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Abstract

This paper studies a control problem for a one-dimensional pseudo-parabolic equation with a nonlocal
boundary condition of the Bitsadze-Samarskii type. The control function appears as a distributed source
term on the right-hand side of the equation, and the objective is to steer the system from the zero initial
state so that the weighted average temperature follows a prescribed trajectory. The equation contains a
third-order mixed derivative term that accounts for memory or viscoelastic effects i n h eat
conduction, which is particularly relevant for materials with internal structure such as polymers,
biological tissues, and granular media. Using spectral decomposition and a biorthogonal basis, the
problem is reduced to a Volterra integral equation of the first kind. The kernel of this integral equation is
proved to be positive and continuous. Under suitable assumptions on the weight function and the spatial
distribution of the control, the existence of an admissible control is established for a class of desired
trajectories with sufficiently small norm. The Laplace transform method is employed to solve the
integral equation and to obtain bounds on the control function. The results quantify the influence oft
he n onlocal b oundary c ondition a nd the memory parameter on the controllability of the system.
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Introduction

Pseudo-parabolic equations arise in various applied contexts, including fluid flow in porous
media, heat transfer in heterogeneous materials, and radiative diffusion. These models extend
classical parabolic equations by incorporating higher-order mixed derivatives that capture memory,
relaxation, and inertial effects. Unlike the standard heat equation, pseudo-parabolic models can
describe finite-speed propagation of thermal disturbances, a phenomenon often referred to as the
second sound effect, which is particularly relevant in materials with internal structure such as
polymers, biological tissues, and granular media.

In recent years, growing interest in control theory and applied mathematics has spurred
extensive research on control problems for pseudo-parabolic equations. Foundational contributions
include the study of control and its comparison with classical parabolic models [1], and investiga-
tions on stability, uniqueness, and existence of solutions for various pseudo-parabolic systems [2].
Point control for parabolic and pseudo-parabolic models is discussed in detail in [3].
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Control problems for parabolic equations have attracted considerable attention over the past
decades due to their central role in modeling heat conduction and diffusion p r o cesses. O n e
of the earliest contributions in this direction was made by Friedman [4], who studied optimal
control problems for parabolic equations using variational methods. Fundamental results on the
controllabi-lity of linear second-order parabolic equations were obtained by Fattorini and Russell
[5], where the notions of exact and approximate controllability were first introduced.

The extension of control theory to infinite-dimensional s y stems w ascarriedoutby
Egorov [6], who generalized Pontryagin’s maximum principle to evolution equations in
Banach spaces and established a bang-bang principle under natural assumptions.
Comprehensive treatments of optimal control for distributed parameter systems, including
parabolic equations, can be found in the classical monographs by Lions [8] and Fursikov [7].

The time-optimal control problem for the heat equation and the structure of optimal
controls were intensively studied in subsequent works. In particular, the time-varying bang-
bang property of optimal controls and its applications were analyzed in [9]. The bang-bang
principle for time-optimal boundary control problems was further examined in [10], where it
was shown that bang-bang controls remain optimal for arbitrary target temperature
distributions.

The boundary control problem for the heat transfer equation in two-dimensional domain
was considered in [15|, where the admissibility of the control function was established using
geometric estimates. Boundary control problems for one- and two-dimensional heat equations
were further investigated in [16, 17|, while the time-optimal control of a fourth-order parabolic
equation in atwo-dimensional domain was analyzed in [18].

Initial studies of time-optimal control problems for heat conduction equations in bounded
n-dimensional domains were presented in [11], where sharp estimates for the minimal time
required to achieve a prescribed average temperature were derived. Mathematical models of
thermocontrol processes were analyzed in [12]. Various related problems for nonlinear and
degenerate parabolic equations have also attracted considerable attention; see, for instance,
[13|, where local existence and uniqueness of weak solutions were established via the Galerkin
method and the Banach fixed point theorem, and [14], where singular parabolic equations with
logarithmic nonlinearities were studied.

Recently, in [19], a time-optimal control problem for the heat equation involving an
involution operator in a multidimensional parallelepiped domain was investigated. In that work,
an optimal estimate for the minimal time required to heat the domain to a prescribed average
temperature was obtained. Recent developments have also addressed controllability issues
from a spectral and observability viewpoint. In [20], spectral inequalities for the Laplace-
Beltrami operator were derived, leading to observability and null-controllability results for the
spherical heat equation. Boundary control problems for generalized heat equations involving
Schr”odinger-type operators were studied in [21|. Numerical aspects of boundary control and
discretization schemes for heat equation were analyzed in [22]. Applications to fluid d y
namics an d t h ermally ¢ o upled systems were considered in [23].

In [24], time-optimal control problems for semilinear parabolic equations subject to Dirichlet
boundary control and terminal state constraints are analyzed. In that work, a Hamiltonian-type
functional is introduced in order to derive necessary optimality conditions with respect to the
terminal time 7. The existence of time-optimal controls for a class of semilinear parabolic equations
with distributed control acting on a subdomain is investigated in 25|, where sufficient conditions
ensuring the attainability of the target state in minimal time are established.

For controllability of pseudo-parabolic equations, Zhou [26] analyzed approximate controllability
and minimal time control problems for a pseudo-parabolic equation with memory term. Control
problems for pseudo-parabolic equations have been studied in works [27, 28], where the control
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In this paper, we study a control problem for a one-dimensional pseudo-parabolic equation
with a nonlocal boundary condition of the Bitsadze—Samarskii type. The control function appears
as a distributed source term on the right-hand side of the equation, and the goal is to steer the
system from the zero initial state so that the weighted average temperature follows a prescribed
trajectory. We first introduce the concept of a generalized solution for the initial-boundary value
problem. Using spectral decomposition, we expand the solution in terms of the eigenfunctions of
the corresponding nonlocal spectral problem. By introducing a suitable class of weight functions,
we derive a Volterra integral equation of the first kind for the unknown control function. The
necessary estimates for the kernel are established. Using these estimates, we prove the existence of
an admissible control for a suitable class of desired trajectories. The results quantify the influence
of the nonlocal boundary condition and the memory parameter on the controllability of the system.

To the best of our knowledge, control problems for pseudo-parabolic equations with Bitsadze-
Samarskii type nonlocal boundary conditions have received little attention in the existing literature.
Unlike the available works devoted to pseudo-parabolic equations under classical or different
boundary conditions, the present paper considers the nonlocal condition u(1,t) = u(%, t), which
leads to a non-orthogonal system of eigenfunctions and substantially complicates the corresponding
spectral analysis. To overcome this difficulty, we employ a biorthogonal basis constructed from
the adjoint spectral problem. This approach enables us to derive a Volterra integral equation
of the first kind with a positive kernel and to establish the existence of an admissible control.
Therefore, the novelty of the present work lies in the combination of the pseudo-parabolic model,
the Bitsadze—Samarskii type nonlocal boundary condition, and the biorthogonal spectral approach
used to solve the control problem.

Materials and methods

In this paper we consider the pseudo-parabolic equation
up(T,t) — Uge (2, 1) — QUgge(x,t) = h(x) u(t), =€ (0,1), t>0, (1)
with a nonlocal boundary condition
u(0,t) =0, u(l,t) = u(3,t), t>0, (2)
and the homogeneous initial condition
u(z,0) =0, 0<ax<1, (3)

where h(z) is a given function describing the spatial distribution of the control action, p(t) is the
control function, and « > 0 is a constant characterizing the relaxation time of the thermal flux.

Equation (1) is a third-order pseudo-parabolic equation. The term .+ accounts for memory or
viscoelastic effects in the heat conduction process. Such models arise in the theory of viscoelasticity,
fluid flow in fissured rocks, and heat conduction in heterogeneous media. When e = 0, equation (1)
reduces to the classical heat equation. For o > 0, the equation describes finite-speed propagation of
thermal disturbances, a phenomenon known as the second sound effect, which cannot be captured
by the classical parabolic model.

From a physical point of view, equation (1) describes the evolution of the temperature field
u(z,t) in a thin homogeneous rod of unit length. The initial condition (3) means that the rod is
initially at zero temperature. The right-hand side h(x)u(t) represents a distributed heat source,
where p(t) is the time-dependent intensity and h(x) is its spatial profile. The function p (t) is the
control input.

The boundary conditions are as follows. At the left end we have a fixed z ero temperature,
u(0,t) = 0. The right end is coupled with the interior point x = % through the nonlocal condition
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u(l,t) = u(%,t). Physically, such a condition may arise in feedback control systems where a

sensor located at the midpoint z = % regulates the temperature at the right end x = 1, or in

applications requiring temperature equalization at two distinct points. The specific choice of the
coupling point as x = % introduces a natural geometric symmetry, simplifying the spectral analysis
while preserving the nonlocal nature of the problem. This nonlocal constraint introduces spectral
anomalies and controllability challenges that are absent in classical local boundary value problems.

Definition 1 A control function u(t) is called admissible if u(t) € L2(Ry) and |u(t)| < 1 for all
t>0.

We consider the spectral problem associated with the spatial operator of equation (1):
X"(z)+ XX () =0, 0<z<]1, (4)
with the nonlocal boundary conditions
X(0)=0, X(1)=X(1/2). (5)

For A <0, problem (4)-(5) admits only the trivial solution. Hence, we consider A > 0. In this
case, the spectrum consists of two countable sequences of eigenvalues:

202k — 1)1\ 2
/\k,l = <(3)7T> , )\k,2 = (4k7r)2, k € N. (6)

The corresponding eigenfunctions are

Xipa(z) = sin(\/)\m x), Xio(x) = sin(\/)\kg x), k € N.

The system {X}, ;} is not orthogonal. Following [29], we introduce the adjoint problem:
Y'(z)+AY(z) =0, z€(0,3)U(3,1),

with boundary conditions

and transmission conditions at z = 1/2:
Y(1/240)=Y(1/2-0), Y'(1/2+0) - Y'(1/2-0) =Y'(1).

The eigenvalues of the adjoint problem are the same as in (6). The adjoint eigenfunctions are
given explicitly by

gsin(\/)\kylx), 0<x< %,

Vii(z) =
S sin(\/)\k 1(1 —:U)), % <z <1,
3cos \/ Ak 1 ’
0, 0<x< %,
Yialo) = - sin(y/Aro(l—12)), 2<z<l.
oS /A2 ’

The systems {X}, ;} and {Y} ;} satisfy the biorthogonality condition

1
[ s Yim (o) do = Gy,
0
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and are complete and biorthogonal in Ly(0,1) (see [29]).
We define the class of weight functions as follows:

1

pa) 20, [ pla)de=1.
0

pk’,jzoa keN, j=1,2,

U:=<pecWi0,1)

where py, ; are the Fourier coefficients of p(x) with respect to the adjoint eigenfunctions Yy, ;, i.e.,

oo 1
@) =SS peiVis (@), oy = /O o) X ; () d.

j=1 k=1

The class U is non-empty. Indeed, consider the function

p(x) =2(1 —x).

Clearly p(x) > 0 on [0, 1] fo r)dz =1, and p € W4(0,1). Integrating by parts, for every k, j

with w = \/)\k,]y
1
Pkj = / 2(1 — z)sin(wz)dr = ———5——
0

Since sint < ¢ for all ¢ > 0, it follows that w — sinw > 0 for every w > 0, and hence py ; > 0 for
all k,j. Thus p =2(1 — z) € U, and the class U is non-empty.

The main objective of this work is to investigate the following control problem.

Control Problem. For a given function f(t), find an admissible control u(t) such that the
solution u(x,t) of the initial-boundary value problem (1)—(3) satisfies the integral condition

/0 p(@)u(z,t)de = f(), t>0, (1)

where p € U is a given weight function.

This formulation represents a physically meaningful requirement that the weighted temperature
in the rod follows a prescribed trajectory f(¢) over time. Physically, the integral condition (7)
can be interpreted as the total heat content (or thermal energy) stored in the rod, weighted by
the function p(z). For example, if p(x) represents the specific heat capacity distribution or a
sensor sensitivity profile, then the integral gives a measurable output of the system. The control
problem consists of finding p(¢) such that this measured output exactly matches the desired
function f(¢). Unlike pointwise temperature constraints, this averaged condition characterizes a
global thermal performance criterion. Such a formulation is particularly relevant in applications
where only the overall thermal state of the system matters, for example in thermal processing
of materials, temperature control in manufacturing, or heating systems. From a control-theoretic
perspective, the integral constraint allows greater flexibility in the temperature distribution while
still guaranteeing the required total thermal effect. The goal is to determine the control function
w(t) that realizes the desired weighted temperature dynamics f(¢).

For any constant M > 0, we denote by W (M) the set of functions f € W2(—o0,+0o0) such
that f(¢t) =0 for all £ <0 and

[ llwzw,y <M.

The main result of this section is the following theorem.

Theorem 2 There exists M > 0 such that for every f € W (M) the solution u(t) of the equation
(7) exists and satisfies |u(t)| < 1.
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In the subsequent analysis, we will also require the following assumption on the spatial
distribution h(z) of the control action.

The Fourier coefficients of h(z) with respect to the adjoint eigenfunctions Y} ; are nonnegative,
ie.,

1
iy = / hx)Yij(e)de >0,  j=1,2, keN.
0
This assumption is essential for ensuring the positivity of certain kernel functions and the
solvability of the Volterra integral equation that will be derived in the next sections.
Results and discussion

In this section we reduce the control problem to a Volterra integral equation of the first kind.
The reduction uses spectral decomposition and the biorthogonal basis introduced above.

Let T' > 0 be arbitrary. We denote by C([0, T]; B) the space of continuous functions from [0, T']
into a Banach space B.

We introduce the subspace of W3 (0, 1) that incorporates the nonlocal boundary condition:
V= {v e Wy(0,1) : v(0) =0, v(1) =v(1/2)}.

De inition 3 A function u(z, t) is called a generalized solution of problem (1)—(3) if u € C([0, T]; V)
satisfies the weak formulation

d d
dt (u(7 t), (P) L2(0,1) +a i (Ux(a t), (px)Lg(O,l) =+ (ux(7 t), SO%)LQ(O,I)

= p(t) (R, W)Lg(o,l) (8)

for every test function ¢ € H&(O, 1) and almost every t € (0,T), together with the initial condition
u(z,0) = 0.

The choice ¢ € H}(0,1) ensures that the boundary terms arising from integration by parts
vanish, since ¢(0) = ¢(1) = 0. The nonlocal condition u(1,t) = w(1/2,t) is imposed on the
solution w, which belongs to the space V.

Let { X} ;} and {Y} ;} be the biorthogonal systems defined in Section 2. We expand the solution
u(x,t) in the eigenfunctions { Xy ;}:

The spatial distribution h(x) of the control is expanded using the adjoint eigenfunctions {Y}, ;}:
1
hg= [ MeVig)ds,  j=12 ke
0

Substituting these expansions into (8) and using biorthogonality, we obtain for each k, j:
(1 + adgj)ug ;(8) + A gur i (t) = p(t)hej,  ug;(0) = 0.
Solving this linear ODE gives

Thus,
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Lemma 4 Let p € L?(0,T) and h € L*(0,1). Then the function u(x,t) defined by (9) is a
generalized solution of problem (1)—(3) in the sense of Definition 3.

Proof of Lemma 4. We first show that v € C([0,T]; V). Differentiating (9) with respect to z

gives
2 gy b 2kd ()
ug(z,t) = ZZﬁ (/ e 1Tk pu(s)ds | Xj. ;(x).

=1k
Using the identity

1
IX002 = Ml Xl = MgAg, Awy = /O X2, (x) de

which follows by integration by parts from the eigenvalue equation X/ ;= —Ak,j Xk,j, together
with the regularizing effect of the factor (1 + aAgj)~!, we obtain

2 oo t Ak,j (t—s) 2
<C 112 BTV d .
IRSITIELE) 3y yhe P (/Oe e )

Since Ay j = fol X,aj(x) dx satisfies 0 < Ay, ; < % for all k, 7, it follows that

2 o0 2 g 2
R s B A e ()
e OE < O3 Fan /0 T (s ds )

]:1 k=1

Applying the Cauchy-Schwarz inequality to the time integral,

2
t Ak s t Ak _ kg s
(/0 e 1+0"\k (t )H(S) ds) S/O 1+a>\k t ) / ‘,LL | dS

< 1+Oé)\k

7‘7

7.7

Substituting this estimate,

C 2 oo 2
SO < S wll?
luz (- DIZ, < 5 llAllz,0,m gkz 1+04)‘lw

Since h € Ly(0,1), its Fourier coefficients satisfy

2 oo
ZZ ijk,] |h’||L2 < o0.

Jj=1k=1

1
Moreover, To o < 1, so the series converges. Hence ||uz(+, t)|| 1, is uniformly bounded on [0, T'].
a k7j

The same argument applied to u (using | X ;(x)| < 1) shows that |lu(-,t)|z, is also bounded.
Continuity in t follows from the dominated convergence theorem, because each term is continuous
and the series converges uniformly. Thus v € C ([0, T]; H(0,1)).

To justify the time derivatives in the weak formulation, differentiating (9) with respect to time
t gives us

2 oo
hk,j ¢ —0o i (t—s)
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where o ; = 7 +)‘a/\ < 1/c. Similarly, differentiating u, with respect to ¢ gives
2 oo hk ] t
t) = — | o ~k,j(=5) d t)| X ().
) =35 e o [ uls) ds 4 (0] (o)

Since 0y, ; < 1/a and HX,’CJH%2 = Ak jAg, j, the same convergence argument as for u, shows that

both series converge in L?(0,T; H~1(0,1)). Hence, the weak formulation (8) is justified.

Each eigenfunction X}, ; satisfies X}, ;(0) = 0 and Xy, ;(1) = X}, ;(1/2). Therefore u(0,t) =0
and u(1l,t) = u(1/2,t), which means u € C([0,T]; V).

Finally, substituting the series (9) into the weak formulation (8) with test functions ¢ €
H}(0,1) and using biorthogonality verifies that u satisfies the equation. The initial condition
u(z,0) = 0 follows from (9) because the integrals vanish at ¢ = 0. This completes the proof. [

By substituting the expression (9) into the integral condition with weight function p € U, we
obtain

1
£(t) = /0 p(e) ulz, t) da

oo

N Y A= 1
> 1+ ;
—g E T ade /06 B w(s)ds /()p(x)XkJ(x)dx.

7=1 k=1

The Fourier coefficients of the weight function p with respect to X}, ; are defined as

1
= [ ola) Xy (o)

Thus

Define the kernel

2 o B Ak, j ¢
K(t) =33 Aje T 120, (10)
j=1 k=1
where "
k,j Pk,j .
= =1,2, keN.
kg 1+ alg j J

Then we arrive at the Volterra integral equation of the first kind

/0 K(t—7)p(r)dr = f(t), t>0. (11)

The solvability of (11) depends on the properties of K (t). We now establish the necessary
estimates.

Lemma 5 For any p € U, the Fourier coefficients

1
Phj = /0 p(x) X,j(x) da
satisfy
C .
ngk,j_ga j:172>k€N7
with C' > 0 independent of k and j.
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Proof of Lemma 5. The inequality p ; > 0 follows from the definition of U (recall that py ; > 0
is part of the definition). For the upper bound, we start from

1
pri= [ pl)sin(y/Nio) do
0

Integrating by parts:

1
p(z)sin(/ A jx) de = — ) cos(\/ Ak, ;) dz
/0 J Tk,] J

) cos \/Ak,j — p(0

Ve

Taking absolute values and using |cos(y/Ax jz)| < 1:

‘/ )sin(y/ g jz) dz| < /|p )| dx + (1%(0”

Since p € W4 (0, 1), the integral fo |0 (z)|dx is finite, and p(0), p(1) are bounded. Hence there
exists C7 > 0 such that

k]

1
/0 17 (@)[dz + [p(0)] + |p(1)] < C.

Thus
Cy

1
p(x)sin(y/ g jx) de| < .
/o ’ V Ak
Now /Ay ~ mk, so 1/4/Aj ~ 1/(wk). Therefore,

C
Pk < 7

Lemma 6 The kernel function K(t) defined by (10) is positive and continuous on [0,00).

Proof of Lemma 6. From the definition,

’\kj

2 o0
T+ax
=D Apge T

j=1k=1

B i O
where Ay ; = % By assumptions, hy; > 0, pg; > 0, and A, ; > 0. Hence Ay ; > 0.
7]
Since h and p are not identically zero and their Fourier coefficients are nonnegative, we may

assume without loss of generality that hy; > 0 and p1 1 > 0. (If h1 ;1 = 0, we take the next smallest
index where the coeflicients are positive.) Therefore Aj; > 0, and

A1

K(t) > Arje oAt S 0 forall t > 0.

_ kg t
Now we prove continuity. Since 0 < e '***.j <1 for all ¢t > 0, we have

Ak,j

’Ak,j 1+a>\k] < |Ak,j|-
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From Lemma 5, py; < C/k. The Fourier coefficients hy, ; satisfy ijh%j < oo (since h €
L5(0,1)). Therefore,

|hkj|ij |hkj|
Api| = —— < C—%.
| k’J| 1+ algj k3

Now we estimate the sum:

j=1k=1 j=1k=1
2 oo 2 1y 1 1/2
2
<SCU D M) (222w <o
j=1 k=1 j=1 k=1

where we used the Cauchy-Schwarz inequality. Since >_ 1/k% < co and ) h%j = ||hll7, < oo, the
series converges.
By the Weierstrass M-test with My, ; = |Ay, j|, the series

Ak,j

o0
(1) =33 Apje ok

7j=1k=1

converges uniformly on [0, c0). Each term is continuous, therefore K (t) is continuous on [0, c0) as
a uniform limit of continuous functions. 0
We solve (11) by the Laplace transform. Recall that the Laplace transform of p is

iy = [ e Rp>o.
0

Applying the transform to (11) and using the convolution theorem gives

so that _
~ f(p)
alp) = =—, =¢+ir, £€>0, TER
K(p)
The inverse Laplace transform yields
wu(t) = / &eptdp = / Me(&”)tdr (12)
27 Je—ico K(p) 2m J o K(&+iT)

Lemma 7 For & >0 and 7 € R, the following inequality holds:

~ C§
K+ir)| > ——,
Rl +in] 2 s
where C¢ > 0 depends only on &.
Proof of Lemma 7. Set 0y, ; = 1+aA . Then from the definition of K(t),
/ K= 35 M
=1 k=1 p+0k’j
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For p =& + T,
~ . Apj(€+ony) . Ayj
K + IT) = )] ) — T )
+m) ]z,; (€ +0k)? +7° ]Z,; (€ +035)% + 72
=RK +iSK,
where

%
=

~ Ayji(§ + ony) ~ Ak
%K — »J 5] , Cx — _ »J .
Z (E+o0p;)%+ 12 T]Zk (E+o0p;)?+ 712

Since (€ + 0y;)? + 72 < ((€ + o15)* + 1)(1 + 72), we have

1 1 1
> . .
(E+ok;)2+72 7 1472 (E404,)%2+1

Therefore

Ag (& + ok j) Cre
éRK .] J — )
| |—1+ 22 E+ory)?+1  1+7%

|%K‘ > |7-’ Z Ak,] _ C2,£|7_’
1472 (E4+ok;)2+1  1+72

where C1¢,Co¢ > 0 are finite because Zj,k: Aj; < oo (this follows from the Cauchy-Schwarz

inequality and the fact that h € Ly(0,1)). Consequently, we obtain

01275 + C22’572 - min(C? o C? <)
(14722 — 1+ 72

9

|I?(§ +ir)|* >

which proves the lemma.
Taking the limit £ — 0 in Lemma 7, we obtain

~ . C )
K (iT)| = \/%, Co :=min(C10,Cap0) >0
Then from (12) we have
L[5 J(T) ime
t e'tdr.
ult) = 27r/ K"

Lemma 8 [18] Assume that f € W(M). Then
+oo
| IV R < Colflwgie,

where Cy, > 0 is a constant.

Proof of Theorem 2. We first show that u € L?(R,). From Lemma 7 with £ — 0,

- f(w) )
i) = | £ | < gl
Hence, . .
- 2 i - iT T9)YdT < 00
/m|<>\d7< g/wu V(L + 72)dr <
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since f € W2(R,). Thus i € L?(R), and by the Plancherel theorem, p € L?(R). Because pu(t) = 0
for t < 0, we conclude p € L?(R,).
Next, from (13) and Lemmas 7 and 8,

L[ |fn)]
o) < 5- | o
+oo
sm/ FnVI+ 2 dr

C’M

<
< 27rC s I fllwze,) < 0o’

2
Choosing M = LCO,

*
Example. We now present a concrete illustration of the control construction proposed above.
Recall that, according to the integral condition (7), f(t) represents the prescribed trajectory of
the weighted average temperature

we obtain |u(t)| <1 for every f € W(M). This completes the proof. [J

1
| owyuteds =0, 1=,
0
where p € U is a given weight function. In this example, we consider the desired trajectory

0, <0,
ft) =
Motze_t, t>0,

where My > 0 is a constant to be determined. It is straightforward to verify that f(0) = 0 and
f € W(M) for an appropriate choice of M.
Recall that the kernel of the Volterra integral equation (11) is given by

2 o Ay
A _Ukj Ok.i = #
;; T ltaky

Since o > 0 and Ay ; > 0, it follows that 0 < o, ; < 1 for all k, j. For the purpose of this illustrative
example, we retain only the leading term of the series, namely

K(t) ~ Al,le_al’lt,

where A;; > 0 and 0 < 01,1 < 1. This simplification is introduced solely to demonstrate the
construction explicitly and is not used in the proof of Theorem 2.
Under this approximation, the Volterra integral equation (11) reduces to

¢
A171/ eigl’l(tfs)/,t(s) ds = Mpt?e™, t>0.
0

Applying the Laplace transform and using the convolution theorem, we obtain

i(p) = Mo p¥ous
A (p+ 1)

Taking the inverse Laplace transform yields the explicit control function

M
u(t) = 20 et [zt — (1 - o11)t?
Aiq
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JIOKAJIZIBI EMEC HIEKAPAJIBIK HNTAPTHI BAP BIP OJIITEM/II
IICEBAOOITAPABOJIABIK TEH/EY YIIIIH BACKAPY MOCEJIECI TYPAJIBI

Anxgarna

Byn xymbicra Bumanze-Camapcekuil Tumingeri JOKaJapl eMec IMeKapaJjblK, mapThl 6ap Oip esmem/i
rceBronapaboIaIblK, TeHIey YIMH backapy Mmoceseci 3eprresieni. bakbuiay GyHKIUSACH TEHIEY/IH OH
JKarblHAa TApaTBLIFAH KO3 TYPiHAe Kipeai, MakcaT KyileHi HOMAiK OacTamkbl KyiaeH 6ackKapy apKbLIbI
CaJIMaKTaJIFaH OPTAIa TEMIIEPATYPAHBIH OepiJireH TpaeKTopus OOMBIHINA €3repyiH KAMTaMaChI3 €Ty OOJIBIIT
TabbLIa bl TeH ey KbLTY ©TKI3TIMTIKTEr 2Ka/Ibl HeMece TYTKBIP CEPIMJILIIK 9cepsiepiH eCKepeTiH YITiHIITi
perTi apaJiac TyBbIHBI MYIIIeH] KAMTHUIBI, OV ocipece moJimMepJiep, OO0 USIIBIK, YIITajIap KoHe Ty HipImKTi
MaTepUAIAP CHAKTHI IMKi KYPBUIBIMBI 0ap Marepuagap yuriH MaHb3abl. CHeKTPIIiK KIKTey KoHe
o6umopToroHa bl Oas3mc KemeriMeH ecem Oipimmii TekTi Boabreppa mMHTErpasiIblK TeHAEYiHe KeaTipimesi.
Byt uaTerpasiiblk TeH ey IiH sIPOCHIHBIH, OH XKoHe y3iticci3 ekeniri gosesgenred. Caamak QyHKIASCHIHA
JKoHe 6aCKAPYIbIH KEHICTIKTIK TapaJiyblHa Colikec O0JIKaMIapia HOPMAaCh! KETKLIIKTI a3 60JIaThIH KaXKeTTi
TPAEKTOPUSIAP KJACHI VINH PYKCAT €TLITeH OacKapyIblH Oap ekeHmiri mosesenreH. VHTerpasiabik
TeHJIey/i Ienty koHe backapy dyHKIUAChIHA Oaratay aay yimnH Jlanaac TypiaeHaipy 9/1ici KOIIaHbLIa bl
Hormxkenep moxkaaabl emec IMeKapaJblK, IAapT HEH KaJabl MMapaMeTpiHiH OackapbLly KabireTime ocepim
CaHJIbIK TYP/Ie CUIIATTAM/IbI.

Tyiiin ce3aep: ncesonapabOIbIK TEHIEY, IIEKAPAJIBIK ecell, BosbTeppa HHTerpaJsIiblK, TeH/IEYi, PyKcaT
eTisreH 6acKkapy, XKiHiIlKe e3€eK.
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O 3AJTAYE VIIPABJIEHN A AJId OJHOMEPHOI'O
IICEBAOITAPABOJIMYECKOI'O YPABHEHU A
C HEJIOKAJIbBHBIM I'PAHWUYHBIM YCJIOBUEM

AnHOoTanusa

B macrosimmeit cratbe wmccieqyercsi 3ajada yIpaBJeHHUS IS OJHOMEDHOTO IICEBIONapabOoInIecKoro
YPaBHEHUSI C HEJIOKAJbHBIM IPDAHUYHBIM ycjoBueM Tuna buranze-Camapckoro. YmupaBistomast Oy KIS
BXO/IUT B MPABYIO YaCTh YPABHEHUsI B BUJIE€ PACIIPEEIEHHOTO UCTOYHUKA, U II€JIb COCTOUT B TOM, YTOOBI
[IEPEBECTH CUCTEMY M3 HYJIEBOI'O HAYAJIHHOIO COCTOSHHS TaK, UTOOBI CPEJHEB3BEIIEHHAS TeMIePaTypa
cjleJloBaJia 3aJIaHHOW TPAEeKTOpUU.  YPaBHEHUE CONEPKUT WiIEH TPEThbero IOpsIKa CO CMEIIaHHOM
[IPOM3BO/IHOM, KOTOPBIN yUUTHIBAET (P@EKThI NaMATH WU BS3KOYIPYIOCTH B TEIJIONPOBOIHOCTH, YTO
OCODEHHO BAXKHO JIjIsi MaTEpPUAJIOB C BHYTPEHHEH CTPYKTYpO#l, TAKMX KaK IOJUMEDPBI, OHOJOIHIECKUe
TKAHU U TPaHy/JIupOBaHHbIE cpeibl. C MOMOIIBIO CIIEKTPAIBHOTO PA3JIOKEHNsT M OMOPTOTOHAJILHOTO Oasmca
3a/1a9a CBOJUTCH K HMHTErPAJHLHOMY ypaBHeHHIO Bosbreppa mepsoro poma. Jlokaszamo, 9TO s1pO 3TOrO
WHTErPajJbHOTO yPABHEHUS IIOJIOKUTEJbHO U HENPEPBIBHO. IIpM COOTBETCTBYIOMUX IPEIIOIOKEHUSIX
0 BeCOBOW (OYHKIWH ¥ IIPOCTPAHCTBEHHOM PACIIPEJICICHUN YIIPABICHUAS JIOKA3AHO CYIECTBOBAHME
JIOIIYCTUMOTO YIIPABJIEHUs JIJIsT KJIACCA KEJAEMbIX TPACKTOPHUil € JOCTATOYHO MaJjiol HOpMO#. [lns
peIlleHNsT WHTErPAJbHOIO YPaBHEHUS U IIOJIyYeHUsl OIEHOK YIPABJSIONEH (OYHKIUN HUCIOJIb3YeTCs
Merof, npeobpaszoBanus Jlammaca. Pe3yapraTbl KOIMYECTBEHHO XapaKTEPU3YIOT BIIMSHUAE HEJIOKAJIHHOTO
TPAHUYHOIO YCJIOBUA U ITapaMeTpa ITaMATH Ha YIPaBJIAeMOCTb CUCTEMBL.

KuroueBbie ciioBa: 1ceBIomnapabonydecKoe ypaBHEHUEe, KpaeBasl 3a/lada, NHTerPaIbHOE ypaBHEHUE
Boabreppa, monyctuMoe yrpasiaeHue, TOHKAH CTEPXKEHD.
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