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ON SOME NONLOCAL PROBLEMS FOR THE POISSON EQUATION

Abstract

The paper studies the existence of solutions to a nonlocal boundary value problem for the Poisson equation in the
unit ball. The boundary condition is nonlocal and relates the value of the unknown function to its normal derivative
at diametrically opposite points on the unit sphere. A necessary and sufficient solvability condition is derived in the
form of an orthogonality relation for the prescribed right-hand side and the boundary function. Uniqueness of the
solution is proved up to an additive constant. An integral representation of the solution is derived using a specially
constructed Green’s function for the nonlocal problem, which is expressed through the Green’s functions of related
auxiliary local boundary value problems. In addition, the corresponding spectral problem is investigated. For its
analysis, two auxiliary spectral problems with Neumann and Robin boundary conditions are introduced, and their
eigenvalues and eigenfunctions are described in detail. It is demonstrated that this approach yields a complete
orthonormal set of eigenfunctions for the original nonlocal problem, which forms a basis in L2 {{1).
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Introduction

In the modern theory of differential equations, nonlocal boundary value problems occupy an
important place. According to the definition given in the monograph by A.M. Nakhushev, a boundary
value problem is called nonlocal if the boundary condition relates the values of the sought solution
and its derivatives at boundary points to the values of the solution (or its derivatives) either at interior
points of the domain or at other points of the boundary [1].

A seminal contribution that sparked broad interest in this field is the paper by A.V. Bitsadze and
A.A. Samarskii, which considered an elliptic problem with a condition relating the values of the
unknown function on part of the boundary to its values along an interior curve [2].

A notable subclass of nonlocal problems consists of those involving an involutive transformation
of the argument (the so-called Carleman shift). In this setting, the values of the function at a point *are
related to the values at the point a(x), where  is an involution, i.e., G(G(x}} = x. The solvability of
elliptic equations subject to such nonlocal conditions has been investigated by many authors [3—11].
Specifically, A.N. Zarubin studied a boundary value problem for the Laplace equation where the
boundary condition incorporates an involutive shift [8].

In recent years, the authors of the present paper have obtained a number of results on boundary
value problems for the Laplace and Poisson equations with boundary operators involving involutive
transformations. Specifically, an extension of the Robin problem for the Laplace equation was
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examined and integral representations of solutions were derived [11]. These methods were further
developed for the Poisson equation: solvability was established for a new class of nonlocal Dirichlet-
type problems, a Green’s function was constructed, and spectral properties were investigated [10].

Reference [12] investigates the properties and applications of the differential-difference operator
defined below in the class of entire functions

d 2 1
A FE@) =) + “; (

flz) — f(—z})
- .

The authors refer to it as the Dunkl operator, which is a particular case of the broader class of
Dunkl operators introduced in [13].

The present paper continues the research conducted, but significantly expands and generalizes
the previously obtained results [10, 11].

The main difference and novelty of this study are as follows. A generalization of the Robin problem
was studied exclusively for the homogeneous Laplace equation, and the solution to the problem
was constructed using a function of the Poisson integral type [11]. Although the inhomogeneous
Poisson equation was considered, the boundary conditions were of the Dirichlet type, meaning they
related only the values of the function itself at various points on the boundary, without involving its
derivatives [10]. Using the Green's function of the classical Dirichlet problem, the Green's function
for the problem under consideration was constructed there; additionally, the spectral problem was
studied, and the completeness of the system of eigenfunctions was proved.

In contrast to the aforementioned works, in the present paper for the Poisson equation, we
investigate a problem with a nonlocal boundary condition specified using a Dunkl-type operator. To
solve this problem, a new approach is proposed in this work: the Green's function is constructed by
expressing it through the known Green's functions of two auxiliary local problems — Neumann and
Robin. Furthermore, unlike in [11], this paper provides a complete analysis of the corresponding
spectrfil oroblem and strictly proves that the found system of eigenfunctions forms a basis in the
space “z

We now proceed to the precise formulation of the problems considered below.

Let Q be the unit ball in R*,n = 2 and @1 be the unit sphere. For a smooth function u(x) we
introduce the Dunkl-type operator:

D, [u] (x) = ﬂuaix} +; u(x) —zu(—xj]J

where ¢ = 0 and r = |x|.

In the domain {1, we formulate the following problems:

Problem 1. Determine a function u(x) belonging to the class (1) n C1({1) such that
rD_[u](x) € C(Q1) and it satisfies the following conditions:

—AMu(x) = f(x), (1)
D [ul(x)lan = g(x), 2)
where the functions f(x) and g(x) — are prescribed.
Problem 2. Determine a non-zero function u{x) = 0 belonging to the class C*(02) n C1(1)
such that »D_[u](x) € C({1) and a number 4 € T, subject to the following conditions:

—Au(x) = Au(x), 3)

D, [u](x)5q = O “)
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Materials and methods

Investigation of Problem 1.

First, we present the uniqueness theorem for the solution to Problem 1.

Theorem 2.1. If Problem 1 is solvable, the solution is unique modulo an additive constant.
Proof. Let the function u(x) be a solution to the uniform Problem 1. Since

Al
D u(®)|50 = rDu(x)|zn = r 22 + £

- lu(x) —u(- D],

consequently, the function u(x) satisfies the following boundary value problem.

Aulx) =0,x € ﬂ,rad'x}

[u(x} —u({—x)] =0,x € an. 35
Let us represent the function u(x) ip the form #(*) = u™(x) +u ~() where

ut (x) = S [u(x) + u(-x0] u” (%) = [ulx) — u(-=)]. (6)

1 1

By virtue of the conditions of problem (5), the functions u* (x) and u~(x) are solutions of the
following problems:

AF(x)=0,x €0 ou” 'x}

=0,x € 80, (7)

Au~ (;as]l—ﬂl;aﬂfi'i,ﬂ"l (=) 4

+cu"(x)=0x € a0. (8)

It is a classical result that problem (7) admits a solution is u*(x) = € = const, and for ¢ = 0,
problem (8) has only the trivial solution u™ (x) = 0.

Consequently, u(x) = u¥(x) + u~(x) = C = const, that is, the solution to the homogeneous
Problem 1 is the constant function. The theorem is proved.

Let G, (x,v) and Gg(x,¥) denote the Green’s functions of problems (7) and (8), respectively.
The following claim is Vahd

Theorem 2.2. Let f(x) € C5(1) and g(x) € C5*1(@N),0 < & < 1. Thus, a necessary and
sufficient condition for the solvability of Problem 1 is that the following condition holds

.lrﬂ f(}}d} + jﬂﬂ g(}} ds‘y = ﬂ (9)

Provided that a solution exists, it is determined uniquely modulo an additive constant and admits
the representation

u(x) = [, G.(x,¥)(xy)f0)dy + [, G (x,5)(x,¥)g(¥)dS, + C, (10)
where € = const, G, (x, ) is the Green's function of Problem 1, which is defined by the equality
1
G, y) =3 [Gyy (x,5) + Gy (x, —¥) + Gg(x,¥7) — Gg(x, =]

Proof. Assume that u(x) solves Rroblem 1 Writing u(x) a5 in the form (6), we obtain the
following problems for the functions ¥ (*) and ¥~ (¥

dut Ix}

—AMut(x) =T END =g (x), (11)

L ”3'+cu ()lagn = g7 (): (12)

—Auw(x)=Ff{x),x X
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where

FEE) =31F(0) £ F(-0)] g2 () =3[9 (x) + g(—x)].

Clearly, if f(x) € (1) and g(x) E C S+1(30),0 < 8 < 1, then the functions f=(x) and have
the same smoothness. For these data, problem (12) admits a unique solution, which exists and is

given by:
u”(x) = [, Ge(x.3)f~Ody + [, Gr(x,3) g9~ (»)dS,, (13)

By applying the change of variables, we obtain that (13) takes the form
W) = [ (62007 — Gale I F )y +
n

+ jﬂﬂ [GR (x, }'1} - GR{XJ —y}]g(y}dSy. (14)

Next, we examine the Neumann problem (11). Observe that the following identities hold for the
functions f(x)and g(x) (see, for example, [14]):

Jo Fl=x)dx = [, flx)dx, [, g(—x)dS, = [;, g(x)as,.
Then, if condition (9) is satisfied, the following equality also holds:
Jq F7Ody + [, g7 ()dS, = 0. (15)

And this equality provides a necessary and sufficient for the Neumann problem (11) to be
solvable. If condition (15) holds, then problem (11) admits a solution, which is unique up to an
additive constant, and can be written as follows:

ut () = [y Gy 00dy + [ Gy (6,397 (01)dS, + C. (16)

Analogously to integral (13), after an appropriate change of variables, expression (16) can be
represented as:

ut(x) = [ [Gy(x,3) + Gy (x,—WIf () dy +
+ [5q 16y (6,30 £ + Gy (x, —)]g(y)ds, + C. (17)

Next, we prove that if the functions u™ (x)and u~ (x) are solutions to problem (11) and (12), then
the function u(x) = u* (x) + u~(x) fulfills all the requirements of Problem 1. In fact, by applying
the operator —p to the function u(x) = u™(x) + u~ (x) for all x € 0, we obtain:

—Au(x) = (—Au™(x) + (A" (@) = FRE) + £ ) = f(x).

We proceed to verify the boundary condition (2). Due to the symmetrv of the Green's functions
G, (x,y)and G,(x,y), we obtain the following identities for u¥ (x)and 1~ (x)

ut(—x) =ut(x),u (—x) = —u"(x).

Then, by applying the operator D to the function u(x) = u™(x) + u~ (x) for points x € 80, we
have:
du(x) N c
o Ty —u(l| =

n

D ou(x)gn=rDu(x)ljq=r
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B du’ (x) du” (x} . + _
=y . +7r > [u () +u(x)—u"(—x)—u" (—x}] =
=T%f“aﬂ+’“a§;“}+m =60 +57 0 =96

Finally, from formulas (14) and (17), we deduce:

u(x) = uF(x) +u (x) =

= L [Gy (2, ¥) + Gy (x, —If (W) dy + j [Gy (x, ¥) + Gy (x, —y) g ()dS, + C +

an

+ | 16a(03) = 6o -F 02y + [ [6a(59) = GaCo =3l 0)ls, =
= [, G.(x,y)f )y + [, G.(x,3)g(y)dS, + C.
The theorem is proved.
Results and discussion
Investigation of Problem 2.
In order to analyze Problem 2, we begin bv considering the auxiliary problems below.

Problem S1. Find a non-zero function v(x) # 0 belonging to the class €2(2) n €*(f1) and a
number i € T, satisfying the following conditions

—Av(x) = pr(x), (18)
dulx) — 0.
or lan (19)

Problem S2. Find a non-zero function w{x) # 0 belonging to the class ¢2(f1) rn ¢1({1) and a
number ¢ € T, satisfying the conditions given below:

—Aw(x) = ow(x), (20)

22+ cw () laq = 0. (1)

Let vy 1 (x) and wg (%) be the complete systems of eigenfunctinn< for problem (18)—(19) and
(20)—(21), respectively. We denote the corresponding eigenvalues by #wx and Tg .

Let us introduce the functions

Vi (%) = vy () vy o (x%), v, (x) = v (%) + g, (x%).
It is obvious that the functions v k(x} and v k(x} satisfy the conditions:

v (6%) = 2o, (0, vE, (%) = tugp (),

Lemma 1. For the system of functions {‘L*-., () Uy e (x}}k  the following statements hold:
1. the functions v (%) satisfy the conditions of problem (18)—(19);

2. the system fvi, k(x} Vy k(x}}kEN is complete in L, (12);

3. the functions ‘r:’q, x(x) satisfy the boundary conditions of Problem 2.
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Proof. Note that the functions vy 5 (x)or ¥ z () may turn out to be zero, but not simultaneously.
It is obvious that the functions tﬁ}k (x) satisfy the conditions of the Neumann problem (18)—(19), and
if they are non-zero, then they are eigenfunctions.

Suppose that g(x) € L,(f2) is orthogonal to all functions of the system {11% k(X}}kEN. Then

0= (v00) = | uTWx = | [iya® £, GOgCOax =
= fﬂ vy (®)[g(x) £ g(x*)]dx, k EN.

Since the system {v (x}}k':m is complete in L, (f2), then §(x) = g(x*) = 0 foralmostall x € £,

i
KEN
L,(). Since the function ¥y x (x) satisfies condition (19) and the equality vy , (—x) = vy  (x), then

Hence, g{(x) = 0 for almost all x € 0, which proves the completeness of the system {‘f«ﬁk (x)} n

Ao 2]
. _ + _ Al er. + - —
D, vy (%) |E'ﬂ = ’"Dsff'ﬁmk(xﬂaﬂ =r——+ E[tﬁmfﬂ - w.-,k(—x}”an =0

This completes the proof of the lemma.
The next statement is established by the same argument.

Lemma 2. For the system of functions {W;{k (x),wg . (x) }kEN the following statements hold:
1. the functions wi, (x) satisfy the conditions of problem (20)—~(21);

2. the system {wz.?,k (x), wg . (x) }k < 18 complete in L, (Q);

3. the functions wg 4 (x) satisfy the boundary conditions of Problem 2.

Next, let us consider the system

{T”ﬂ"-.!:,k (.‘X.']IJ wR_,m(x} }k,mEN_ (22)

The following statement holds.

Lemma 3. The system of functions (22) is complete in L, ({2).

Proof. We decompose the space L,(f1) into a direct sum of two subspaces: the space L3 ()
of functions possessing the symmetry property u{—x) = u(x) and the space L3(2) of functions
possessing the symmetry property u{—x} = —u(x). By virtue of Lemma 1, the system {11.,1,{ (x}}kEN
is complete in L} (), and by Lemma 2, the system {wi ,,, {X}}kEN is complete in L3(1)). Consequently,
the system (22) is complete in L, (£2). Therefore, Problem 2 has no eigenfunctions of any other form.
The lemma is proved.

Next, we present the main theorem concerning Problem 2.

Theorem 3.1. The elements of system (22) are eigenfunctions of Problem 2 and form an
orthonormal basis of the space L, ({1}

Conclusion

The paper examines two nonlocal formulations for the Poisson equation in the unit ball, where
the boundary conditions couple the value of the solution with its normal derivative at diametrically
opposite points on the sphere. For the first, inhomogeneous problem, a solvability criterion is derived
in the form of an integral relation on the prescribed data, which is equivalent in essence to the
classical Neumann compatibility condition. It is shown that, whenever this requirement is satisfied, a
solution exists and is uniquely determined up to an additive constant; moreover, an explicit integral
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formula is obtained via a Green-type function constructed using the Green’s functions of auxiliary
Neumann and Robin problems.

The second problem is of spectral type. By introducing auxiliary eigenvalue problems and
decomposing the solution into symmetric and antisymmetric components, an eigenfunction system
satisfying the nonlocal boundary conditions is constructed. It is proved that this system is complete
and forms an orthonormal basis in L ,{£2); hence, the problem possesses no eigenfunctions other than
those obtained. As a result, a comprehensive description of the spectral properties of the considered
nonlocal Poisson problem is achieved. Our findings offer a framework for further analysis of nonlocal
problems arising in elliptic and parabolic equations.

Information on funding. This research has been funded by the Science Committee of the
Ministry of Science and Higher Education of the Republic of Kazakhstan (Grant No. AP32724093).
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Anjarna

Maxkamana Oipiik map immiageri [lyaccon TeHaeyiHe OalIaHBICTHI, MIEKApalbIK MIAPTHl HEJIOKad OOJaTHIH
IeKapaliblK €CeNTiH menmarimTiri Tanganansl. [lekapansik mapt Oipaik chepaHblH AHaMeTpaIbl KapaMa-Kap-
Chbl HYKTEJIep JKYNTapbiHAa Oenrici3 GpyHKIUSHBIH MOHI MEH OHBIH HOPMaJlb TYBIHJBICHI apachbIHIarbl OainaHbIC
Typinae Oepineni. EcenTiH memirimTiri Yl KaXeTTi )KoHe )KeTKUTIKTI IapT TeHISYAiH OH KaFbl MEH LIeKapabIK
(YHKIMSIAaH TYpaThIH OEpUIreH IepeKTepIiH OPTOrOHAJIBIIBIFBI apKbUTBI annbiHaAbL. lentiv Gap OonraH skarnaiiia,
OHBIH QJITUTHBTI TYpPaKTHIFa JEHiH OipMOHII eKeHi monmenmeHeni. Hemokan ecenm yImiH apHaibl KypbuiFaH [ puH
(hYHKIMSACHIH KOMIAHYy apKBUTHI MISTTIMHIH HHTETPAIBIK KOPIHICI ITBIFaphIIaIb, Oy AP0 COMKeC KOMEKII JTOKaI
IIeKapanaslK ecentepAin [puH GyHKIUIIapsl apKeUTel epHeKkTeneni. COHBIMEH KaTap, COHKEC CIIEKTPIIiK ecem Te
Kapactbipbutazbl. OHbI 3epTTey yuriH Heliman jxone PoOuH miekapasibIK mapTrapbl Oap eKi KOMeKIi CIEeKTPIiK
€Cell eHTI3LIIMN, oJlap/iblH MEHIIIKTI MOHJEpI MEH MEHINIKTI (YHKIMSUIAphl erKei-Terkeia cunarranansl. Ochl
Toci OacTanKpl HEJIOKaJ €Cell YIIiH TOJBIK OPTOHOPMaJIaHFaH MEHIIIKTI (DYHKIMsUIAp KyHeciH KypyFa MyMKIHIIK
GeperiHi %oHe OHBIH L 5 (ﬂ} KEHICTIriHAe 0a3uc TY3eTiHI KOpCeTiIe .

Tyiiin ce3nep: Ilyaccon TeHueyi, Oeitokan merTik ecenrep, [ pun ¢pyHkusace, Hefiman ecedi, Poben ece0i,
CHEKTPAJIBI €CETl, MEHIIIKTI MOHAEP MEH MEHIIIKTI QyHKIHsIIap.
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O HEKOTOPBIX HEJIOKAJIBHbIX 3AJTAYAX
A1 YPABHEHUSA TYACCOHA

AHHOTAIUA
B nmanHOi1 paboTe aHAIU3UpPYETCs Pa3peIIMMOCTh KpaeBoil 3amauu uisl ypaBHeHus [lyaccoHa B eMHHYHOM
mape ¢ HeJIOKAJIbHBIM TPaHUYHBIM YCIIOBHEM. [ paHUYHOE YCIIOBHUE 337]a€TCs B BUJIC COOTHOIICHUS MKy 3HAYCHU-
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€M HCKOMOW (DYHKIIMU M €€ HOPMaJILHOM MTPOM3BOIHOM B Mapax AMaMeTPabHO MPOTHBOMOIOKHBIX TOUCK SIMHUY-
HOH cepsl. [TomydeHo HEOOXOMMOE M JIOCTaTOYHOE YCIOBUE Pa3pelIMMOCTH, C(OPMYIMPOBAHHOE B TEPMUHAX
OPTOTOHAJILHOCTH 33JJaHHBIX JIAHHBIX — IPABOM YacTH YpaBHEHHUS W FPaHUYHON (QyHKInH. JloKazaHa eITMHCTBEH-
HOCTB PEIICHUSI C TOYHOCTHIO JI0 100aBICHNSI KOHCTAHTHI. BBIBEZICHO MHTETpaIbHOE MPEICTABICHUE PELICHHS C
WCTIONIb30BAaHUEM CIIEIIMAIBHO MOCTPOCHHON (yHKIMHU [ prHa I HENOKaIbHON 3a1auH, KOTOPasi BBIpaXkKaeTcs de-
pe3 ¢pyHkuuu [prHa COOTBETCTBYIOIIMX BCIIOMOTAaTENbHBIX JIOKAIBHBIX KPaeBbIX 3a4ad. Kpome Toro, uccnemyercs
CBsI3aHHas CIEKTpasbHas 3a7a4a. /|y ee aHanM3a BBEICHBI IBE BCIIOMOTAaTENIbHBIE CTIEKTPATIbHBIC 3a7Ja4M C TPaHUY-
HbIMH ycnoBusiMu Helimana u PoOnHa v mosipoOHO omncanbl MX COOCTBEHHBIE 3HAUSHUSI U COOCTBEHHBIE (DYHKIIHH.
[TokazaHo, 4TO JaHHBIH TTOIXOJ TTO3BOJISIET MOIYYUTH ITOJIHYIO0 OPTOHOPMHUPOBAHHYIO CHCTEMY COOCTBEHHBIX (PyHK-
LU MCXOJHOM HEOKAIBHOH 3a1a41, 00pa3yromyio 0a3uc B IPOCTPAHCTBE L, {ﬂg .

KuaroueBble ciioBa: ypasHenue [lyaccoHa, HelloKadbHbIE KpaeBble 3a1aun, GpyHkuus ['puHa, 3aiaua Helimana,
3amada PoOeHa, ciekTpasipHas 3a/1ada, COOCTBEHHBIC 3HAUYCHHS M COOCTBEHHBIE (DyHKIIHN.
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