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Abstract: Logistics in modern conditions is one ofthe most effective factors to improve the efficiency of the
economy. Like other traditional management functions, itfocuses on promising information technology,
economic and mathematical methods and models to ensure compliance o f management decisions constantly
changing internal and external business conditions. To a greater extent, this is relevantfor the theory of
organization andfunctioning of logistics systems (processes) involved in the management of materialflows
and stocks, which tend to constant growth.

Currently, due to the increase in freight traffic, an urgent problem is the development and development of
methodsfor solving routing problems, the main purpose ofwhich is to reduce the cost oftransportation and
delivery ofvarious goods to consumers «just in time».

In recent years, with the development of trade networks, the growth of the population of large cities, the
development of transport infrastructure in Kazakhstan, the development of new effective information and
computing technologies to optimize the structure ofregional transport is becoming more widespread.

Vehicle Routing Problem (VRP) is one of the most widely known questions in a class of combinatorial
optimization problems. It is concerned with the optimal design ofroutes to be used by afleet ofvehicles to
serve a set o fcustomers.

VRP is directly related to Logistics transportation problem and it is meant to be a generalization of the
Travelling Salesman Problem (TSP).

Keywords: Vehicle Routing Problem (VRP), logistics, optimization problem, Travelling Salesman Problem
(TSP), mathematicalformulation

SPTYP/1I KONIKTEP ECEBIHE WHONY

AupgaTna: Uasipri >kargaigarbl 10rMcTUKa SKOHOMMKaHbIL THIMAINITIH apTThipygbll ey TRiMai
thakTopnapbiHbil, 6ipi 6onbin Tabbinagbl. bacuapyably 6acua As3cTYpni GyHKUMANapbl cuUALTbl, 0N
nepcneKkTUBa/bIL, aunapaTThil TexHonornsnapra, SKOHOMMKaNbIL - MaTeMaTuKanbll 34icTepre >XaHe
bacuapy wewimaepiHily, 6THecTi >Kyprisyfil, TypauTbl B3repmeni ilWKi >K3He CbIpTLUbl >KargannapbiHa
CIliKeCTIriH UamMTamacbi3 €Ty MofeniHe b6arbiTTanraH. byn kBGiHece MaTepuangbily arbiHgap MeH
LopnapAbl 6acuapyra uaTbicaTblH, TypauTbl Bcy Ypaici 6ap norncTukanbiy XYiienepaiy (npouecTepaiu)
yibIMAAC T bIPbINYbl MEH YXYMbIC iCTey TeopusaicbiHa >KaTafbl.

Llasipri yaublTTa >XYK arblHbiHbIL YyAratbiHa 6ainaHblCThl Herisri MaucaTbl 3pTypni XXYKTepai
TacbiMangay >XsHe TyTbIHyWblnapra >XeTKi3y LUYHbIH «Mep3iMiHae >KeTKisy» TBMeHAeTYy 60/bin
TabblnaTbiH MapWPYTThIL MiHAETTEPAI WeLly 3AiCTepiH 33ipNey >KaHe fambl Ty B3eKTi npobnema 60/bin
caHanagpl.

Courbl >Kbingapbl cayaa >XeninepiHil, Kel, gamyblHa 6GaiinaHbICTbl, ipi Lananap XanublHbIl, BCYi >X3He
LlasaucTaHHbIL KBNiK MHGpaUypbiibiMblH BPKEHAETYre opaid, BUIpPNiK KBAIK LYypbIAbIMbIH OUTainaHabIpy
YWiH >kaua TWMAi aynapaTThil - eCenTey TeXHON0rusaapbiHbIL, Aamybl HEFYp/bIM Kel, TapanraH Ly6oblbIc
60bIN OTbIp.

KBiK LypangapblH MapLipyTTay MiHAe Ti KOMOMHATOPbIL, O TainaHablpy MiHAe T Tepi KnacbiHAa KeliHeH
TaHbIManMacenenepaiy 6ipi. Byn >XyMbiCTa KBNTEreH KIMeHT Tepre UbI3MeT KBPCeTY YLLiH KBAiKUypangaps!
napkimMeH naiganaHbliaTbiH MapLWpyTTapabl OLTaiNbl >Kobanay Typanbl >XKaH->KaluThl TangaHagsl.
KBnik Tacbimangay ecebi normcTukanbil, KBAiK NpobnemacbiMeH Tikeneidi 6aiinaHbICThl XK3HE 0N KOMMMUBOSI>KEP
MiHAe T TepiH LOpbITbIHAbINANAbI.
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MHTENNEKTYAJIbHbIE CUCTEMbI

TYUmdi cB3aep: KBnik TacbiMangay ece6i, NOrMCTUKA, ouTainaHabipy ecenTepi,
MaTemMaTUKaTbL, TY>KbIPbIM

KOMMMBOSI>XKep ecebi,

OB30P PA3/TINYHbLIX BNAOB 3AAAY MAPWPYTU3ALUWN TPAHCITIOPTA

AHHOTALMA: JIorcTuMKa B COBPEMEHHbIX YCNOBUAX ABASETCA OAHUM M3 cambiX 3(D(EKTUBHbIX (PakTOpPOB
MOBbILLEHNA 3PMPEKTUBHOCTN 3IKOHOMUKU. KakK U Jpyrme TpaguLMOHHble (YHKLWM YrpaBneHus, OHa
OpMEHTMPOBaHA Ha NepCneKTUBHbIE UH(DOPMALMOHHbIE TEXHONOMMN, 3KOHOMUKO - MaTemMaT4ecKne MeTOoLbI
n Mofenu obecneyeHnss COOTBETCTBUA yNpaBNeHYeCKUX pelleHMn NOCTOAHHO MEHSIOWMUMCS BHYTPEHHUM
W BHELUHWUM YCNOBUAM BefeHuUs 6usHeca. B 6onbluell CTeneHn 3TO OTHOCUMTCA K Teopuu opraHusauum u
(DYHKUMOHUPOBAHNS NOrUCTUYECKUX CUCTEM (NMPOLECCOB), y4acTBYKLWMX B yNpasieHUn maTepuansHbIMU
NnoTOKaMM ¥ 3anacamu, KOTOpble UMET TEeHAEHLNIO K NOCTOSAHHOMY POCTY.

B HacToOsLLee Bpems, B CBA3W C YBENNUEHUEM FPY30NOTOKOB, aKTYyabHOW Npobnemoit aenseTcs pa3padboTka
W pasBuTHUEe METOLOB PELUEHUSA MapLIPYTHbIX 3aay, OCHOBHON LENbI0 KOTOPbIX ABNAETCH CHUMKEHWE
CTOMMOCTMW TPaHCNOPTUPOBKM W JOCTaBKU Pa3NNUHbIX FPY30B NOTPEOUTENAM «TOUYHO B CPOK».

B nocnegHue rofdbl ¢ pasBUTUEM TOProBbIX CETEN, POCTOM HAaCeNeHWUs KPYNHbIX FOPOLOB, pasBUTUEM
TPaHCNOPTHON WH(PacTPYKTYpbl KasaxcTaHa, pa3BuTUeM HOBbIX 3(NMEKTUBHbIX MH(POPMALMOHHO -
BbIYMCAMTE/bHbIX TEXHONOIMIA AN ONTUMU3ALUN CTPYKTYPbl PErMOHANBHOI0 TPaHCNOPTa CTaHOBUTCS BCE
6onee pacnpocTpaHeHHbIM SB/IEHUEM.
3afava MapLupyTusaLmm TpaHcnopTHbIX cpeacTs (3MT) sBnseTCA O4HUM M3 HAUGONee LUMPOKO U3BECT HbIX
BOMPOCOB B Knacce 3ajay KOM6WHATOPHON onTuMM3aumu. Peub naeT 06 ONTUMaIbHOM NPOEKTUPOBaHUN
MapLIpyTOB, KOTOpble 6yayT WCNONb30BATHLCA NapKOM TPAHCNOPTHbLIX CPeACcTB AN 006CNy>KUBaHUSA
MHO>XeCTBa KIMEHTOB.
3MT HanpsMylo cBsi3aHa C NOrMCTUYECKON TpaHCNopTHOW Npo6remMoid, n oHa JomkHa 6bITh 0606LLeHMEM
3agaun Kommusos>Kepa (3K).

KntoueBble cnoBa: 3agauv mapLipy Tusayum TpaicnopTa (3MT), norMcTuka, onTuManbHble 3agaqu, 3afaqum

KommmBosi>Kopa (3K), MaTemaTnyeckas hopmyIMpoBKa

1 Introduction and problem description

Currently, the problems of transport in-
frastructure development, with the upgrading
of the logistics tools, intelligent software tools
and information technologies and support deci-
sion-making on transport become a priority. Un-
fortunately, the existing algorithms of automated
planning of cargo transportation do not always
meet modern requirements, or require too much
technical resources. The development of new al-
gorithms that take into account the latest achieve-
ments and trends in the development of scientific
thought can reduce the time to find solutions to
large-scale problems, and at the same time im-
prove the quality of the solutions obtained by
developing a new search architecture. The object
of research is transport and logistics processes.

Finding the best routes for vehicles is a key
task in the field of logistics. A class of such prob-
lem is called vehicle routing problem.

The vehicle routing problem (VRP) is one
of the most famous combinatorial optimization
problems and has been intensively studied due
to the many practical applications in the field of
distribution, collection, logistics, etc. [1]

The first mathematical formulation and al-
gorithm for the solution of the CVRP was pro-
posed by Dantzig and Ramser [2] in 1959 and
five years later, Clarke and Wright [1] proposed
the first heuristic for this problem. To date, many
solution methods for the CVRP have been pub-
lished. General surveys can be found in Toth and
Vigo [5] and Laporte [7]. The CVRP belongs to
the category of NP hard problems that can be ex-
actly solved only for small instances of the prob-
lem.

Much progress has been made since the
publication of the first article on the *truck
dispatching” problem by Dantzig and Ramser
(1959). Several variants of the basic problem
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have been put forward. Strong formulations have
been proposed, together with polyhedral studies
and exact decomposition algorithms. Numerous
heuristics have also been developed for vehicle
routing problems. In particular the study of this
class of problems has stimulated the emergence
and the growth of several metaheuristics whose
performance is constantly improving. [2]

There are a number of varieties of VRT with
different additional conditions, allowing to take
into account the load capacity of vehicles and
other restrictions for a more complete represen-
tation of the details of reality. VRT is a gener-
alization of the well-known travelling salesman
problem (TSP) in the case of construction of
several closed routes passing through a common
vertex, called the depot. VRT and TS belong to
the class of discrete optimization problems and
are NP-hard. There are no methods for finding
their exact solutions and checking the optimality
of approximations in polynomial time. [3]

The generalized vehicle routing problem
(GVRP) consists in finding the minimum total
cost tours of starting and ending at the depot, such
that each cluster should be visited by exactly once,
the entering and leaving nodes of each cluster is
the same and the sum of all the demands of any
tour (route) does not exceed the capacity of the
vehicle Q.[1] An illustrative scheme ofthe GVRP
and a feasible tour is shown in the next figure. The
purpose of solving various types of problems of
transport routing (Vehicle Routing Problem, VRP)
is the preparation of routes of vehicles at the low-
est cost. Main objectives: minimize the total num-
ber of vehicles involved and minimize the total
distance covered by all vehicles. [4]

In the CIS (Commonwealth of Independent
States) countries, routing problems were studied
I. 1. Melamed, I. K. Sigal, S. I. Sergeev, A. A.
Lazarev, E. M. Bronshtein, E. H., Giladi, L. F.
Gulyanitsky, D. I. Solomon, A. B. Banishev etc.

Among the recent works of the near abroad
devoted to the study of VRP problems, we note
the dissertations of M. S. Pozhidaev, S. V. Cher-
nyshev, R. V Gindullin, Pertsovsky A. K. and A.
V. Khmelev .

Different variants of classification of VRP
problems and later reviews on methods, algo-
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rithms and programs oftheir solution can be found
in articles: Berbeglia G., Cordeau J-F., Grib-
kovskaia I., Laporte G. Static pickup and deliv-
ery problems: a classification scheme and survey
/I TOP: Operations Research & Decision Theory,
Springer-Verlag, 2007., Parragh S., Doerner K.,
Hartl R. A survey on pickup and delivery prob-
lems. Part I: Transportations between customers
and depot // J. Betriebswirtschaft. , Parragh S,
Doerner K., Hartl R. A survey on pickup and de-
livery problems. Part Il: Transportations between
customers and depot // J. Betriebswirtschaft. —
2008. , Eksioglu B., Vural A.V., Reisman A. The
vehicle routing problem: A taxonomic review //
Computers & Industrial Engineering. — 2009.,
Kumar S.N., Panneerselvam R. A Survey on the
Vehicle Routing Problem and Its Variants // In-
telligent Information Management. — 2012., De
Jaegere N., Defraeyea M., Van Nieuwenhuysea
I. The Vehicle Routing Problem: State of the Art
Classification and Review // International Jour-
nal of Combinatorial Optimization Problems and
Informatics. — 2014., Prins C., Lacomme P,
Prodhon C. Order-first split-second methods for
vehicle routing problems: A review // Transpor-
tation Research Part C. — 2014. ,monographs:
Braekers K., Ramaekers K., Van Nieuwenhuyse
I. The vehicle routing problem: State of the art
classification and review // Computers & Indus-
trial Engineering. — 2015. — In Press., Gold-
en B.L., Raghavan S., Wasil E.A. The Vehicle
Routing Problem: Latest Advances and New
Challenges, Springer Science & Business Media,
2008 and on the website http://neo.lcc.uma.es/
vrp/bibliography-on-vrp/.[10]

2. The classical vehicle routing problem

The Classical Vehicle Routing Problem
(VRP) is one of the most popular problems in
combinatorial optimization, and its study has
given rise to several exact and heuristic solution
techniques of general applicability. It generaliz-
es the Traveling Salesman Problem (TSP) and is
therefore NP-hard. [2]

The VRP is often defined under capacity
and route length restrictions. When only capacity
constraints are present the problem is denoted as
CVRP. Most exact algorithms have been devel-


http://neo.lcc.uma.es/

MHTENNEKTYAJ/IbHbIE CNCTEMDbI

oped with capacity constraints in mind but sever-
al apply mutatis mutandis to distance constrained
problems. In contrast, most heuristics explicitly
consider both types of constraint. [2]

There are no methods for finding their exact
solutions and checking the optimality of approxi-
mations in polynomial time. We know the exact
algorithm for solving VRT based on the method of
branches and boundaries, but due to the excessively
rapid growth of computing time it can not be used
for problems with more than 25-30 vertices.

One of the first approximate algorithms for
the solution of VRT was proposed in 1964 (G.
Clarke and J. W. Wright). In the 1970-ies and
1980-ies, the investigations were continued and
the results amounted to € Vili group of so-called
classical algorithms (J. .B. Bramel, N. Christo-
fides, B. .E. Gillett, J. Renaud, etal.). These algo-
rithms laid down the basic types of approaches to
the approximate solution of VRT.[4] Read more
about the algorithms can be found in the thesis
Pojidaev M.S.

2.1 Mathematical formulation ofthe CVRP

The classical Vehicle Routing Problem can
be represented as a graph: G = (N,A), where:

N - is the set of vertices that correspond to
the set of clients (customers) and are denoted by
1, 2, .., n, and vertices 0 and n + 1 correspond to
the initial depot (depot) from which all cars start
and finish their route;

A - is a set of arcs connecting the corre-
sponding vertices of the graph (the correspond-
ing clients), if i is one client, and j is the other,
then the arc connecting them is (i,j) eA.

Denote C as the set ofclients |C| = n. Each cus-
tomer is characterized by a certain demand di, i e C.

Each arc corresponds to the time tj -travel
time from customer i, i eC to customerj,j eC,
this time includes customer service time iand cj
- the cost ofthe carjourney from i toj.

The upper index k will be the corresponding
vehicle (where Vis the number ofidentical vehi-
cles with carrying capacity Q).

Variables X k take values {0, 1}, 1 means
that the car moves from vertex ito vertexj, 0 is
the opposite. Based on the above notations, the
mathematical formulation of the VRP the follow-

ing, we need to minimize the objective function

(1), under constraints (2) - (7).

f=Z Z &b

kev (i,j)eA
= V,ec. (2)
kev jeN
£<t,Ex5<«, e (3)
iec jeN
= (4)

jeN

=0,VftGC, Vk6V. (5)

(6)

jeN

xfj E {013, e AVKEV. (7)

The target function (1) determines the price
of all routes of all vehicles (total price of the
transport plan). Restriction (2) assumes that each
customer is serviced by only one vehicle and
only once. The restriction (3) determines that the
vehicle cannot serve more customers than its ca-
pacity allows. The restriction (4) means that each
car leaves the depot once. Constraint (5) shows
that the vehicle may leave the vertex h if and
only ifhe arrived at this top. Similar to restriction
(4), restriction (6) means that all vehicles are re-
turned to the depot once. This restriction follows
from restrictions (4) and (5).

The classical VRP is extended to others
by add additional restrictions. For example, we
get the objective vehicle routing with time limit
(problem of the track of the ship with the time
window, the vrptw), if add the following restric-
tions. Every customer must be serviced in a cer-
tain period oftime, the so-called “time window”

(time window), denoted by [dt, bj], i eC.

<4 < S*< h:,VtEN,VKEV, (S)
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The restriction (9) means that if the vehicle
is moving from vertex i toj, the time of arrival
of the vehicle inj cannot be less than the sum of
the time of arrival ofthe vehicle at point i and the
time of movement of the vehicle from point i to
pointj.

£ 4 (4 +u -SJK)<Q V() GNVKGK.(©9
jew
- the arrival time of the vehicle at a cer-

tain vertex in the graph. The departure time from
the depot for all vehicles is 0.

Table 1 - Different restrictions lead to different types of VRP [8]

Abbreviation
CVRP

VRP
Capacitated VRP

Description
Routing with load capacity limitation (classical), each vehicle
has limited and load capacity.

VRPTW VRP with Time Windows Time-limited routing, each customer must be served in a
specific «time window».

MDVRP Multiple Depot VRP Routing with multiple depots, multiple depots are used to
serve customers.

VRPPD VRP with Pick-Ups and Delivering Routing with immediate returns of goods, customers can
return some goods to the depot.

VRPB VRP with Backhauls Routing with the return of goods after full delivery, similar to
the previous one, butthe return begins only after the delivery
of all goods from the depot.

SDVRP Split Delivery VRP Routing with division ofthe order into several machines, each
client can be served simultaneously by several machines.

PVRP Periodic VRP Periodic routing, delivery can be carried out within a few
days.

SVRP Stochastic VRP Routing with random data, some components of the task
(number and client requests, path length) may have random
behavior.

VRPSF VRP with Satellite Facilities Routing with the possibility of reloading, it is possible to
reload the car on the route.

HVRP Heterogenous VRP Routing with different transport

FSMVRP Fleet Size and Mix VRP Routing with unlimited fleet size and composition

DVRP Dynamic VRP Dynamic routing

PDP Pickup-and-delivery problems Delivery from one place to another

CARP Capacitated arc routing problems Customer service on the road (on road sections)

LRP Location-routing problems Routing with the definition of locations (warehouse, etc.))

IRP Inventory routing problems Goods distribution tasks

PVRP DCVRP MTVRP MDVRP OVRP
SDVRP CVRP VRPMPD
VRPB VRPPD
VRPTW S y
CCVRP VRPSPD
s |
VRPBTW VRPPDTW
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Fig. 1- The basicproblems ofthe CVRP class and their interconnections
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Fig. 1 sums up relations between classes of
the CVRP and forms the classification of its sub-

types. [9]

Conclusion and Future work

Based on this research, we will develop
models and methods for different kinds of rout-
ing problem. Models and algorithms in transport
logistics processes of heterogeneous cargoes. In

order to effectively manage the processes of han-
dling and transportation of heterogeneous goods
in the internal zones of trunk hubs, public and
private transport companies must optimize long-
term, tactical and operational solutions, using
modern methods of operations research, combi-
natorial optimization and automated information
and analytical decision support systems.
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