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Abstract

The paper investigates an initial-boundary value problem of the Sturm type for the heat
equation with a piecewise-constant coefficient and a Caputo derivative of order 0 < a < 1 with
respect to time. The domain under consideration is an interval (0,1) containing a strictly internal
point of discontinuity x = X,. From a physical point of view, this problem models the process of
temperature field propagation in a thin rod of length 1. The rod is composite and consists of two
sections — (0, X,) and (x,,1), — possessing different thermophysical characteristics. At the contact
point of the two media x = X, perfect contact conditions are prescribed, implying continuity of
temperature and continuity of heat flux when passing from one medium to another. The main goal
of the work is to substantiate the solution of the posed initial-boundary value problem by the
method of separation of variables (Fourier method). Application of this method leads to the
necessity of investigating the corresponding spectral problem for an ordinary differential operator
with a discontinuous coefficient at the highest derivative.
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Introduction

The theory of fractional order differential equations has received powerful development in
recent decades, which is due to the broad possibilities of its applications in describing processes
with memory and heredity effects, as well as phenomena of anomalous diffusion in fractal media.
The fundamental bases of the theory, as well as methods for solving such equations, are detailed
in monographs and in the classical works of Gorenflo and Mainardi [1], where the connection
between fractional calculus and problems of continuum mechanics is discussed.

Questions of the well-posedness of initial-boundary value problems for the diffusion equation
with a fractional time derivative (in the Caputo or Riemann-Liouville sense) have been
investigated by many authors. In the works of Wyss [2] and Mainardi [3], fundamental solutions
were constructed and their properties studied.

For the investigation of boundary value problems in bounded domains, works devoted to
spectral methods and maximum principles are of great importance. In particular, Luchko [4]
substantiated the maximum principle for the generalized fractional diffusion equation, which is a
key factor for proving the uniqueness of solutions. The application of the method of separation of
variables for fractional order equations in bounded domains is considered in detail in the article
by Agrawal [5], and the fundamental theory of boundary value problems for such equations is
developed in the works of Pskhu [6].

On the other hand, heat conduction problems in inhomogeneous (layered) media lead to
differential equations with discontinuous coefficients. The classical formulation of such problems
with conjugation conditions (perfect contact conditions) was formulated by A.A. Samarskii [7].
The presence of discontinuities in coefficients significantly affects the spectral properties of the
corresponding differential operators. Questions of the asymptotic behavior of eigenvalues of
Sturm-Liouville operators with discontinuous coefficients were investigated in the works
of Hald [8].

A particular difficulty in such problems is the question of the basis property of the system of
eigenfunctions. It is known that for non-self-adjoint operators arising in problems with non-local
conditions or discontinuous coefficients, the system of eigenfunctions may not form a basis in the
classical sense, but may form a Riesz basis. Conditions for the basis property of systems of
eigenfunctions for problems with conjugation conditions were studied in the works of
V.A. Ilyin [9], as well as N.Y. Kapustin and E.I. Moiseev [10]. Recent results regarding the Riesz
basis property for operators with discontinuous coefficients and their application to two-phase heat
conduction problems were obtained in works [11-14].

However, despite a significant number of works in the fields of fractional calculus and
equations with discontinuous coefficients separately, problems combining both these aspects — a
fractional time derivative and discontinuous coefficients with respect to the spatial variable — have
been insufficiently studied. In particular, questions regarding the substantiation of the Fourier
method and the proof of the Riesz basis property of eigenfunctions for such "hybrid" problems
require separate consideration, to which the present work is dedicated.

This research stands out because it considers a specific boundary value problem combining
discontinuous coefficients with fractional differentiation with respect to time.

In our work, we investigate an initial-boundary value problem for the heat equation with a
piecewise-constant coefficient and a Caputo derivative of order 0 < a < 1 with respect to time.
The domain under consideration is an interval (0,1), containing a strictly internal point of
discontinuity X = X,.

From a physical point of view, this problem models the process of temperature field
propagation in a thin rod of length 1. The rod is composite and consists of two sections — (0, X,)
and (xq,1), — possessing different thermophysical characteristics.
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At the contact point of the two media x = X, perfect contact conditions are prescribed,
implying continuity of temperature and continuity of heat flux when passing from one medium to
another. These conditions are natural and follow directly from the equation and the presence of
discontinuities in the thermophysical characteristics (coefficients of thermal conductivity, density,
and heat capacity) [7].

The main goal of the work is to substantiate the solution of the posed initial-boundary value
problem by the method of separation of variables (Fourier method). Application of this method
leads to the necessity of investigating the corresponding spectral problem for an ordinary
differential operator with a discontinuous coefficient at the highest derivative.

Materials and methods

An initial-boundary value problem for the heat equation with a piecewise constant coefficient
and with a fractional time derivative is considered

ru= tPDfu(x,t) —afu (%), 0<x<X| _ 0 M
T tTEDRu(x 1) — AU (%, 1), Xp <x <1 ’
in the domain
Q=UQ, 9 ={x1):0<x<%y 0<t<T}
Q={xt):x,<x<], 0<t<T} (i=12),
with the initial condition
ux,0) =), 0<x<l, ()
and boundary conditions
a11u, (0, 1) +a;,u(0,t) =0, <t <
3
{ ayu (1, t) +au(l,t) =0, O=t=T, )
and with conjugation conditions
u(xo —0,t) =u(xy +0,t),
<t<
{klux(xo —-0,t) = k,u (%o +0,1), O<ts<T “)

Here D denotes the Caputo fractional derivative of order a € (0,1), > 0,

o 1 t f'(7)
D&f(t) = o fo o dr.

The coefficients a;j, (i,j = 1,2) are real numbers. In addition
lag; | + |a1lz(| >0, |ag | + [azz| >0,
af = $ k>0, (=12),

where K;, (ﬁ) is the thermal conductivity coeftficient, c;, (K]Tg) is the specific heat capacity, p;,

(%) is the density, a?, (m{) is the thermal diffusivity coefficient.
The @(x) a twice continuously differentiable function that satisfies the boundary conditions (3)
and conjugation conditions (4).

The solution of problem (1)-(4) is sought in the form u(x,t) = X(x) - T(t) # 0.
Substituting into equation (1) and conditions (2)-(4), and separating the variables, we obtain the
following spectral problem

—a?X"(x), 0 <x<x,
LX) = {—a%X”(x), Xg < X < 1} = AXQ0, ©)
{allX’(O) +a;,X(0) =0, ©)

a, X' (1) + a,,X(1) =0,
{ X(xg — 0) = X(x + 0), (7)

Kk, X' (xo — 0) = kX' (%, + 0).
The function T(t) is a solution to the equation

t™BDET(t) + AT(t) = 0. (8)

14



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Tom 23, Ne 3, 2026

The general solution of equation (5) has the form
{ X(x) = ¢ cos(yX) + ¢ sin(pyx), 0 < x < X, 9
X(x) = czcos(py (I —x)) + ¢y sin(p (1 — %)), X9 <x <1, ©)
where

Vi .
Hi = a_i’ (1 = 112) (10)

Substituting ¢, general solution (9) into the boundary conditions (6) and conjugation
conditions (7), we get

Ci1aip + CaH; =0,
C3azz — C4azly = 0,
€1 cos(HyXo) + € sin(pyXo) — €3 cos(p (1 — X)) — ¢4 sin(p (1 = %¢)) = 0,
—cikqpy sin(pyXo) + cokqpy cos(pyXo) — ckapp sin(py (1 —%0)) + cakapp cos(pz (1 — %)) = 0.
Taking into account formula (10), we find the characteristic determinant of the system:
Ky . Kk :
AQ) = aj1azA (a_i sin(pyXp) cos(pz (1 — %o)) + icos(ulxo) sin(pz (1 - Xo))) -
— R (Rt _ 2020 in (1,x0) sin(p (- Xo)) +
2 1
+\/?—\(a11a22k2 — a31a12Ky) coS(H1Xo) cos(p (1 - Xo)) +
+a128;5 (2K, sin(pyXe) cos(py (1 — %)) + azkq cos(pyxo) sin(u, (1 —x¢))) = 0.
(11
The roots of equation (11) will be the eigenvalues of problem (5)-(7). It is not possible to find
the eigenvalues of A, explicitly, but it is possible to construct asymptotics. It will be shown that
for A = 0, the spectral problem (5)-(7) has only a zero solution.
Next, the eigenfunctions of the spectral problem (5)-(7) are constructed. They look as follows:

_ D, (X0, Ap) D1 (%, A,), 0 <x <X,
X9 = C“{¢1(xo,>\n)¢2 (%), X <x<], (12)
where
®, (x,A,) = cos (‘{fx) — %sin (‘/ai—l" ), (13)
®,(x,4,) = cos ({f a- X)) + %sin (J: (- x)), (14)

where A, are roots of equation (11).
It is easy to show that eigenfunctions (12) satisfy equation (5), boundary conditions (6) and
conjugation conditions (7).
The following Lemma is true.
Lemma 1. Spectral problem (5)-(7) is not self-adjoint.
An adjoint problem to problem (5)-(7) has the following form:
2y
LY(x) = { ale x), 0<x< xo} ey (15)
—a5Y"(x), xo<x<1
{allY’ (0) + alZY(O) = 0' (16)
a1 Y' (D) +aY(D) =0,
{ AY(x, — 0) = 2Y(x, + 0),
ky k;
asY'(xo — 0) = a3Y'(xo + 0).
Proof. The lemma can be proved by direct calculation.

Therefore, it cannot be asserted that the eigenfunctions X, (x) form the basis in L,. It is easy
to show that they are not orthogonal.

(17
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In a similar way, one can find the eigenvalues and construct the eigenfunctions of the adjoint
problem (15)-(17). Direct calculation can show that the eigenvalues of the spectral problems (5)-
(7) and (15)-(17) coincide. The eigenfunctions of problem (15)-(17) have the form:
%CDZ X, AP (%, 1), 0 <x <X,
Y,(x) = C, k12 (18)
a—%CDl(xo,?\n)CID2 (xA,), X <x<],

where A, are roots of equation (11), functions @, (x,7,) ®,(x,A,) are determined by formulas
(13)-(14).
The following Lemma holds.

Lemma 2. The systems of eigenfunctions (12) and (18) are biorthogonal on the interval (0, 1),
so that for any numbers i and j the relation holds

(%5, Y)) = [Xi(0Y;(dx = 8,

where 8} is the Kronecker symbol.

The lemma can be proved by direct calculation, taking into account that the eigenvalues of
spectral problems (5)-(7) and (15)-(17) coincide, and the eigenfunctions (12) and (18) differ by a
constant factor.

Next, a self-adjoint problem is constructed.
Lemma 3. The following spectral problem is self-adjoint.

O e S LG 09
a;1Z'(0) +a;,Z2(0) =0,
{a21Z’(l) +a,,Z(1) = 0, (20)
I %Z(XO —0) = j—;_ZZ(xo +0), on
a1k Z' (%o — 0) = ay,/k,Z' (% + 0).

Proof. Considering the following formula
—Z"(VE) = (V®ZE - VEZ'®) - V' (®Z),
we get
f; V(x)LZ(x)dx = — fOXO V(x)a?Z" (x)dx — fxlo V(x)a3Z" (x)dx =
= a?Z(xy — 0)V'(xo — 0) — a2Z(0)V'(0) — a2Z'(xy — 0)V(x, — 0) +
+a2Z’'(0)V(0) + a3Z()V' (1) — a3Z(x, + 0)V'(xo + 0) — a2Z’(HV() +
+a3Z' (xo + 0)V(xo + 0) + [} ZGILV(x)dx.
By taking into account the boundary conditions
LIVE)LZE)dx = a5,k V' (xg — 0) 2= Z(x, — 0) — a;3/k 2 (X0 — 0) = V(xo — 0) +
0 1V K1 0 Tl 2o 1V K1 0 T, o

+ay /K, V' (%o + O);—li_ZZ(XO +0) + a3k, Z' (x0 + 0)\772_2V(xO +0) + f(: Z(x)LV(x)dx.

Further, in a similar way, one can calculate the eigenvalues of problem (19)-(21), they will be
the roots of equation (11), that is, they coincide with the eigenvalues of problems (5)-(7) and (15)-
(17).
The eigenvalues of the function are written as:
K
L6, (09 ) D1 (0 A), 0 < x < xo,
Zn() = Caq (22)
\/a_z_2 cI)1 (XOr )\n)q)z (X' )\n)' Xo <x< 1,
2

where A, are roots of equation (11).

Lemma 4. The system of eigenfunctions (22) forms an orthonormal system.
The proof follows from the general theory of self-adjoint problems. C,, can be found from the
normalization condition
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k Xo k 1 -1
Ch = (é (D%(Xo, )\n) fO CD%(X, )\n)dX + a—gCD% (XO'}\n) fxo CD%(X, }\n)dX) 2

Lemma 5. The eigenfunctions X, (x) of the spectral problem (5)-(7) defined by formula (12)
form a Riesz basis.

Proof. In the previous lemma it has been proved that the system of eigenfunctions {Z,(x)}
forms an orthonormal basis in L,(0,1). From formulas (12) and (20) it is clear that the
eigenfunctions of problems (5)-(7) and (17)-(19) are related by the following equality:

E, 0 < x <X,
Z, (%) = a(x)X, (%), where a(x) ={ 2

JK
a—z, Xo < x <1
2

AX(x) = a(x)X(x), A:L,(0,1) - L,(0,1) is a bounded operator and there exists A™, which
is also a bounded operator. From the definition of the Riesz basis it follows that the system of
eigenfunctions {X, (x)} forms a Riesz basis.

From equation (8):
t=BDYT(t) + AT(t) = 0,
we find the function
T, (D) = (ana’1+E,E(_}\nta+B),
where Ea 1488 (z) — generalized Mittag-Leffler function. It is determined by the following formula:

— Vo k — _ k-1 _FGla+B)+p+1)
E“'”grg(z) = Lo G2 Co = 1 ok = 1120 Faapyrarprny
['(z) — gamma function.

The following theorem holds.
Results and discussion

Theorem. Let (%) be a twice continuously differentiable function satisfying the conditions
a11¢0'(0) +a;,0(0) = a2, 9'(D) + az0(1) =0,
P(xo —0) = @(X0 + 0), k19" (xg — 0) = k0" (%o + 0).  (23)
Then the function
u(t) = Xt @nXa (O E (2t **F),  (24)
where the coefficients ¢, are determined by the formula

O = f, 9OV, (0dx,  (25)
is a unique solution to problem (1)-(4).
Proof. First, we prove the existence of a solution (24). Since {X,,(x)} the eigenfunctions and
A, — eigenvalues of problem (5)-(7), it is easy to verify that the function determined by formula
(22) satisfies the equation, initial condition, boundary conditions and conjugation conditions of
problem (1)-(4). The series (24) is the sum of functions

un(x,t) = @X,(OE, 68 (—2,t%*B).  (26)

Let us show that for t > € > 0 (¢ - any positive number) the series
- d%u
Z?lo=1 un(X' t)> Z?lo=1 t BDguna 21?10=1 axzn’

converges uniformly. Obviously, |@| < M;, then from formula (25) it follows that |@,| < M,. Let
us show that the series (24) converges uniformly, for this, we estimate the n-th term as follows:
sup X, ()T, (O] < My sup [Ty (O] = My sup |@uE, ,,06(~AntP)|
xEQ 0<t<T 0st<T "l
Using the known estimate [15]:
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| BB( )| |4 arg(z) =m, |z| - o, M, = const > 0 27)

we get sup |[X,(x)T,(t)| < . Since the majorizing series Y, o= 15 < , converges, the series (25)
(x,eEQ

converges uniformly on () to some function u(x, t). Now we will show the possibility of term-by-

term differentiation of series (24). To do this, it is sufficient to show the uniform convergence of

2
the series Yoo, t BD%u,, ¥ , 66:2“ then the possibility of term-by-term differentiation will be

o . 02 . :
justified. Now let's look at the series Yo 6;2“. Let us estimate the n-th term of the series.

Using the property X, (x) = A,X,(x) we obtain
[ee] 62 n [ee] )Ll'l
Zn:l 6;2 = Zn:l k_lz (Pan(X)Ea'l_,_%g(_)\ntO&B)‘ (28)

Now let us consider the integral (25). Integrating by parts we have

=f‘<p(x>Yn(x)dx—C““1 (f"“cp<x>d> (X0 An) (cos (ﬂ) e -n(ﬂ_nx))dx)+

<f @)D, (%o, Ap) <cos (‘/_ 1- X)) azi/a;_ sin <‘{3 - X))) dx> =

anl 0~ : An 1291 )\ 12 1
- St (252 o () 25 () - 00
_ C_k1<
ap

fg“’ “:/(_X) P, (X0, An) ( ‘271— cos (‘/7‘_ ) + sin (‘Ql_ )) dX)
+ CZEZ @, (X0, An) (— % <— sin <a£2" (- XO)) + %cos (‘{f a- Xo))) + ﬁ (P(D> -

B C:_i(z (f;o q\)/z) @1 (X0, An) ( 322\/51;_ cos <\/_ 1- X)) (‘/_ (- X))) )

Integrating by parts again, we obtain
=000 (2 {on (0] 2 (B 200

Cnk Xo 1
+ allcbz(xo,xn) (022, (00, A) = 297 (0) = 32 17 9 ()1 (%, A )lx) +

Cnky Xo \/ dpzpdz \/7ln
+= P1(x0, An) (——(p(ﬂ—:o)< < (l—X0)> j}\—n S<_a2 (1—X0)>>+
dzzdz
azlx/_(p(l)> -
Cnk '(%0+0) ' 1,
— 22, (xg, An) (FT222 D, (x0, A) = 220/ (D) + 22 [ 0" (0D, (%, A)dx).

Considering that A, is the root of the characteristic equation (11), and the function ¢@(x)
satisfies conditions (23), we have

Cnky "
Pn =775 D, (X0, An) foxo @" ()P (x,A,)dx —
Ilk 1 14 l n
— 2D, (x0, ) fy, @ GO (0, A)dx = 5 [ 0" (O Zp () dx, (29)

where
_ {_alﬂk ) 0 <X<X0,
_az kz, XO <X<l,
18
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Z,(x) is determined by the formula (22).
From formula (29) implies

An
lonl < K |n2|, 1= maX(_am/k—; —dp4/ kZ):
where A, = f; ¢" (x)Z,(x)dx - Fourier coefficients of functions ¢''(x) orthonormalized on a

segment [0, 1] of eigenfunctions {Z,(x)} determined by formula (22). Then, based on Lemma 3

9%uy,

0x2

and Bessel's inequality Y%, A% < ||@"||%, from formulas (27)-(29), we obtain Yoo,

M;

Yoeg m Thus, the majorizing series converges absolutely, which means that the series (28)

converges uniformly at t > £ > 0. Uniform convergence of the series Y%, t #D%u,, follows from

the equality t~PD%u,, = a’ aa --. Now we need to prove that the series (24) converges uniformly
everywhere in Q. Similarly, integrating by parts twice formula (25) we obtain Y&, |u,| =

2?10:1%- Thus, the majorizing series converges absolutely, which means that the series (24)
n

converges uniformly in Q and defines a continuous function u(x,t) in Q. Thus, we have proven
the existence of a solution to problem (1)-(4).

Now let's prove the uniqueness of the solution. Suppose there are two solutions v(x, t), w(x, t).
Then for the function w(x,t) = v(x,t) — w(x,t) we have the following problem:

t D%y = a? (Z —, in the domain Q = U Q;, (i = 1,2), (30)
w(x0)=0, 0<x<1, (3D

a1;0,(0,1) +a;,0(0,1) =0,
<t<T 2
{32100x(1:t) + aw(,t) =0, O=ts= (32)
w(xe—0,t) = w(xy,+0,t),
0w(xp—0,t) 0w (xo+0,t) (33)

ky ox =k ax )
The solution to this problem (30)-(33) can be represented as an expansion in the basis {X,(x)}

and has the form
(l)(X, t) = Z?lozl Bn (t)Xn(X)- (34)
The coefficients B, (t) are easy to find if we multiply both parts of the equality (34) by the
functions Y, (x) respectively, and integrate the resulting ratio from 0 to 1 and take into account
the biorthogonality of the sequences {X,(x)} and {Y,(x)}. Then we get
1
Ba(t) = Jy (DY, (9dx. (35)
We find the fractional derivative with t respect to equality (35), and taking into account
equation (30) we have:
tBDE(B, (1) = f; t PDfwY, (x)dx =
=C nd1 on = (‘)XXCD (XO' n)q)l (X )\n)dx +

+C azf u)XXCI) (X0, Ay) P, (%, A, dx.

Integrating by parts twice and using the boundary conditions (32), the conjugation conditions
(33), we have

11<2

tBDE(B, (D) = —C, 2 klf (% )P, (X0, A )P (x, A dx —
—C, Kal;z fxO w(X, )P (Xo, A) D, (%, A,)dx = —A, B, (D).
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Hence
By(t) = baE,, ,08(~Ant**F).
Substituting the found value B, (t) into formula (§5a), we obtain
fol w(x, )Y, (x)dx = bnEa,H%g(—)\nt“’“B). (36)

Passing to the limit in equality (36) at t — 0, which is possible due to continuity w(x,t) in Q,
we have ltir%l f(: w(x, )Y, (x)dx = 0 = B,(0), therefore b, = 0, (n = 1,2, ...).

Then from formula (34) we obtain w(x,t) =0, it follows that v(x,t) = w(x,t). The
uniqueness of the solution is proven, thus the theorem is proved.

Let's consider the following example:
fu= {t‘_BD{"u(X, t) —4u,(x,1), 0<x< 1} 0. (37)
t7BDXU(X, 1) — Uy (%, 1), 1 <x <2
in the domain
Q=U0,Q ={x1):0<x<1 0<t<T}
Q={xt):1<x<2 0<t<T}(i=12),
with the initial condition

2x—1, 0<x<1,
ux 0 =90 = {7 2 =2 (38)

and boundary conditions

u,(0,t) + 2u(0,t) = 0,
<t<
{uX(Z,t) — %u(Z,t) =0, 0<t<T, (39)
and with conjugation conditions
u(1-0,t) =u(1+0,t),
<t<
{ux(l —-0,t) = 2u (1 4+ 0,1), O<t=T (40)

It is easy to see that the function
( )_{ZX—L 0<x<1,
PEZU % 12xx<2,

satisfies conditions (23) of our theorem. Then the solution to problem (37)-(40) has the form:

U(X: t) = Z?]o=1 ©nXy (X) Eall_,_E,E(_}\ntOH—B)a
where

2 ! 1 !
Pn = fO (p(X)Yn(X)dX = chq)l(l: }\n)cbz(l')\n) - chq)z(lr }\n)q)l(lvhn)a
X —c {Cbz(l,)\n)cbl(x,ln), 0<x<1,

() =Calop, (1,0, (0 A0), 1<x<2,

20,(1,A)P,(x1,), 0<x<1,

Y,(x) =C {4
" 20, (L), (01, 1<x<2,

1
2

Co = (FO2(L A J; D200 A dx + 203(1,A,) [ B3 (x,A,)dx) 7,

®,(x,A,) = cos (@ x) - \/%_nsin <@ X),

®,(x,A,) = cos (\/}\_n(Z — X)) — ﬁsin (\/A_n(z — x)),

A, are roots of equation

Ay (2 sin\/A_ncos@+§cos\/7\_nsin@) -
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—M(%sin\/l—nsin% +3 cos\/h_ncos@) -
_ An -
—4sin \/A_n cos g — cos \/A_n sin g

Conclusion

In this work, we considered an initial-boundary value problem for a two-phase heat
conduction model on an interval (0,1) with a strictly internal interface point X = X,, Sturm-type
boundary conditions, and a Caputo fractional derivative of order 0 < a < 1 in time, multiplied by
a weight t™. The mismatch of thermophysical parameters at the point was taken into account
through ideal contact (conjugation) conditions expressing the continuity of temperature and heat
flux.

The method of separation of variables reduces the problem to a spectral boundary value
problem for a second-order differential operator with a discontinuous coefficient at the highest
derivative. We derived the corresponding characteristic equation determining the eigenvalues and
constructed explicit forms of the eigenfunctions for both the original and the adjoint spectral
problems. Since the original spectral problem is not self-adjoint, the orthogonality of the
eigenfunctions is absent. To overcome this difficulty, we constructed an auxiliary self-adjoint
problem with the same eigenvalues and proved that its eigenfunctions form an orthonormal basis
in the space L, (0,1). Establishing a bounded and boundedly invertible transformation between the
eigenfunctions of the self-adjoint and original problems, we proved that the eigenfunctions of the
original spectral problem form a Riesz basis in L, (0, 1).

Using this basis property and the explicit representation of time-dependent multipliers via the
generalized Mittag-Leffler function, we obtained the solution of the initial-boundary value
problem in the form of a Fourier-type series. We also justifiably differentiated the series term-by-
term and proved the existence and uniqueness of the solution under natural smoothness and
consistency conditions for the initial data. The results provide a rigorous justification of the Fourier
method for a diffusion model with a time-fractional operator in a composite (two-phase) medium
with discontinuous coefficients.

Possible directions for further research include extending the analysis to multilayered media
with several interfaces, to more general conjugation or boundary conditions (including nonlocal
ones), as well as to direct problems with sources and associated inverse problems on determining
unknown coefficients or interface parameters.
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YAKBIT BOUBIHIIIA BOJIIEK TYBIHABICHI BAP
AKOHE HITYPM THIITI IEKAPAJIBIK IIAPTTAPMEH BEPIJITEH
KBIITYOTKI3I'TIITIKTIH EKI ®A3AJIbI ECEIITEPI

Anjgarna
Bbyn xymbicTa yakpiT OoibiHmma 0 < o << 1 perti KamyTo TybiHAbICH Oap, O6MIKTi-TYpaKThl

ko3 unmenti Gap KpUTyoTKi3rimTik TeHaeyl ymin HItypm TunTi Gacrankpi-lIeKapaiblK ecen
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3eprreneni. KapacTelpbulbin OThIpFaH o0bIc X = X5 KaTaH ilki Y3U1iC HYKT€CIH KaMTHTBIH HHTEPBAJ

(0,1). ®usuKaNbIK TYPFBIIAH aTFan/a, OyJI €CEI Y3bIHIBIFBI JKIHIIIKE ©3€KTETi TEMIIEpaTypa OpiCiHiH
Tapajy MpoIeCciH MOAeNbACHII. O3eK Kypama xKoHe dpTYpIii KbUTvhHU3HKAIBIK cunartamanapsl 0ap
exi Gonikren — (0, x,) xoHe (g, 1) Typansr. Exi opraubIH sxaHacy X = Xy HYKTECiH/Ie Meal )KaHacy
HIapTTapbl KOWbUIAbI, SFHU Olp OpTajaH eKiHIII OpTara eTKEHJE TeMIepaTypaHblH Y3LIiCCI3IIriH
YKOHE JKBbLITYJIBIK aFbIHHBIH Y3LTicCI3irin Outaipeai. JKyMbBICTBIH HEri3I1 MakcaThl — aifHbIMAJIbLIAP 1B
axpIpary oaiciMer (Dypbe oiciMeH) KOMbUIFaH 0acTanKbI-IIEKapaJIbIK €CEITIiH MEIiMiH HEeTi3/ey.
by omicti Konmany KO3(QUIMEHTI Y3UTICTI KOFaphl PETTi ko MuddepeHINaIIbIK OepaTopra
COMKEC CIEKTPIIK €CeNTi 3ePTTey KAKETTUIITiHe OKeJIe/Ii.

Tyiiin ce3aep: KBUTYOTKI3TIIITIK TEHEY, OOIIICK TYBIHIBLIAP, Y3UTICTI KO PHUIUEHTTEp, MEHIITIKTI MOHIED,
MEHIIIKTI QYHKIISIIAp, aifHPIMATBUIAP/IBI XKBIPATy SIICI.
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ABYX®A3HBIE 3AJAYU TEIIJIONIPOBOJHOCTH
C 'PAHUYHBIMHA YCJTOBUSIMHA TUITA IITYPMA
N C APOBHOU MPOU3BOAHOMU 110 BPEMEHHU

AHHOTAUMS

B pabore nccnenyercs HauanbHO-KpaeBas 3amada tuna lltypma s ypaBHEHHS TEIIONPOBOAHOCTH C KY-
COYHO-TIOCTOSIHHBIM Kod(duimeHToM 1 npousBoaHoi Kamyrto nopsiaka 0 <0 o <2 1 mo Bpemenu. Paccmarpuba-
emast 00nacTh mpejcTaBisaeT coboit uarepsan (0, 1), comepxaiuii CTpOro BHyTPEHHIOI TOUKY PasphbiBa X = X .
C ¢dusnueckoi TOUKH 3peHUS 9Ta 3aj]a4a MOJCIUPYET NPOLECC PACHPOCTPAHEHNUS TEMTIENATYNHOTO TOJISI B TOHKOM
crepkHe AnuHbI | CTepKeHb SBISETCS COCTAaBHBIM U COCTOUT U3 JIByX YYACTKOB — (0, Kn} u {Xm 1), o6nanarommx
Pa3IMYHBIMU TEIIOPHU3UUECKUMHU XapaKTePUCTHKAMK. B Touke KOHTAaKTa JBYX Cpell X = X, 3aJaloTCs yCIOBHs
UJEIBHOIO KOHTAKTA, NOAPAa3yMEBAIOIINE HENPEPbIBHOCTh TEMIIEPATYPbl U HEIIPEPHIBHOCTH TEIIOBOIO MOTOKA
MIPU TIepexo/ie U3 OHOM cpeabl B Apyryto. OCHOBHOM IeIbI0 pabOTHI SABIseTCS 000CHOBAHUE PEIICHUS TOCTAaBICH-
HOHM HayaJIbHO-KPAeBOH 3aJja4y METO/IOM paszeseHus nepeMeHHbIX (MetonoM Dypne). [Ipumenenue storo Merona
MIPUBOANT K HEOOXOANMOCTH HCCIICIOBAHHS COOTBETCTBYIOIIEH CIIEKTPAIbHOMN 331a4H JJIsl OOBIKHOBEHHOTO A de-
PEHIMATIBHOTO OTIepaTopa ¢ Pa3phIBHEIM KOA(DGUIIMEHTOM MIPH CTapIIei IPOU3BOIHOM.

KaioueBble ci1oBa: ypaBHEHHE TEIIONPOBOIHOCTH, pa3pbiBHbIE KOIDGHUINEHTH, COOCTBEHHbIE (YHKIIHH,
COOCTBEHHBIC 3HAYCHHUS, IPOOHBIC TPOU3BOIHBIC, MCTOJT PA3ACIICHISI ICPEMCHHBIX.
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