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TIME-DEPENDENT COEFFICIENT IN THE BOUNDARY CONDITION

Abstract

In this paper, we consider an inverse problem for a parabolic equation in which a time-
dependent coefficient is in cluded in th e bo undary co nd ition. Ad ditional in formation is gi ven
by an overdetermination condition that relates the solution to a given function of time. To
solve the problem, the spectral method is used, which is based on the expansion of the
solution in terms of eigenfunctions of the corresponding boundary value problem with homogeneous
boundary conditions. Due to this expansion, the original problem is reduced to a system of ordinary
differential equations for the expansion coefficients. Af ter so lving th e ob tained sy stem an d su
bstituting the representation of the solution into the integral condition, the problem is reduced to
a nonlinear Volterra integral equation with respect to the unknown coefficient. Fo r th e ob tained eq
uation, the corresponding operator is introduced and its properties are studied. The existence and
uniqueness of the solution on the interval [0, T'] are proved under the contraction condition for the
constructed operator. It is shown that the presence of an unknown coefficient in th e bo undary co
ndition leads to a change in the structure of the resulting integral equation compared to classical
formulations of inverse problems. The proposed approach can be applied to a wider class of
inverse problems for parabolic equations with nonclassical boundary conditions.

Keywords: inverse problem, parabolic equation, integral overdetermination condition, spectral
method, Volterra integral equation, contraction mapping principle.
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Introduction

Most applied problems in various fields of science are associated with inverse p roblems. Inverse
problems for differential e quations in mathematical p hysics arise when unknown p arameters of a
model, such as coefficients, so urces, or bo undary eff ects, mus t be rec overed fro m additional
information. For example, such problems arise in the study of soil freezing processes in winter, when
the temperature at the surface is known, while the temperature distribution in depth is
unknown. Similar problems also appear in the analysis of heat transfer in technical devices, for
example, in transformers, where the process depends on the properties of the medium and
boundary conditions. Many such problems are widely used in thermodynamics, geophysics,
acoustics, medicine and other fields [1, 2].

In particular, inverse problems for parabolic equations have been actively studied in recent
decades. For such problems, various additional conditions are used, such as pointwise, integral or

-
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nonlocal conditions. Depending on the type of overdetermination, spectral decomposition methods,
Volterra integral equations and regularization methods are applied.

In particular, in [2] an inverse problem of recovering a time-dependent source in the heat
equation is considered. In [11| the problem of determining a coefficient in a parabolic equation
with an integral overdetermination condition is studied. In [1] the conditions for existence and
uniqueness of a solution are obtained using the spectral method.

Similar problems are considered in [12]. In [13] an inverse problem for a degenerate
parabolic equation is investigated. More general classes of inverse problems are studied in [14].

It should be noted that classical results on coefficient identification were obtained in |3, 4, 5, 6].
Problems with nonclassical boundary conditions are considered in |7]. The methods of investigation
are based on the theory of linear operators, spectral analysis and numerical methods [8, 9, 10].

However, despite a large number of studies, most of them are devoted to problems in which the
unknown coefficient appears directly in the differential equation. Problems in which the coefficient
is specified in the boundary conditions are studied much less.

In this connection, in the present paper we consider an inverse problem for a parabolic equation
in which the coefficient depends on time and is specified in the boundary condition. Additional
information is given by an integral condition, namely

1
/ u(z, t) de = e(t).
0

In this work, the problem is studied using the spectral method and the method of integral
equations.

The aim of the paper is to prove the existence and uniqueness of the solution, as well as to
construct the solution using the spectral method.

Materials and methods

Problem formulation.
Let
Qr={(z,t):0<z <1, 0<t<T}
We consider the problem. It is required to find the function u(x,t) and the coefficient a(t)
satisfying conditions (1)—(4).

U — Ugy + a(t)u = f(z,t), (x,t) € Qp, (1)
with the initial condition
u(z,0) =p(x), 0<z<1, (2)
boundary conditions
ux(O,t) =0, ua?(lat) :a(t)v 0<t<T, (3)
and the integral condition
1
/ u(z,t)de =e(t), 0<t<T. (4)
0

We represent the solution in the form
u(z,t) = w(z,t) + v(x,t). (5)
We seek the function w(x,t) in the form

w(z,t) = (bya® + by + bo)a(t). (6)
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Then
wy(z,t) = (2baz + by)a(t).

wg(0,t) =0, wy(1,t) = a(t)

Hence,
1
bl = 0, bQ = 5
If by = 0, then
72
w(z,t) = ?a(t). (7)
where from (5), (7) it follows that
72
u(z,t) = ?a(t) +v(z,t). (8)
Substituting (8) into equation (1), we obtain
2 2
. T~ 9
Vp — Vg + a(t)v = f(x,t) +al(t) — 5 (t) — 5@ (t). 9)
72
v(z,0) = p(z) — 5-a(0). (10)
v(0,t) =0, v (1,t) = 0. (11)
Consequently,
Vp — Vg + a(t)v = F(x,1), (12)
where
2, 2
Fla.t) = fat) +a(t) - 2a(6) -~ a2(0), (13)
under the conditions
72
v(x,0) = p(z) — ?a(O)7 v:(0,t) = v, (1,¢) = 0. (14)

Spectral problem.
We consider the spectral problem. Recall that
Since the boundary conditions (11) are homogeneous, we consider the Neumann problem

y' (@) + dy(z) = 0, (15)

y(0) =0 y1)=0 (16)

Let A = p? > 0.
Then we obtain
y(x) = Acos ux + Bsin pz.

From y'(0) = 0 we obtain B =0,

y(x) = Acos ux.
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From y'(1) = 0 it follows that

sing=0, p=nm, n=012,....

Hence,
A = (nm)?, n=0,1,2,...,
yn(x) = cos(nmx), n=0,1,2,....
Then
oo
Zvn cos(nmz)
n=0

Equation (9) can be written in the form
U — Vg + a(t)v = F(x,t),

Moreover, we expand the function F(x,t):

Z F,.(t) cos(nmz),

where

1
/ F(z,t)cos(nmzx) dx
0

Fn(t) = 1
/ cos?(nmz) dx
0

Hence,

= Z Yy, cos(nmx).

n=0

To determine vy, (t), we first compute the derivatives. Indeed,

E ’U COS Tlﬂ'.fC

d2
) cos(nmz) = —(nm)? cos(nmz),
x
Vpe (2, 1) = — Z(mr)zvn(t) cos(nmz).
n=0
Moreover,

Z ) cos(nmx).

Substituting (25)-(27) into (20) and using orthogonality, we obtain

Z(v;(t) + ()2 + a(t))on(t) — Fn(t)) cos(nmz) = 0.

n=0

(21)

(25)

(26)

(27)
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Hence,
vl (1) + ((mr)2 +a(t))vp(t) = Fo(t), n=0,1,2,.... (28)
vn(0) = Y. (29)
If
t b
tn(t) = exp (/ ((nm)? + a(r)) dT) = emm)t+ [y a(r) dr (30)
0
then J
= (B (o) = (O Fu(). (31)

o (B)vp () = Yy, —l—/o tn(s)Fy(s) ds.

t
Un(t) — 6*("7)2t*f0t a(r) dr |:'¢n +/ e(nw)23+fos a(§) dan(s) dS:| ) (32)
0
t
Un(t) _ 2/)ne—(n7r)2t—f0t a(t) dr + / e—(mr)Q(t—s)—f: a(T) dTFn(S) ds. (33)
0

Substituting (??) into (??), we obtain

o0 t
vz, t) = Z [wne_(m)%_fot a(r) dr -l—/ e~ (M2 (t=9)=J; a(7) TE(s) ds] cos(nmz). (34)

n=0 0

2 % t
u(z,t) = %a(t) + Z [wne(m)%ﬁ a(r) dr +/ e~ (nm)?(t=s)=[] a(r) TEL(s) ds] cos(nmz). (35)
n=0 0

Integral condition and equation for the coefficient a(t)
Substituting (35) into the integral condition (4), we obtain

1 hat [, e (e ff a(r) d
/0 u(z,t) dx _/0 ?a(t) dx +nz;)[wne 0
t , , 1
+/ e~ (M (t=s) = aln) dT B (o) ds} / cos(nmz) dx. (36)
0 0
1,2 1 1 —
/ T gz = 1, / cos(nrz) de =4 n=0,
0 2 6 0 07 n Z 17
1
oft) = Lalt) + vo(t), (37)
where .
vo(t) = e~ Jya() dr / e~ Ji o) T Fy(s) ds. (38)
0
Thus, it follows that
a(t) = 6(e(t) — vo(t)) (39)
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We introduce the operator F"

(Fa)(t) = 6(e(t) — vola](t)), (40)

where vg[a](t) depends on a(t).
Consequently, we obtain
a = F(a).

Results and Discussion
We consider functions ay,aq € C[0,T].
Then we have
(Fa1)(t) — (Fag)(t) = 6(volaz)(t) — vola1](t)),
whence

[(Fla1)(t) — (Faz)(t)] < 6]vo[a1](t) — volaz](?)]- (41)

From the definition of vy[a](t) we have

volar](£) — volas](t) = o (e o () 47 — &= fyeatr) )

t
n / (el dr oIl ) Fy(s) ds.

0
Thus, we obtain

|Fo(s)| ds.
(42)

t
eular)(6)—wulaz) ()] < ol [ e () 07 — e fresC | [ o Mront) e _ = st
0

We apply the mean value theorem for ¢t € [0, T.

)

‘67 fg ai(r) dr _ e fot az(T) dr

[ @) = ax(r)) dr

where 6 lies between fot a1(7) dr and fot as(T) dr.
Since am,(t) > a > 0, we have

0 > ot, e ¥ < emot,
Moreover,

<t a1 — a2l -

/ (ar(7) — as(r)) dr
0

Hence,
‘6_ fot ai(r) dr _ e fg az(7) dr

<te " |lay — azl|cpo.17 -

Using the estimate
1
e < — x>0,
ae
we obtain (43).

Similarly, for 0 < s <t < T we have
le™4 — e 42| = 0|4 — Ay,

where
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Then
Am za(t—s),  [A1— Az < (t—s)[lar — azllco ) -
e hm@ dr_ = foar(m) drl < gm0t lay — ap| gy (43)

Thus, estimate (43) 1is obtained.
Estimate of the operator F.

Using the obtained estimates, we have

o]

[volan] (£) = wolaz](t)] < —=

1 t
— — — F ds.
llar = azllgpo,ry + — llar a2”c[o,T]/0 |Fo(s)| ds

1 t
fa](0) wlaal)] < - (1ol + [ 1F(6)] ds ) lan = aallgo - (14)
Then .
6
(Fa(e) = (Fa(o)] < = (1ol + [ 1Fu(e)] ds ) lan = aall o
Since
t T
[ Rl < [ 1R ds
0 0
we obtain
(Fan)(®) — (Faz)(®)] < g llo — azllpomy. (45)
where
6 T
0= (Il + [ 1R as). (46)
Consequently,
[Fay — Fasll i < ¢ llar — azllcgo,r - (47)
If
qg<l, (48)

then the operator F'is a contraction in C[0, 7.
Since ¢ depends on T, for sufficiently small T' condition (48) is satisfied.

Main result

Theorem 1. Let p(z), e(t) and Fy(t) be given and all constructions above be valid. Assume that
there exists a > 0 such that
aW)>a,  tel0,T],

T
0= (lwl+ [ 1REIas) <1

holds. Then problem (1)—(4) has a unique solution on [0, T].

and the condition
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Proof. We consider the space C[0, 7] with norm

= t)|.
lallop = s, a(t)

The operator F', defined by (39), maps C[0, T'] into itself. Indeed, for a € C[0, T'] the function

t»—>/0ta(7') dr

is continuous. Hence vgla] € C[0,T] and (Fa) € C[0,T].
From (48) it follows that

[F a1 — Fazllcor < ¢ llar — azll o1 -
[0,T] [0,7]

For ¢ < 1, the operator F'is a contraction. By the Banach fixed point theorem, there exists a
unique function a € C[0, T'] such that a = F'(a).

Then the solution v,(t) is given by (32), the function v(z,t) by (34), and u(zx,t) by (35).
Consequently, problem (1)—(4) has a unique solution. O

Remark 1. The obtained result is based on the application of the contraction mapping principle to
the operator F'. The structure of the operator makes it possible to use estimates for differences of
exponential terms and to obtain the contraction property without introducing additional conditions.

The question of continuous dependence of the solution on the initial data requires additional
estimates and can be considered separately.

Conclusion

In this paper, an inverse problem for a parabolic equation with a time-dependent coefficient
included in the boundary condition has been considered. Additional information is given by an
integral condition.

Using the spectral method, the problem is reduced to a nonlinear Volterra integral equation.
Based on the obtained estimates, the existence and uniqueness of the solution are proved under
the contraction condition.

It should be noted that the considered formulation differsin that t he u nknown coefficient
is included in the boundary condition, which leads to a different structure of the corresponding
operator equation.

The obtained results are local in time.

Further research may include generalization to multidimensional domains and higher-order
problems.
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1 AGait arpiagarsr Kazsak yiITTHIK ITe1arornkaisK yansepenteri, Amvars! K, Kazakcran

HTEKAPAJIBIK HNTAPTTA YVAKBITKA TOYEJI/II KOO®PUITUEHTI BAP
ITAPABOJIAJIBIK TEH/IEY YIIIITH KEPI ECEII

Angarmna
Byn kywmbIcTa TeKapaJiblK, MapTTa yaKbITKa Toyesil kKoddduimenTi 6ap mapadoJiaiblK TEeHIEY
VIOH Kepi ecell KapacThIPBLIAAbl. KOCBIMINA aKmapaT IMIeNiMIl YaKbITTBIH OepiareH (OyHKITUICHIMEH
OallJIaHBICTHIPATBHIH UHTErPAJIIbIK apThIK aHBIKTAy IapThl apKbLIbl Oepijemi. Kcemri memry yirin
CHEKTPAJIIBIK, 9IIC KOJTAHBLIAMIbI, OJI COliKeC OIPTEKTi IeKapaJIbIK, MapTTapbl 6ap MIETTIK eCenTiH MEHIIKTI
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dbyuknusnaper Oolibama mentimMal kikreyre nerizmenren. Ocbl KiKTey HOTHXKeCiHIe OACTAIIKDI €Cell XKIKTey
Ko3bdunmenTTepl YIIH KapamaiibiM auddepeHInaiiblK, TeHIeyaep Kyliecine Keripimemi. AJbrHran
JKyHeHi mernrin, menriMHiH OpHeriH HHTerpaJIblK MapTKa Kofrana, ecer 0ericiz KoadduimeHTKe KaTbICThI
Bouibreppa THIITI CBI3BIKTHIK €MeC MHTEIPAJIIBIK TEHIeyTe KeJTipijaeai. AJblHFaH TeHJey VIIiH ColKec
OTIepaTop EHTI31/IiI, OHBIH, KACHETTEpi 3epTTenei. Kypblaran omepaTrop YIIiH ChIFBLTY MAPTHI OPBIHIAITAH 1A
[0, T] apasbirbiaga meniMuiy, 6ap 60Ty bl 2KOHE JKAIFBI3ALIFGL moJesteneni. Tlekapasibik maprrars 6esricis
K03bdunuenTTin 60TybI aJbIHATHIH UHTETPATILIK TEHJACYIIH KYPBHLUIBIMBIH KJIACCUKAJIBIK, KEPI ecerTepMeH
CaJILICTBIPFAaH/Ia ©3repTeTiHi KopceTiseai. Y CHIHBIITAH 9/1ic mapaboaIblK TeHAeyIep YIMH yKcac Kepi
ecenTep/IiH KeH KJIaChIH 3epTTeyde KONJAHbLIYbl MYMKIH.

Tyiiin ce3zep: kepi ecern, napaboIAIBIK TEHIEY, HHTEIPAJIIBIK, ADTHIK, AHBIKTAY [TAPTHI, CIIEKTPAJIIBIK,
oic, Bombreppa TeHieyi, ChIFbLITY TPUHITAIII.
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1 Kazaxckuii HaHHOHaJIbeIfI HeﬂaFOFI/I‘IGCKI/If‘I YHUBEPCUTET NUMEHU A6a51, AJIM&TI)I, Kazaxcran

OBPATHA4A 3AITAYA JTJI4d ITAPABOJIMYECKOI'O YPABHEHUNS C
BPEMEHHBIM KOS®PUITMEHTOM B T'PAHNYHOM YCJIOBAN

Anbporanus

B mammnoit pabore paccmarpuBaercst obpaTHas 3a1a4a [AjIs 1apaboJIMIecKoro ypaBHEHUsI, B KOTOPOit
B TPAHUYIHOE YCJIOBUE BKJIIOUEH 3aBUCANINN OT BpeMmeHU Kodddunuent. omomunreabaas nHPOPMAIIAST
3a71a€TCI UHTErPAJbHBIM YCJIOBUEM IE€PEOIIPE/Ie/ICHNsI, CBA3BIBAIONINM peIllenne ¢ 3aaHHoil hyHKImeit
Bpemenu. s pernenus 3a1adu UCIOIb3YeTCs CIEKTPAJILHBIN METOJ[, OCHOBAHHBIH HA PA3JIOKEHUN PEIIeHns
10 COOCTBEHHBIM (DYHKIIASIM COOTBETCTBYIONIEH KPAEBO 3a/1a<i C OTHOPOIHBIMUA ITPAHIYHBIMU YCIOBUSIMU.
Brnaromaps sToMy pasyioxKeHUIO UCXOIHA 33J1a4a CBOJINTCI K CUCTEMe OOBIKHOBEHHBIX JTuddepeHITnaIbLHBIX
ypaBHEeHUH 1151 KOIMDPUIMEHTOB pa3/IoKeHus. Pernas moayIeHHyo CUCTEMY U TOJICTABIAA IPEJICTABICHNE
pelleHns B MHTerpaJIbHOE YCJIOBHUe, 33/1a49a CBOJIUTCA K HEeJIMHEHHOMY HMHTErpaJIbHOMY yPaBHEHUIO THUIIa
BousibTeppbl OTHOCHTEBHO HEM3BECTHOTO Kodddurumenta. [las MoaydeHHOro ypaBHEHUsS] BBOIUTCS
COOTBETCTBYIONINN OIIEPaTOP U MCCJIELYIOTCA ero cBoiicTBa. JlokazaHbl CyIeCTBOBAHUE U €IMHCTBEHHOCTH
perenus Ha unTepsajie [0, 7] npy BBIIOJIHEHUN YCJIOBHUs CXKATUsl JJIsl HOCTPOEHHOIO oneparopa. Ilokaszamo,
9TO HAJUYNE HEU3BECTHOI'O KOd(MDMUIMEHTA B T'PAHUYHOM YCJIOBAU IIPUBOAUT K U3MEHEHUIO CTPYKTYPBI
[IOJTy9a€MOT0 MHTErPAJIbHOTO YPABHEHHUS [0 CPABHEHWIO C KJIACCHIECKUMHU ITOCTAHOBKAME OODPATHBIX
3agad. lIpemoKeHHbI TOJIX0/ MOXKET OBbITh MPUMEHEH K 0oJiee MUPOKOMY KJIACCY OOPATHBIX 3aJ1ad
JIJIST TTapabOIMIeCKUX YPABHEHUH ¢ HEKIACCUIECKUME IPAHUIHBIMU yCJIOBUSMHU.

KmaoueBrie cioBa: obOpaTHas 33Ja4a, NapaboJIMYecKoe ypaBHEHUE, WHTErPAJIbHOE YCJIOBUE
TIepeorIpeieIeHnsI, CIIeKTPAJIbHBI METO/I, MHTErpaJbHOe ypaBHEeHUE BOIbTepPhl, MPUHIIAN CKIUMAIOITAX
0TOOParKEeHUIA.
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