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BINARY CONVEXITY RANK IN ALMOST OMEGA-CATEGORICAL
WEAKLY O-MINIMAL THEORIES
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Abstract. The present paper concerns the notion of weak o-minimality that was initially deeply studied by
D. Macpherson, D. Marker and C. Steinhorn. A subset A of a linearly ordered structure M is convex if for all
a, b € Aand c € M whenever a < ¢ < b we have ¢ € A. A weakly o-minimal structure is a linearly ordered
structure M = (M, =, <, ...} ¢ such that any definable (with parameters) subset of M is a union of finitely
many convex sets in M. A criterion for equality of the binary convexity ranks for non-weakly orthogonal non-
algebraic 1-types in almost omega-categorical weakly o-minimal theories in case of existing an element of the
set of realizations of one of these types the definable closure of which has a non-empty intersection with the set
of realizations of another type is found.

Keywords: weak o-minimality, almost omega-categoricity, convexity rank, weak orthogonality, equivalence
relation.

OMETA-KATEI'OPUSAJIBIK JEPIIK 9JICI3 O-MUHUMAJLIbI TEOPUSAJIAPBIH/IA
BUHAPJIBIK JOHECTIK PAHI'ICI

AMMPBEK I'.C., KYJIHIEIIIOB B.111.
Kaszaxcman-bpuman mexnuxanvix ynugepcumemi, 050000, Anmamut k., Kazaxcman

Anoamna. Maxana 6acmankwvioa /[]. Makgepcon, /l. Mapxep sicone 4. Cmaiinxopn meper 3epmmezen 27Ci3
O-MUHUMATOBLILIK mycinicine Kambicmbl. Colzbikmulx pemmencen M Kypolivimbiibiy A TWKi JcublHbl 00Hec
bonaovl, ezep ke3 keneen a, b € A socone ¢ € M rezinoe a < ¢ < b 6i30e ¢ € b 6i30e ¢ € A bonca. Oicis
O-MUHUMATObL KYPbLIbIM — Oy M KYpblibiMblHblY Ke3 KeleeH aHbIKMAaiamvli (napamempiepi 6ap) iwiKi
arcubinbl M-0eei 0enec JHcublHOapObly aKbipibl CanbiHbly Oipieyi boramuvinoat M = ‘M, = <,.) CbI3bIKMbL
pemmeneen Kypoiivim. bBunapiviy denwecmix pawueinepi menoiciniy Kpumepuili 21Ci3 OpmocoHAIbObl eMec
aneebpanviy emec I-munmepi ywin 0epiik omMe2a-Kame2opusivlk dICi3 O-MUHUMALObL TMeoPUANapod Ocbl
myprepoiy Oipeyiniy Jcyzece acy HCUbIHbIHAH dNleMeHm D0a2aH ca20aloa maodvliadbl, OHbIY AHLIKMAIAMbIH
2HcabwLIYbL Dacka mypoeei icke acvlpy HCUbIHbIMEH OOC emec KUbLIbLChbl bap.

Tyitinoi ce30ep: 21ci3 O-MUHUMATOBIK, OEPIIK OMe2a-Kame2opUusiivlK, OOHEeCMIK PAH2IC, dICI3 OPMOCOHANObIK,
IKBUBATEHINMIK KAMbIHAC.
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BUHAPHBIN PAHI BBIITYKJIOCTH B IIOUYTH OMETA-KATETOPUYHbIX
CJABO O-MUHUMAJIBHBIX TEOPUAX

AMMUPBEK I'.C., KVJIIIEIIIOB B.I11.
Kaszaxcmancko-bpumanckuti mexuuyeckuil ynusepcumem, 050000, o. Anmamet, Kazaxcman

Annomauus. Hacmoswas cmames Kacaemcs NOHAMUA CAAOOU  O-MUHUMATLHOCTHUY, NEPEBOHAYATLHO
enyooxo uccnedosannoeo [. Maxgepconom, . Maprepom u 4. Cmatinxoprnom. Iloommnoscecmeo A nuneiino
VROPAOOYEHHOU cmpykmypul M s8nsemcst 8bInykaviM, ecau 0ns modvix a, b € A u ¢ € M ecakuil pas, ko2oa
a < c < b, mot umeem ¢ A. C1abo O-MUHUMATLHOU CMPYKMYPOU HA3bIBACMCS TUHEUHO YNOPAOOUCHHAS.
empykmypa M = ( M, =, <, ...) maras, umo moboe onpedenumoe (¢ napamempamiy) nOOMHOICECTEO
cmpykmypel M s6nsemcs o0vbeouHenuem KOHeYHO20 HUCIa BbINYKAbIX MHodcecms ¢ M. Haiiden kpumepuii
PaseHcmea OUHAPHBIX PAH208 BLINYKIOCTU OJIsl He C1A00 OPMOSOHANLHBIX Hean2edpauiueckux 1-munos ¢ noumu
oMe2a-Kame2opudHvIX c1ad0 O-MUHUMATLHBIX MEOPUSX 6 CIyYaAe CYUWeCBOBAHUS DEMEHMA U3 MHONCECHEA
peanuzayuti 00HO20 U3 SMUX MUNOE, ONPedeIUMoe 3aMbIKAHUE KOMOPO20 UMeem Henycmoe nepeceyenue co
MHO2ICECIBOM peanu3ayuil Opy2020 mund.

Knroueewie cnosa: cnabas O-MUHUMAIbHOCNTb, noYmu omeza-KamecopuiHocms, pane 6blNyKJ10CmUu, cnabas

OPMO2COHANTbHOCb, OMHOWERUE IKEBUBATEHMHOCNTU.

Introduction

Let L be a countable first-order language.
Throughout this paper we consider L-structures and
suppose that L contains a binary relation symbol
< which is interpreted as a linear order in these
structures. The notion of weak o-minimality was
originally studied in [1]. Real closed fields with a
proper convex valuation ring provide an important
example of weakly o-minimal structures [2, 3].

Let A and B be arbitrary subsets of a linearly
ordered structure M. Then the expression A < B means
that a <b whenever a € B, and A <b means that A <
{b}. For an arbitrary subset A of M we introduce the
following notations: A*:={be M | A <b} and A:={b
€ M |b<A}. For an arbitrary one-type p we denote by
p(M) the set of realizations of p in M. If B & M and
E is an equivalence relation on M then we denote by
B/E the set of equivalence classes (E-classes) which
have representatives in B. If f is a function on M then
we denote by Dom(f) the domain of f. A theory T is
said to be binary if every formula of the theory T is
equivalent in T to a boolean combination of formulas
with at most two free variables.

Definition 1. Let T be a weakly o-minimal theory,
MET, Ac M, p, q € Si(A) be non-algebraic.
We say that p is not weakly orthogonal to q (denoting
this byp £% q) if there exist an L ,-formula H(x, y),
a € p(M) and B4, B2 € q(M) such that ; € H(M, «)
and B, € H(M, ).

In other words, p is weakly orthogonal to q
(denoting this by P 1" q) if p(x) Uq(y) has a
unique extension to a complete 2-type over A.
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Lemma 2. [4] Let T be a weakly o-minimal
theory, ME T, AC M, Then the relation of non-
weak orthogonality - ¥V is an equivalence relation
on S (A).

Definition 3 [5] Let T be a weakly o-minimal
theory, M is a sufficiently saturated model of T,
A < M. The rank of convexity of the set A (RC(A))
is defined as follows:

)RC(A)=-1ifA= T

2) RC(A) = 0 if A is finite and non-empty.

3) RC(A) > 1 if A is infinite.

4) RC(A) > a + 1 if there exist a parametrically
definable equivalence relation E(x, y) and an infinite
sequence of elements b, € A, i € ® such that:

For every 1,j €® whenever i#j we have
M E —lE(bi,b]');

For every i € o RC(E(M,b;)) = a and E(M,
bi) is a convex subset of A.

5) RC(A) =8, if RC(A) =« for all ¢ < 6,
where 0 is a limit ordinal.

If RC(A) = a for some o, we say that RC(A) is
defined. Otherwise (i.e. if RC(A)) = a for all o), we
put RC(A) = .

The rank of convexity of a formula ¢(x, @), where
a € M, is defined as the rank of convexity of the set
$(M,3), i.e. RC(d(x,2)): =RC(d(M,2)). The rank
of convexity of an 1-type p is defined as the rank of
convexity of the set p(M), i.e. RC(p) := RC(p(M)).

In particular, a theory has convexity rank 1 if
there are no definable (with parameters) equivalence
relations with infinitely many infinite convex classes.

We say that the convexity rank of an arbitrary set
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Ais binary and denote it by RC_. (A) if in Definition
3 parametrically definable equivalence relations are
replaced by J -definable (i.e. binary) equivalence
relations.

Definition 4. [6, 7] Let T be a complete theory,
and p (x)), ..., p,(x,) € Si(D). A type q(X, ..., X,)
€ Su(D) issaidtobea(p,, ..., p,)-type if

q(Xi, .., Xn) D p1(X1) U paA(x2) U ... U Pa(Xn).

The set of all (p,, ..., p,)-types of the theory T
to be almost oo—cdfégorical if for any types p,(x,), ...,
p,(x,) €\in Si(J) there are only finitely many types
qx, ..., X )€ Splw’pH(T).

Almost m-categoricity is closely connected with
the notion of Ehrenfeuchtness of a theory. So in [6]
it was proved that if T is an almost m-categorical
theory with I(T, ®) = 3 then a dense linear order is
interpreted in $TS$. Nonetheless there is an example
(constructed by M.G. Peretyat'kin in [8]) of a theory
with the condition I(T, ®) = 3 that is not almost ®
-categorical.

In [9] the authors established almost ®
-categoricity of Ehrenfeucht quite o-minimal
theories and that the Exchange Principle
for the algebraic closure holds in almost ®
-categorical quite o-minimal theories. Recently in
[10] orthogonality of any family of pairwise weakly
orthogonal non-algebraic 1-types over ¢ for such
theories and binarity of almost ®-categorical quite
o-minimal theories were proved. Also, in [11] binarity
of almost omega-categorical weakly o-minimal
theories of convexity rank 1 was established. At last,
in the work [12] a criterion for binarity of almost
omega-categorical weakly o-minimal theories in
terms of convexity rank was found.

Theorem 5. [10] Let T be an almost omega-
categorical weakly o-minimal theory, p € Si(J) be
non-algebraic. Then RC,_, (p) < ®.

Recall some notions originally introduced in
[1]. Let Y © M""! be an J-definable subset, let
: Mt — M be the projection which drops the last
coordinate, and let Z := ©(Y). For each g ¢ Z let
Ya:={y:(a,y) € Y}. Suppose that for every
a € Z the set Y gis convex and bounded above but
does not have a supremum in M. We let ~ (J-definable
equivalence relation on M" given by

a~b forall a,b eM"\Z,and a ~b <
sunYa=supYh if a.b eZ.

Let 7 -= 7/ ~, and for each tupled € Z we
denote by [ g ] the ~ -class of @ . There is a natural

J-definable total order on M U Z, defined as
follows. Let @ € Z and ¢ € M. Then [g] < ¢
if and only if w < ¢ for all W € Ya_ Also, we
say ¢ <[a]iff—([a]<c), ie. there exists
€ Ya gych thatc <w.If @ is not ~—equivalent
to b then there is some x € M such that
[a]l<x<[b]or[b]<x<[a] and so <
induces a total order on M U Z We call such a set
Z a sort (in this case, @—definable sort) in A ,
where M is the Dedekind completion of M, and

view Z as naturally embedded in M . Similarly,

we can obtain a sort in M by considering infima
instead of suprema.
Thus, we will consider definable functions

from M to its Dedekind completion M , more

precisely in definable sorts of the structure M,
representing infima or suprema of definable sets.

Let A, D S M, D be infinite, Z S M be an
A-definable sort and f: D = Z be an A-definable
function. We say f is locally increasing (locally
decreasing, locally constant}) on D if for any a
€ D there is an infinite interval J & D containing
{a} so that f is strictly increasing (strictly
decreasing, constant) on J; we also say f is
locally monotonic on D if it is locally increasing
or locally decreasing on D.

Let f be an A-definable function on D & M,
E be an A-definable equivalence relation on D.
We say f is strictly increasing (decreasing) on
D/E if for any a, b € D with a <b and —E(a, b)
we have f(a) < f(b) (f(a) > f(b)).

Proposition 6. [13] Let M be a weakly
o-minimal structure, A =M, p € S (A) be a non-
algebraic type. Then any A-definable function of
which the domain contains the set p(M) is locally
monotonic or locally constant on p(M).

Results
Definition 7 (Verbovskiy V.V, [14, 15]) Let
M be a weakly o-minimal structure, B, D = M,

A S M be a B-definable sort and f: D = A be
a B-definable function that is locally increasing
(decreasing) on D. We say that the function f has
depth n on the set D if there exist equivalence
relations E (x, y), ..., E (X, y) partitioning
D into infinitely many infinite convex classes so
that for every 2 <i<n each E-class is partitioned
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into infinitely many infinite convex E,-subclasses
and the following holds:

e fis strictly increasing (decreasing) on each
E -class;

e fis strictly decreasing (increasing) on D/E,
for every odd k <n (or the same, f'is strictly decreasing
(increasing) on each E _, (a, M)/E, for any a € D);

e fis locally increasing (decreasing) on D/E,
for every even k <n;

e fis strictly monotonic on D/E .

In this case, we say that the function f is locally
increasing (decreasing) of depth n.

Obviously, a strictly increasing (decreasing)
function is locally increasing (decreasing) of depth 0.

Theorem 8 (Verbovskiy V.V., [15]) Let T be
a weakly o-minimal theory. Then any definable
function into a definable sort has a finite depth.

Proposition 9 [4] Let T be a weakly o-minimal
theory, , MET, Ac M, p, q € Si(A), be non-
algebraic, p £ q. Then the following holds:

(1) p is irrational < q is irrational,

(2) p is quasirational < q is quasirational.

Theorem 10. Let T be an almost ®-categorical
weakly o-minimal theory, M & T, p,q € Si(d) be
non-algebraic, p £V q, dcl({a}) N q(M) #Z for
some a € p(M). Then the following conditions are
equivalent:

() RC,,(p) >RC,, (a);

(2) there is no an - J-definable function f: p(M)
— q(M) being a bijection of p(M) on q(M);

(3) del({b}) M p(M) = & forany be q(M);

(4) there exist an - J-definable function f: p(M)
— q(M) being locally constant on p(M).

Proof of Theorem 10. By Proposition 9 the types
p and q are either isolated or quasirational or irrational
simultaneously. Without loss of generality, suppose
that p and q are isolated. The remaining cases are
considered similarly.

(1) = (2). Assume the contrary: there exists
an -J-definable function f: p(M) —> (M) being a
bijection of p(M) on q(M).

Let RC,, (p) = n. Then there exist - @-definable
equivalence relations E (x, y), E.(x, y), ..., E_ (X,
y) which partition p(M) into infinitely many infinite
convex classes so that

E'i(x,y):=3 ti At [Ei(t1, ) A f(t1) =x A f(t2)
=yl

for some (any) a € p(M). Consider the following
formulas:

E'i(x,y):=3 ti Atz [Ei(t1, ) A f(t1) =x A f(t2)
=yl
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E'n.l(X, y) =3t 3t [En.1('[1, tz) A f(t1) =X A
f(t2) = y].

By Theorem 8 the function f'is strictly monotonic
on each E -class and f is strictly monotonic on each
E . (a, M)/E, for any a € p(M), where 1 <k <n-2.
Therefore we have that E' (x, y), ..., E'_(x, y) are
equivalence relations partitioning q(M) into infinitely
many infinite convex classes so that

E'i(b, M) c E'2(b, M) c ... < E'n.i(b, M),

whence RC (q) > n, that contradicts the
hypothesis.

(2) = (3). Since dcl({a}) N qM) # I there
existb € q(M) and an L-formula ¢(X, y) such that

M E Alyd(a,y) Ad(a,b).

Assume the contrary: dcl({b}) N pM) =
Note that a € dcl({b}). Otherwise there exists a €
p(M) such that a, 7 a and a € dcl({b}). Since b €
dcl({a}), we have that a  # dcl({a}), and this implies
an infinity of dcl({a}), contradicting the almost ®
-categoricity of T. Thus, ae dcl({b}). Then there
exists an L-formula - ¢'(X, y)

M E Alyd'(a, y)A3! xd'(x,b)Ad'(a, b).

Define the function f as follows: f(a) = b <
¢@’(a, b). It is not difficult to see that f bijectively
maps p(M) onto q(M), contradicting our assumption.

(3) = (4). Assume the contrary: f: p(M) —>
q(M) is an J-definable function and f is not locally
constant on p(M). Then f must be locally monotonic
on p(M), i.e. either locally increasing or locally
decreasing by Proposition 6. But then f bijectively
maps p(M) onto q(M). Then dcl({b}) N p(M) # &
for some (any) b € q(M) which contradicts (3).

(4) = (1). Let f: p(M) > q(M) be an &
-definable function being locally constant on p(M).
Consider the following formula:

E(x,y)=[x<y-> Vt(x<t<y- f(x)=1(t)
=f(y)] A

Ax>y > Vix>t>y > f(x) =1f(t) =1(y))].
Clearly, E(x, y) is an equivalence relation

partitioning p(M) into infinitely many infinite
convex classes.
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Let RC_, (p) = n. Then there exist D definable
equivalence relations E (x, y), E,(X, y), ..., E_ (X, y)
partitioning p(M) into infinitely many infinite convex
classes so that

E](a, M) c Ez(a, M) c...C En.1(a, M)

for some (any) a € p(M).

Obviously, for some 1 <i<n-1 we have that E(x,
y) = E(x, y). Then we assert that RC_ (q) = n — i.
Indeed, f is a constant on each E-class. Further, we
consider the behaviour of the function fon each E, (a,
M)/E, wherea € p(M). It must be strictly monotonic
on each E_ (a, M)/E,, since otherwise there exists an
-D-definable equivalence relation E (x,y) such that

Ei(a, M) c E (a, M) c Eini(a, M)

which contradicts that the relation E,_, is an
immediate successor of the relation E(x, y) among
all D-definable equivalence relations on p(M).
Similarly, we can prove that f'is strictly monotonic on
eachE  (a, M)/E , where i<k <n-2and fis strictly
monotonic on p(M)/E_ .

Consider the following formulas:

E'ii(x, y) =3 t1 3 t2 [Up(ti) A Up(t2) A Eia(ty,
t2) A f(t) = x A f(t) =],

E'n.1(X, y) =dtdt [Up(tl) A Up(tz) A En_1(t1,
t) A f(t1) =x A f() = y].

We can establish that E' | X y), .., E' (X, y)are
equivalence relations partitioning q(M) into infinitely
many infinite convex classes so that

E'i11(b, M) < Elyia(b, M) < ....c E'wi(b, M),

whence D-definable equivalence

RC,(@)

Conclusion

We have found necessary and sufficient conditions
in order to the binary convexity ranks of non-weakly
orthogonal non-algebraic 1-types in almost omega-
categorical weakly o-minimal theories were equal in
the case of existing some definable function between
the sets of realizations of these 1-types.

relation E4(x, y) partitioning q(M) into infinitely
many infinite convex classes so that

Ed(b, M) < E'iii(b, M),

consider the following formula:

E(x,y):=3t: 3t [E9 (t1, t2) A f(X) = t1 A f(y)
= tz].

Obviously,

Eia, M) c E (a, M) < Eii(a, M),

contradicting also that the relation E_ is an
immediate successor of the relation E,(x, y) among
all . D-definable equivalence relations on p(M).
Similarly, we can prove that there is no an
-definable equivalence relation E4(x, y) partitioning
q(M) into infinitely many infinite convex classes so
that

E'«(b, M) c Eq (b, M) < E'x+1(b, M)
foreveryitl <k<n-2or
E'v.1(b, M) < Ed(b, M).

Thus, RCpin(q) =n —1, i.e. RCuin(p) > RCuin(q).

Corollary 11. Let T be an almost ®-categorical
weakly o-minimal theory, p, q € S ( ) be non-
algebraic, ‘KW, del({a}) " qM) 7 D for some a €
p(M). Then the following conditions are equivalent:

(D} RC, (p) =RC, (q);

(2)} there exists an . J-definable function f: p(M)
— q(M) being a bijection of p(M) on q(M);

(3)} del({b}) " pM) *D foranyb € q(M);

(4)} there exists an . D-definable function f: p(M)
— q(M) being locally monotonic on p(M).
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du3nka MaTeMaTHKa FhIIBIMIAPBIHBIH JOKTOPEI, Tpodeccop, Maremarka xoHe KubepHeTnka (haKyinbTeTi,

Kazakcran-bpuran TexHnkanslk yHUBepcuTeTi, Tese 6u kemeci, 59, 050000, Anmarsr k, Kazakcran;
ORCID ID: 0000-0002-4242-0463;

E-mail: b.kulpeshov@kbtu.kz .

Caenenns 00 aBTopax
1. Amup0ek I'ayxap CamaTKbI3bI
Marucrpasr, ¢akyiIpTeT MaTeMaTHKH U kKnOepHeTuky, Kazaxcrancko-bpuranckuii Texanueckuit
yHUBepcuTeT, yi. Tone 6u, 59, 050000, r. Anmarsl, KazaxcraH;
ORCID ID: 0000-0003-1442-4691;
E-mail: ga_amirbek@kbtu.kz.

2. KyanemoB beiioyT Ll aiibikoBu4 (aBTOp 111 KOPPECIIOHICHITUH )
JokTop (hu3nKo-mMaTeMaTH4ecKux HaykK, npodeccop, paKyIbTeT MaTeMaTUKd U KHOCPHETHKH,

Kazaxcrancko-bpuranckuii TexHU4eCKuil yHUBEpCUTeET, yia. Tone 6u, 59, 050000, . Anmarsl, Kazaxcran;
ORCID ID: 0000-0002-4242-0463;

E-mail: b.kulpeshov@kbtu.kz .
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