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Abstract

The paper investigates a two-point boundary value problem for a loaded differential e quation with a
Caputo fractional derivative. The Dzhumabaev parametrization method is applied to study the problem.
Within this approach, the initial interval is divided into a finite number o f s ubintervals, a nd additional
parameters and new functions are introduced, which makes it possible to reduce the original boundary value
problem to an equivalent multipoint boundary value problem with unknown parameters. The equivalence
of the original and transformed problems is established. Based on the obtained integral representations, a
system of algebraic equations with respect to the introduced parameters is constructed. Sufficient conditions
for the existence and uniqueness of a solution are established and related to the invertibility of the
corresponding matrix. An algorithm based on the method of successive approximations is developed to
determine the unknown parameters and functions. A numerical example demonstrating the application of
the proposed algorithm and confirming its effectiveness is presented. The obtained results demonstrate the
efficiency of the parametrization method for investigating boundary value problems for loaded fractional-
order differential e quations and constructing t heir approximate solutions.

Keywords: problem for loaded differential e quation, C aputo d erivative, p arametrization’s method,
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Introduction

Models that incorporate fractional derivatives offer a more precise mathematical representation
compared to classical integer-order models, as fractional differentiation a nd i ntegration make
it possible to account for memory and hereditary properties characteristic of many materials
and processes [1]. This capability is a key advantage of fractional-order approaches, since such
effects are t ypically b eyond t he s cope o f t raditional d ifferential eq uations of in teger or der. The
advancement of fractional differential e quation t heory h as s ignificantly ex panded th eir us e in
modeling a wide range of phenomena in science and engineering. In particular, these equations
have been effectively a pplied i n a reas s uch a s ¢ ontrol t heory, t he p hysics o f ¢ omplex systems,
neural modeling, electrochemistry, the mechanics of porous media, electromagnetism, and various
other disciplines (see [|2]-|6]). The growing interest in fractional calculus is reflected in numerous
fundamental monographs and review papers [7]-[9], as well as in the references cited therein.
Significant p rogress h as b een a chieved i nt he s tudy o fi nitial a nd b oundary v alue problems
for fractional differential e quations w ith R iemann-Liouville o peratorso forder (0 < a < 1)
[10, 11]. In papers [12]-[15], certain classes of Cauchy problems for functional differential equations
with fractional derivatives of both Riemann—Liouville and Caputo types of the same order were
examined. Loaded differential e quations o ccupy a distinctive p osition in t he t heory of fractional
differential e quations. O ne o f t he m ost g eneral d efinitions of such equations wa s in troduced by
Nakhushev [16]. The rapid development of research in optimal control of agro-economic systems,
as well as in problems related to groundwater level regulation and soil moisture management,
has led to an increased interest in boundary value problems for this class of equations [17]-[19].
Important results in the theory of boundary value problems for loaded equations of parabolic,
parabolic-hyperbolic, and elliptic-hyperbolic types were obtained in [20, 21]. This paper is devoted
to the study of boundary value problems for loaded differential e quations w ith a fractional
derivative. The main objective is to establish conditions for the existence and uniqueness of
solutions, as well as to develop numerical algorithms for their computation. Motivated by the above
considerations, on the interval [0, 7] we consider the following linear boundary value problem for
a loaded differential equation with a Caputo derivative of order a € (0, 1).

m

cDe(t) = AM)a(t) + S K (02(&) + f(t), TR, 0= <& <....bu=T, (1)
j=0

Bz(0)+ Cx(T)=d, deR", (2)
where A(t), K;(t) (j =0,...,m), and f(t) are continuous on [0, 7.

Let AC([0,T],R™) is the space of absolutely continuous functions = : [0,7] — R™ with the

norm |(z||1 = max ||x(t)]|].
Il = mase [l2(6)]

A function z* : (0,7) — R™ is called a solution of (1), (2) if z* € AC([0,T],R") satisfies
Eq.(1) together with the condition (2).

Material and methods
The main purpose of this work is to apply the parameterization method for solving problem

(1), (2). Based on this method, an algorithm for finding its solution will be constructed, and
sufficient conditions for its solvability will be established.

Let h =& —&;—1,1=1,...,m. We take a number ¢ € N and construct a partition the interval
me
[OaT) = U [tr—latr)
r=1
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where t;y =&;,i=0,...,m, %: =t 1, r=1,...,4, }172 =t,—t._1,r=4+1,...,2¢, and so
on hm =tr—tr—1, r=(m—1)0+1,...,mt.
Let us introduce the space AC([O,T],tr,Rmen), consisting of vector-valued functions z(t) =

(x1(t), ..., zme(t)), where each function z,(t) is absolutely continuous on the interval [t,_1,t,)

and possesses a finite left-hand limit lim x,(¢), r = 1,...,mf. This space is endowed with the
t—ty

norm |[z[]2 = max = sup [lz(t)]].

=Lomlyelt, 1 t,)
Then we denote the restriction of the function x(t) by x.(t), i.e. z.(t) = z(t), t € [t,—1,tr),

r=1,...,m/l. In this case the problem (1), (2) is reduced to a multipoint boundary value problem
m—1
Dfy_ i (t) = ) D K001 (6) + Ko (t) M wong(t) + 7(2),
=0 t—T— (3)

te [tr—latr)a r=1,...,ml,

Bz1(0) + C lm x,(t) =d, (4)
t—T—
lim z5(t) = xs41(ts), s=1,...,ml—1. (5)

t—ty

Here an equality (5) is conditions for matching the solution at the interior points and

0 = f(t) Z / (t — ) (&) de.

thrl

Let a solution to problem (3)-(5) is the system of functions z*[t| = (] (¢),...,},,(t)), where
x*[t] € AC([0,T],t,, R™™) with a Caputo derivative that satisfy the system (3) and conditions

(4), (5).
Lemma 1. The problems (1),(2) and (3)-(5) are equivalent.

Jlonendeme. Let x*(t) be a solution of problem (1),(2), and z(¢) be its restriction to the intervals
[tr—1,t,) for all r = 1,...,ml. Then, from the absolute continuity of z*(¢) on [0,T], it follows

that 2% (t) is absolutely continuous on [t,_1,t,) for all » = 1,...,m¢ and possesses finite left-hand
limits

lim z;(t) = lim 2™(t) = 2*(t,) = 2, 1(t;), 7=1,...,mL.

t—ty t—ty

By virtue of (1), on each interval [¢t,_1,t,) for all » = 1,...,m¢, the equality holds

CDtT ﬂ“i(t) ZKJ g£+1 ) f*(t) =
7=0

=cD%%"(t) — A(t)x*(t) — ZKj(t)z*(fj) —f(t)=0, t€[tr_1,tr), T=1,...,mL.
j=0
That is, x(¢) is the restriction of the function x*(¢) to the intervals [t,_1,t,), r = 1,...,m¥,
satisfies equation (3). Condt ion (4) follows from condition (2).
Conversely, let #[t] € AC([0, 77, ., R™" )be asolution of (3)-(5), where z7[t] = (271(t), . . ., 27 pe(t)).
Define 7 : [0,T] — R" by 2(t) := &,(t), t€[ty—1,t:), r=1,...,ml and Z(T) := Hm Zp(t).
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From (4) and (5), it follows that Z(¢) is absolutely continuous on [0,7] and satisfies the
boundary condition (2)

Bi(0) + Ci(T) = Bi1(0) + C lm e = d.
t—=T—
Since the system of functions Z[t] is a solution of equation (3), the function Z(¢) has a Caputo

derivative and satisfies (1) for all ¢ on (0,T) except at the loading points; that is, there exists a
function ¢ DY | x,(t) for all t € [0, T]\{t,}, r=1,...,mL.

Since .
lim ¢Df () = A(ty) im 2.(t) + > Kj(te)Ejei (te) + () =
t—t, t—=t, j=0
= $7“Jr1 +ZK mjﬁ-‘rl ]€)+f ( ) C-Daerrl(tr)a r=1,...,mL,
it follows from (5) that CD%U( ) exists for all ¢ € [0, ] nd satisfies equation (1). O
By introducing the parameters A\, := z,(t,—1), yoooymly Apey1 = lim x,(t), and
t—=T~
substituting u,(t) = x,(t) — Ar, t € [tr—1,t), 7 = 1,...,ml, we transform the boundary value

problem (3)-(5) into the equivalent multi-point boundary value problem with parameters

eDf_up(t) = AW (ur(t) + N) + Y Kj(O)Ajers + f5(t), t € [t ty), (6)
j=0
up(tr—1) =0, r=1,...,md, (7)
BA + CApy1 = d, (8)
As + lim us(t) = Asy1(ts), s=1,...,ml. 9)
t—ts

A solution to the problem (6)-(9) is a pair (A*,u*[t]) with components \* = (A],..., Ay ,. ;) €
RUAD * (] = (uf(t), ..., ut,,(t) € AC([0,T),t,, R™™), that satisfy (6)-(9).

If x*(t) is a solution to problem (1), (2), then the pair (A\*,u*[t]) with components \* =
(A%, ,A;;MH) € RMMAHD o [t] = (ul(t), ..., ul,, (1)) € AC([0,T), ¢, R™™), where \f = a*(t,-1),
uli(t) = x*(t) — x*(tr—1), t € [tr—1,tr), 7 = 1,...,m¥, satisfies to problem (1), (2). Conversely, if
the pair (A, a[t]) is a solution to problem (6)-(9), then the function #(t) defined by the equalities
E(t) = A + Gp(t), t € [tr_1,t,), 7 =1,...,ml, and Z(T) = Apney1 is a solution to origin problem
1), )

On interval [t,_1,t,), 7 = 1,...,m¥, the initial value problem (6), (7) to the equivalent system
of integral equations

t

/ YAy (7)dr (10)
T /t(t—T)a—l[A(mr+§:K-(T)AM+f*(7)]d7
I‘(a) = J J

tr—1

By taking the limit as ¢ — ¢, in the right-hand side of (10) and substituting the resulting
expressions into condition (9), as well as multiplying equation (8) by h%,, we obtain a system of
equations with respect to the unknown parameters

BhEAL + Ch® A1 = h.d, (11)
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(In + Ds(A,t As — As41 + ZH ]é-i-l fs(ts) - gs(U, ts)a (12)
where for all s =1,...,m/¢
17 17
D(A.te) = Fay / (ts = 7) LA, Ha(IG30t) = s / (ty — 1) K ()dr,  § = 0,m,
ts—1 ts—1
1 ts 1 t1
fs(ts) = m / (ts — T)a_lf(T)dﬂ g1(u,ts) = @ /(tl - T)a_lA(T)Ul(T)dﬂ
ts—1 to
ts
gl ty) = /(tS—T)alA(T)( o) Z/ ™= )T (€S ) dr, s =% ml.
’ I'(«a) T(l—a) -
ts—1 i 7

The matrix corresponding to the left part of the system (11), (12) will be denoted by Q4 ().
Let us write this system in the following form

Qu(OA = —F(0) = G(u,0), A e R, (13)
with the right sides of the view

Fl) = (=hgd, fi(t1), ..., 00e(T)), G(u,l) = (0,g1(u,t1),...,8me(u,T)).

Results and discussion

If the matrix Q4 (¢) is invertible, then to find the pair (A, u[t]) we use the method of successive
approximations, which is carried out according to the following algorithm.

Step 0. (a) Provided that, for the chosen ¢ € N, the matrix Q,(¢) is invertible, the initial

approximation with respect to the parameter A0 = ()\g ),...,)\522 +1) is obtained from the

equation Q. (£)A = —F(¢), that is,
~[Qa (O] F(0);

(b) Using the components of the vector A(0) € R*"+1) we solve the initial value problem (6),
(7) with A\, = )\7(9), r=1,...,m¥, on each interval [t,_1,t,). As a result, we obtain the functions
@), r=1,... me.
Step 1. (a) Substltuting the obtained functions u7(~0) (t), r=1,...,ml, into the right-hand side
of (13), we determine the next approximation A(!) from the equation

Qa(O)X = —F(0) — G(ul, 0);

(b) On each interval [¢,_1,t,), the initial value problem (6), (7) are then solved with A\, = )\7(«1),

yielding the functions ne )( t),r=1,...,ml.

And so on. Continuing the process, at the k-th step we obtain a system of pairs (A(%), u&k) [t]),
k=0,1,2,....
We introduce the following auxiliary definitions and theorem
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Definition 2. (Mittag—Leffler Function, [22]). Let n > 0. The function E, defined by

En(2) 7 eC
Z) = —_—
n S T(jn+1)’ =

whevener the series converges is called the Mittag—Leffler function of order n.

This function has been introduced by Mittag-Leffler. We immediately notice that

is just the well known exponential function.

Definition 3. Let ni,n2 > 0 . The function E,, ,, defined by

[e.9]
Bnana(@) = 2 P ) I'(jn1 + na)
7=0
whenever the series converges is called the two-parameter Mittag-Leffler function with parameters
ny and ns.

Theorem 4. (Theorem 2.2, [23]) Let a(t) and g(t) be nondecreasing functions, g(t) < C for all
t€[0,7], and let 0 < § < 1. If x € LS[0,T] satisfies the inequality

t
z(t) < /t—s s)ds, te0,T7],
0

then

2(t) < a(t) By |g() T(A)(t)]
where Eg denotes the Mittag—Leffler function.

Let us introduce the notations

— AW, r= K@), h= By oo hon )
o= max 1AW, w= max max KGO, b= max{hn, . b}

Theorem 5. Let the matriz Qq(¢) : Ry R pe inpertible and suppose that the
following inequalities hold:

L [Qa(O) M < ~(0),
2a

2. q(0) = %Ea (ar(a)(%)“) (o + K(m + 1))2(%) <1

Then the sequence of pairs (AF), uF)[t]) converges to (\*,u*[t]) as k — co.

Jlonendeme. Under the assumptions of the theorem, we define A(®) at the zeroth step of the
algorithm. Then, the following estimate holds:
7€)

N = max AN <A OIFO] < gy ma(l] 17 (5)" (14)
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Let ugao)(t) be defined as (10) at A\, = )\5«0). Applying Gronwall’s inequality, we obtain

t m

/ (t—r)o ! [A(T)A£0)+Z Kj(T)Ajz+1+f*(T)] dr

=0

<

1
(0) -
u /()| £ sup  Eylo(t—t,—
|| ()H teftr1.t0) ( ( 1)) 1-1( )

tr—1

< 1“(041+1)E°‘ (a(%f) (aHArH + k(m+ 1) Ajera || + o Hf*\l) (%)a

Taking into account (14), we obtain

[ = max  sup [ul®(1)] <
r=1mlte[t,_1,t,)

< sy (T (7)) (F(Zfi)l)(a rm+1)(5)+ 1) max(ldl, [71) = P(0).

After determining A(!) from an equation Qu(£)A = —F(£)—G(u'?), ), we estimate the difference
AL ().

ls

A X0 = Qu) 119, 0 2(0) x| [ =7 At | <
ts—1
l h\ o OHP(L h\ @
< Im(a +a(m+ 1) (3) Ol < M(a +aim+1)(7)"

Having obtained uﬁ” (t) as the solution of the Cauchy problem (10) for A\, = /\9), let us
estimate the following difference

2O (8 — 4O o 0 ) — 0 ()l
[[up (£) — uy (t)IISF(a) /(t )l (1) — (1) [|dr+

t
1
AL / (t = 7)°Ldr AL — A,
tr—1
Therefore, by the fractional Gronwall inequality, we have

lulV (1) = ul® (1)) < ‘WEQ (o () (%)a) (%>Q|M(1) YOI

that is,

D[] = WO < MEQ (aI‘(a) (%)a> (o + w(m +1))? (%)26“.

Proceeding with the iterative process, we obtain a sequence of pairs (A*), u(®)[t]). The following
estimates hold for the differences u*) () — u*=1D(¢) and \*) — \(+=1);

1 - D < SRR B (o0 (7)) (5) A 0L )

IAEHD — xB) < m Fa (0T () (%)a) (0 + r(m+1))* (%)QQHW = AED(16)
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Since ¢(¢) < 1 by the assumptions of the theorem 2, it follows from inequalities (15) and (16)
(k)

that the sequence A*) converges to \*, and the sequence of functions system u,’ [t] converges to
the function system w*[¢] in the norm of the space AC([0, T], ¢, Rmzn). O

Numerical experiment
We consider on [0, 1] the boundary value problem for a loaded fractional differential equation

oDx(t) = t?z(t) — 2(0.25) + 2(0.75) — 0.5t%, = € R, (17)

z(0) +z(1) =1, (18)

where a(t) = 0.4, t € [0,0.5) and a(t) = 0.8, ¢t € [0.5,1).
The exact solution to the problem at hand is the function z*(¢) = 0.5.
4
We partition the given interval as follows [0,1) = J [0.5(r—1),0.5r) and introduce parameters

r=1

A1 =z(0), Ao=x(0.25), A3=2x(0.5), M\ ==x(0.75), A5= lim xz(¢).

t—1—

Consider the following substitution w,(t) = z(t) — A, for all r = 1,2, 3,4. Then the test problem
(17), (18) reduces to a problem with parameters

D up(t) = t*(up(t) + A) — Ao+ M+ f5(t), t€[0.5(r —1),0.57), (19)
ur(0.5(r —1)) =0, r=1,2,3,4, (20)
A+ A5 =1, (21)
As +  lm  us(t) = A1, s=1,2,3,4, (22)
t—0.25s5—

where
ar,00 =04, az,ay =08, f*(t)=—-0.5t2, te€l0,0.25),

r—1 0.25r

F5(t) = —0.5¢2 — I‘(ll—a) (7 — ) ul(€)de, te [0.25(r —1),0.25r), 1 — 2,3, 4.

=1p.25(r—1)

For fixed parameters, the solution to the initial problem (19), (20) is given by

wi(t) = o ((1]. 5 [e=nosrumar+ it7751)t12/5 - ;2(;/2)49/5, 1€[0,025),  (23)
0
u(t) = (é‘ o) 2/5 (t — 7)"Or2uy(r)dr + 121?127751) (t—0.25)1/° — AF?(;/;;* (t—0.25)%°—  (24)

t

1 ,

- /(t—T)_0'60D0'4u1(0.25,7')d7‘, t €[0.25,0.5),
0.25

ws(t) = F(é&o é (t — )92 205 (r)dr + 121?;’ 9;51) (t — 0.5)14/5 _ AFZ(;/;)“ (t—05)"5—  (25)
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2 t
Zr / (t—7) OQCD u,(0.25s, 7)dr, te[0.5,0.75),

s=1 0 5
ua(t) = 1,38)0 [5 (t = 1) 02 2uy(r)dr + 1%?;‘ 9;51) (- 0.75)14/5 AFQ(Q_/Q)“ (t - 0.75)°—  (26)

3 t
1 ,
— Z x / (t — )70 DY u (0.25s, 7)dT, t€[0.5,0.75),
4
75

From (23)-(26) we determine lim w,(t), » = 1,2,3,4. Based on (21), (22), we construct
t—0.25r—
the system of linear equations for unknown parameters

Qo)X = —Fu — Ga(u), NER. (27)
Here
1 0 0 0 1
1420 —-1-—a 0 a 0
Qo = 0 1+2b+¢ -1 a 0
0 —c 14+2d —l14¢ 0
0 —c 0 1+2d+c¢ —1
Fo=(1,b,b,d,d), Galu)=(0,g1(u,0.25), g2(u,0.5), g3(u, 0.75), ga(u, 1)),
where
o= (0.25)%/° b= 1 (0.25)12° = ! (0.25)4°  d = 1 (0.25)14/°
T (7/5) T T (17/5) ’ T (9/5) T T (19/5) 7
1 0.25 3/5
g1(u,0.25) = IM/O (0.25 — 7) 735 720, (1) dr,
1 05 3/5 0.4,/
5) = 5— — D" (0.2
20009 = 570 /0.25 (0.5 — 7)™ [r2ua(r) — o D%l (0.25, 7)) dr,

1 0.75
g3(u,0.75) = / (0.75 — 7')_1/5 [72u3 Z oD%, 81u (0.25s 7')] dr,
0 s=1

.75

1
gq(u, 1) = I‘((1)8)/0 (1- 7')_1/5 [72u4 Z(;D 7(0.25s 7')] dr.

The results of implementing the proposed algorithm are as follows:

Step 0. A = 0.5, forall » = 1,...,5, and u!V(t) = 0, t € [0.25(r — 1),0.25r), r =
1,....4.

Step 1. )\,(}) = 0.5, for all r = 1,...,5, and u,(ﬂl)(t) =0, te025r—-1),025r), r=
1,....4

And so on. Then z(t) = 0.5, ¢t € [0,1]. All computations were performed in Spyder (Python
3.13).
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Conclusion

In this work, an analysis of a two-point boundary value problem for a loaded differential
equation with a fractional derivative is carried out. Within the framework of this study, the
development of the parametrization method is presented, which makes it possible to reduce the
original problem to an equivalent multipoint boundary value problem by introducing additional
parameters. Based on the obtained formulation, the construction of approximate solutions is
performed using an iterative procedure. The proposed algorithm provides successive refinement
of the solution and allows one to establish sufficient conditions for the existence of a solution as
well as for the convergence of the constructed iterative process. The obtained results demonstrate
the effectiveness of the developed parametrization method for studying boundary value problems
of the considered class. To ensure the continuity of the present research in this direction, it is
planned in future work to prove that the obtained sufficient conditions for the solvability of the
problem (1), (2) are also necessary.
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O KPAEBOMH 3AJIAYE J1JIs1 HATPY2>KEHHOTI'O JN®PEPEHIIUAJIBHOI'O
YPABHEHUS C IPOBHOM IIPONU3BOJHON

AnaHoTanusa

B pabore wucciemyercs aByXTodedHas KpaeBas 3aJiada i HArPYKEHHOTO JuddepeHInaIbHOro
ypaBHeHUs ¢ ApobHON mpousBomuoit Kamyro. [ljis wmcciieioBanust mMOCTABJIEHHON 3aJ1a9M TPUMEHSIETCS
Meron, napamerpusanun [xkymabaeBa. B pamkax JaHHOTO MOAXO0/Ia MCXOMHBIN MPOMEXKYTOK pa30uBaeTCs
Ha KOHEYHOE YUCJO JacTell, BBOAATCHA IOMOJHUTEIbHBIE aPpAMETPBI M HOBbIE (DYHKIHH, YTO ITO3BOJISET
CBECTH HCXOJIHYIO KPaeBYyIO 3a/lady K KBHBaJICHTHOM MHOI'OTOYEYHOIl KpaeBoil 3ajade C HEU3BECTHLIMU
rmapamMeTpaMu. YCTaHABIUBAECTCS SKBUBAJEHTHOCTb MCXOJHON W mpeobpasoBamuoil 3asmad. Ha ocHoBe
[TOJIy Y€HHBIX MHTEIPAJIBHBIX [TPEJICTABIEHII CTPOUTCsT CUCTEMA aJire0panvecKux ypaBHEHU OTHOCUTETHLHO
BBEJICHHBIX TAPAMETPOB. YCTAHABIUBAIOTCS JOCTATOYHBIE YCJIOBHUS CYIECTBOBAHUSA W €IUHCTBEHHOCTU
pellieHnsi, CBsA3aHHBIE C OOPATUMOCTBIO COOTBETCTBYIOIIEH Marpuibl. Jljisd HaXOXKI€HUs HEM3BECTHBIX
mapaMeTrpoB u QyHKIHI pa3paboTan aJIrOPUTM, OCHOBAHHBII HA METOZIE [TOCJIEI0OBATETbHBIX TPUOIMKEHAN.
IIpuBenén duwuciieHHBII NpUMep, JEMOHCTPHUDPYIOIINANA IPUMEHEHHE IIPEJJIOKEHHOIO AJITOPUTMa U
MTO/ITBEPK AAONIHUI ero 3 HEKTUBHOCTD. 1loJiydeHHbIE Pe3y/IbTaThl MIOKA3BIBAIOT Y(P(PEKTUBHOCTD METOJIA
rmapaMeTpu3aliii IPU UCCIEJOBAHUN KPAEBBIX 334 JJIsi HAIPY2KEHHBIX MM (epeHITnaIbHBIX yPaBHEHMIA
JPOOHOTO TOPSIIKA W MTOCTPOEHUU MX TPUOJIMKEHHBIX PEIICHMUIA.

KiroueBsble coBa: 3a/1a4a Jjisl HarpyKeHHoro JuddepeHinaibHOro ypaBHeH s, TPOU3BOTHAST
Kamyro, metos mapamerpusamym, TpUOIIKEHHOE PEIIeHNe.
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2KYKTEMEJII BOJIITEKTIK IUOPEPEHITNMAJIZIBIK TEH/IEY YIIIIH
HOTETTIK ECEII TYPAJIBI

Anxnarna

ZKymbicra KamyTonbin 66ImmeK TybIHABICH 0ap KYKTearen anddepeHnnaabK, TeHIeY VIMH eKi HyKTesi
meTTik ecen 3eprreseni. Koitburran ecenTi 3eprrey yimmiH J)KymabaeBTBIH HapameTrpiey  oici
Koytanbutaabl. OChl TOCII asChbiHa OACTAIKBI apaJiblK, aKbIPJIbl CAHJBI OeJiiKTepre OOJIHII, KOCBIMIIA
mapaMeTpJsiep MeH KaHa dyHKusap enrisizesi. By 6bacrankpr merTik ecenti 6enriciz mapamerpiiepi 6ap
OFaH 9KBHUBAJEHTTI KON HYKTEI IIeTTIK ecemke KeaTipyre MyMKiHmik Oepeai. bBacrankpr KomHe
TYPJIEHIIPIIreH ecenTepis, SKBUBAJEHTTLIIrN OesrieHeni. AJbIHFaH MHTErPAJIbIK OPHEKTEep HerisiHie
EHI'I3UINeH mapaMeTpJiepre KaTbICThl ajreOpasiblK, TeHJeyjaep XKyiieci Kypblaaibl. Cofikec MATPUIIAHBIH,
KaNTBIMIBLIBIFBIHA, OAMIAHBICTBI MIENTIMHIH, 6ap OOJybl MEH KAJFBI3JIBIFBIHBIH KEeTKITIKTI ImapTTaphl
oenrineneni. Benriciz mapamerpsiep MeH GYHKIUSIAPAB AHBIKTAY VIMH Ti30eKTi KyBIKTAY OJIiciHe
HETi3/IeJITeH  aJITOPUTM 93ipJeHe 1. ¥ CHIHBIIFAH AJTOPUTMHIH KOJIJIAHBIIYBIH KOPCETETIH >KOHE OHBIH
THIMJUTTH pacTalThlH CAHABIK MbICAJT KeaTipijemi. AJIbIHFAH HOTHXKeJIep OOJIMEK PEeTTI YKYKTEJreH
nuddepeHaIIbIK - TeHJeyJIepre apHaJFaH IIETTIK ecenTep/i 3epTTey/ie KOHE OJIAPJbIH  KYBIK,
HIenTiMJIEPiH Kypy/ia HapaMeTpJiey d/IiCiHIH THIM/ILITiH KepceTe/Ii.

Tyiiin ce3mep: xykresren auddepeHInaIbIK TeH ey YIIiH ecerl, KamyTo TybIHIBICH, TapaMeTpJIey
9JIiC1, JKVBIK IIEIIiM.
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