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Abstract. In this paper, we investigate properties that are preserved or acquired when combining
an arbitrary number of theories or structures. Recently, an interest has been shown in the study
of P-combinations (when each structure is distinguished by a separate unary predicate) and
E-combinations (when each structure is distinguished by a separate class of equivalence with
respect to E). Here we studied the properties of E-combinations of linearly ordered theories. The
1-indiscernibilty and density of a weakly o-minimal E-combination of countably many copies of an
almost omega-categorical weakly o-minimal theory in a language that does not contain distinguished
constants are established.

Keywords: linearly ordered structure, weak o-minimality, E-combination, omega-categoricity, dense
ordering.

PETTEJII'EH TEOPUAJIAPABIH E-KOMBUHALUAJIAPBIHBIH
1-A’KBIPATBIJIMAYBI TYPAJIbBI

Cynonaaros C.B.

Hoeocibip memnexemmix mexuuxanvlK yHugepcumemi,
630073, K. Mapxc np., 20, Hosocubupck, Peceti

Anoamna. byn makanada 6i3 meopusinapovly Hemece KYpblLiblMOapOblH epKiH CaHbIH Oipikmipy Ke3iHO0e
cakmanean Hemece anvinean xacuemmepoi zepmmeumiz. Coyebl yageimma P-xombunayuaniapvin
(apOip KYpulibiM diceKe YHApbl NpeOuKamneH epekuieslenemin ke3oe) sxcane E-kombunayusiapolt (ap
Kypolivim E-2e kamvicmbvl 5K6UBANEHMMIKMIK JceKe KAACLIMEH epeKulelleHemin Ke30e) 3epmmeyze
Kbl3b12YUbLIbIK, manbimyod. Mynoa cei3blKkmulk pemmenzen meopusnapoviy E-komounayusnapviHuly
Kacuemmepin 3epmmeoik. 1-aibipbiKuia KOHCMaHmManapvl HeoxK minoei 0epiik ome2a-Kame2opusiivlK
NCI3  O-MUHUMANObI MEOPUSAHBIY  KOWIpMelepiHiy —ecenmik CAHbIHbIY —21CI3  O-MUHUMATIOb]
E-kombunayusceineiy 1-ativipulimayst sHane mulabl30bl2bl OeniieHOi.

Tyiiinoi ce30ep: cvi3bIKmulK pemmeinzer KYpblibiM, d1CI3 O-MUHUMANObIK, E-kombunayuscol, omeza-
KAMe2opusLivlK, mulebl3 pen.
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DPU3NKO-MATEMATUYHECKUME N TEXHNYECKUME HAYKHA

OB 1-HEPA3JIMUMMOCTHU E-KOMBUHAIIUI YIOPAJOUYEHHBIX TEOPUI

Cynomnaros C.B.

Hoesocubupcruil 2ocydapcmeennviii mexHu4ecKutl yHugepcumen,
630073, np. K. Mapxca, 20, Hosocubupck, Poccus

Annomayun. B nacmosweii pabome mvl ucciedyem coUCMEd, KOMOpble COXPAHAIOMCA UIU
npuodpemaromcs npu KOMOUHUPOBAHUU NPOUZBOTLHO20 YUCLA MeOPUll uiu cmpykmyp. B nocieonee
epemsi unmepec Obl NPosAGIeH K uzyyeHuio P-kombunayuii (koeoa kaxcoas cmpykmypa 8vl0ensemcst
OMOeNbHLIM YHAPHLIM npeduxamom) u E-xomoOunayuil (xoeda kasxicoas cmpykmypa 6vloensemcs
OMOENbHLIM KIACCOM IK8UBALeHMHOocmu no omuowenuio E). 30ecv mbl uzyuanu ceoticmea
E-kombunayuii aunetino ynopsaooueHuvix meoputl. Yemanosienst 1-Hepaziuuumocms u niOmMHOCMb
cnabo o-munumanvHou E-kombunayuu cuemnoco yucia KOnuti noYmu ome2a-Kame2opuyHoU ciabo
O-MUHUMATILHOU MeOPUU 8 A3bIKE, He COOEPAHCAULeM BblOECTEHHbIX KOHCTAHM.

Knroueswvie cnosa: nuneiino ynopaooveHnas cmpykmypa, c1aoas o-MuHuUMaibHocmeo, E-kombunayus,

omMmeza-KkamecopuiHocmeao, NAOMHbIU l’lOpﬂ()OK.

Introduction

Earlier, in [1]-[12], various combinations
of theories were considered. In this paper, we
continue the study of combinations, namely,
we will consider E-combinations of almost
w-categorical weakly o-minimal theories.

Let us introduce the necessary definitions.
The notion of weak o-minimality was originally
investigated by D. Macpherson, D. Marker, and
C. Steinhorn in [13]. A subset 4 of a linearly
ordered structure M is said to be convex if for any
a,b € A and ¢ € M, whenever a < ¢ < b,
we have ¢ € A. A weakly o-minimal structure
is a linearly ordered structure M = (M, <, ...)
such that any definable (with parameters) subset
of the structure M is the union of finitely many
convex sets in M.

Definition 1. [14, 15] Let T be a complete
thCOI'y, pl[xl]!"'!pn [x:lz] € 51[@]- An n-type
g(xy, .., ) € 5,(0) is said to be a (Pys - Py)
-type if (x4, ..., x,) 2 UL, p;(x;). The set of
all (Py. ... P,)-types of the theory T is denoted
by S5p...».(T). A countable theory T is said
to be almost w-categorical if for any types
py(xy)s e, (x,) € 5,(0) there exist only
finitely many types q(xy,...,x,) € 5,__, (T).

Almost w-categoricity is closely connected
with the notion of Ehrenfeuchtness of a theory.
Thus, in the work [14] it was proved that if T is

an almost w-categorical theory with I(T,w) = 3,
then a dense linear ordering is interpreted in the
theory T.

Throughout this article, we will consider
linearly ordered structures, i.e. structures of a
language containing a binary relation symbol <
that satisfies the axioms of a linear order.

Let M, be a linearly ordered structure of
the signature {<, %} for each { < @, where E;
does not contain distingushed constants. We
will denote by dclj, (@) the sets of elements of
a structure M, being @-definable by the order
realtion <, .

We say that
M*:= (Ui, M; <, E’E:fci}k{.-l,-,iEm is a
linearly ordered disjoint E-combination (or

will

just E-combination) of the structures M;, if
B:=U,, I, {alk <4}CE ddfﬁ(@] for some
ordinal 4;; either M, < M,, or M,, <M, for
any LM €@ _and E is an equivalence relation
partitioning M ¥ into convex classes so that for
any @ € M™ we have E(a, M) = M, for some
i<<w, EEX.

Thus, we include in the sigmature of an
arbitrary E-combination of structures M;, [ Ew,
all elements lying in dely (@) for every i € @,
i.e. if My and M, are isomorphic copies of the
same structure M, that has 4 elements lying
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in dcl3 (@) for some cardinal A, then in the
signature of an E-combination of the structures
M, and M, exactly 24 elements will be included.

Here we are interested in the questions of
preserving certain properties of the original
structures in their £-combination. For example,
if all M; are almost @-categorical, then under
what conditions will an elementary theory of an
arbitrary E-combination of these structures be
almost w-categorical as well? Or when will it
have the maximal countable spectrum?

Results

Fact 1. Let T; be an almost «-categorical
weakly o-minimal theory for every i € w, M; £ T;,
M™ be a linearly ordered disjoint E-combination
of finitely many such models. Then Th(M ™) is an
almost w-categorical weakly o-minimal theory.

We say that a tuple a:= {ay,...,a,) € M"
forms a finite linear ordering or F(n)-ordering
if a; <a,<--<a, a; does not have an
immediate predecessor in M, @, does not
have an immediate successor in M, and a;.,
is an immediate successor of a@; for every
1<i=n-—1,

Example 1. Let M:={Q, <,P!);c,, be a
linearly ordered structure, @ be the set of rational
numbers, P, (M)={beEQ@|b<V2+i} for
every i € w. Then, obviously, P;(M) is convex
for every i € w and
P,(M)c P(M)c P,(M) c - c B (M) c -

Observe that since the structure My: = (@, <)
is o-minimal then by Theorem 63 [16] Th(M]) is
weakly o-minimal. Consider the following set of
formulas:

Wy[P(y) sy <x]licw}

It is locally consistent and determines a
complete type over @. Denote it by p(x). This
type is non-isolated; the set of realizations of p
can be empty, have the ordering type [0,1) N @
or (0,1) N @. Thus, Th(M) has exactly three
countable pairwise non-isomorphic models, i.e.
is Ehrenfeucht. Consequently, by Theorem 3.7
[17] Th(M) is almost «-categorical.
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Let M™ be a linearly ordered disjoint E
-combination of countably many copies of
the model M. Obviously, M " is not weakly
o-minimal, since Py (M ™) is an union of infinitely
many convex sets.

We assert that independently from that how
E-classes are ordered in M™, the theory Th(M™)

has 2“ countable models.

Case 1. E-classes are densely ordered
without endpoints.

Let

p*(x):={vy[P,(y) = y <x AE(y,x)] | i€ w}

This set of formulas 1ia consistent
and determines a complete type over @ in
Th{M*). The type p* can be omitted in every
concrete class of equivalence, i.e. the set of
realizations of P can be empty, can have the
ordering type [0.1)N@ or (0,1)Nn@. Let’s
select an arbitrary @ equivalence classes with
the least left class: E,, E;, E,, ..., i.e. there exist
g, @y, @4, ... such that

E, =E(ay,M™),E, = E(a,, MY),E;, = E(a,, M™),...
and E; < E; < E; < -

We will consider only countable models of
the theory Th(M¥), in which p*(E;)# @ for
any i € w, and in the remaining equivalence
classes the set of realizations of type " s
empty. We define the following encoding: if
one of these classes is implemented by the set
of realizations with the smallest element, then
we encode it by 1, but if it is implemented by
the set of realizations without the smallest
element, then we encode it by 2. Since the set
of all possible countable sequences from 1 and
2 is of cardinality continuum, we conclude that
Th(M™) has 2“ countable models.

We also assert that in this case Th(M™) is
almost w-categorical.

Case 2. E-classes are ordered by the type w.

Consider the following formulas:

¢y (x):=Vy[-E(x,y) 2 x <¥],
G, (x):=Vy[y <x A=E(x,y) =VIE] ¢,(0)]n= 2.
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Obviously, @;(x) defines the leftmost
equivalence class, ¢, (x) defines the second
class, ¢, (x) definces the n-th equivalence class
for each n < w.

Consider the following set of formulas:

pp(x):={vy[e,(¥) =y <x] [n€ w}.

It is locally consistent. Consequently, there
exists M = M¥, in which p,(x) is realized by
countably many E-classes ordered by the type
w + w*

Consider the following formulas:

SLE[:X’}F]:= x=yh ﬁE[I,_}F] A
AVz(x €z <y = E(x,z) VE(z,¥)),

s,zE[x,y]:=x < yA=E(x,y)A

n—2

3ty .. 36, [HE(x ) A /\ —E (t;, tiey ) A—E(t,_1, )
i=1

Ax <t < <t, | <YAVE(x<t<y-—

n—1

(E(x,£)V \/ E (t,t)VE(ty)]n = 2.

i=1

Let p(x):= pp(x) VU {Py(x)}. This set of
formulas determines a complete type over @
. Then considering for each natural k = 1 the
following set of formulas:

p(x) Up(») U {s;z(x, )},

we obtain that the number of (P P:2)
-types is infinite, where p;(x):=p(x), i = 1,2
, and consequently Th(M™¥) is not almost
-categorical.

Let ZE denote the set of E-classes orderd
by the type @” + @. Then we denote by F(k)=E
(w™E and @=E) the set of ZE-copies ordered by
the type F(k) (@ and @ respectively). Then we
assert that Pp () can be realized by the following
set:

Fy(k)*F + Q% + F (k;)*® + @°F + - + F, (k,,)*® + @

for any 0= mk; =@, where for every
2=i=n—1if 5 #0 then k, = 2; and if
k; = w then F,(k;,)*F = w™F, whence we obtain
that ThR(M™) has 2% countable models.

Theorem 1. Let T be an almost w-categorical
weakly o-minimal theory of a language non-
containing distinguished constants, M & T, M¥
be a linearly ordered disjoint E-combination
of countably many copies of the structure
M. Suppose that Th(M¥) is weakly o-minimal.
Then the following holds:

(1) M*/E is partitioned into finitely many
convex sets on each of which either all the
elements have both an immediate predecessor
and an immediate successor or all the elements
have neither an immediate predecessor not an
immediate successor.

(2) M is dense.

(3) M is 1-indiscernible.

Proof of theorem 1. Consider the following
formula:

B(x):=3tAy[t<x < yA-E(tx) A—E(x,¥) A
Vuvz{t<u<x<z<y-—
(E(t,u)VE(ux))A(E(x,z) VE(z,¥v))]

Since Th{M™) is weakly o-minimal, the set
g(M™) is an union of finitely many convex sets,
and therefore (1) holds.

Prove now that M is dense. If M is not
dense then there exist elements in M having
an immediate predecessor or an immediate
successor. By both almost @-categoricity and
weak o-minimality of the theory T there exist only
finitely many elements in M having an immediate
predecessor or an immediate successor. Consider
the following formula:

@(x):=Ty[x <yvAVz(x <z = y < z)].

Obviously, (M) is a union of infinitely
many —¢(M*)-separable convex sets, whence
M* is not weakly o-minimal that contradicts the
hypotheses of the theorem.
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We prove now that M is l-indiscernible. If
this is not true then there exist @ b € M such that
a # b and tp(a/0) # tp(b/0). Consequently,
there exists an L-formula 1(x) such that

M| = w(a) A-(b),

ie. Y(M)=+ M. By weak o-minimality
we can assume that (M) is convex. But then
(M ™) is an union of infinitely many —(M M)
-separable convex sets, that contradicts the weak
o-minimality of M¥.

Corollary 1. Let T; be an almost w-categorical
weakly o-minimal theory of a language non-
containing distinguished constants for each
i € w M; ET; M7 bealinearly ordered disjoint
E-combination of the structures M;. Suppose
that Th(M™) is weakly o-minimal. Then the
following holds:

(1) M*/E is partitioned into finitely many
convex sets on each of which either all the
elements have both an immediate predecessor
and an immediate successor or all the elements
have neither an immediate predecessor not an
immediate successor.

(2) M, 1s dense for almost all i € w.

(3) M, is 1-indiscernibel for almost all i € w.

Conclusion

Examples of E-combinations of countably
many almost omega-categorical  weakly
o-minimal theories were constructed, in which
both weak o-minimality and almost omega-
categoricity are not preserved. It also was
established that the countable spectrum might
change. At the same time, it has been proved that
when considering an E-combination of countably
many copies of an almost omega-categorical
weakly o-minimal theory in a language
without distinguished constants, if the resulting
combination is weakly o-minimal then the initial
structure should be dense and 1-indiscernible.
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