transcendental.

Theorem 2.2. Rs(j;,eg) = oo.
Proof. Repeating the arguments of [4, Proposition 4.4] and [2, Proposition 2.5] we can construct a
2-tree of sentences > Po, P1, Po1, ... indicating an infinite rank.

As noted in [2], the theorem also holds for acyclic regular graphs.

Conclusion

This article examines families of regular graph theories. By using invariants for the theory of regular
graphs, a criterion for the e-minimality, the a-minimality and the a-minimality of the subfamilies of
the family of all the theories of regular graphs is obtained. These ranks and degrees play a similar role
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for families of theories with hierarchies for definable theories, such as Morley's Hierarchies [3] for a
fixed theory, although they have their own characteristics. The rank of families of theories, similar to
Morley's rank, can be considered as a measure of the complexity or the richness of these families. Thus,
by increasing the rank by enlarging the families, we produce richer families and obtain families of infinite
rank which can be considered "rich enough". The family of all regular graph theories has infinite rank.
This follows from the fact that if a language consists of m-ary symbols, m>2, the family of all theories in
the given language has infinite rank. This also implies that the family of all regular graph theories is not
e-totally transcendental.
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