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ACOUSTIC PROBLEM USING LAPLACE TRANSFORM
AND DIFFERENTIAL EVOLUTION METHOD

Abstract

This paper addresses the solution of the inverse coefficient problem for the wave equation aimed at reconstructing
the spatial distribution of the speed of sound in an inhomogeneous medium. The Laplace transform is applied to
solve the direct problem, eliminating time dependence and reducing the problem to ordinary differential equations
in the frequency domain, which significantly decreases computational costs. The inverse problem is formulated as
an optimization task: minimizing the residual functional between calculated and measured acoustic pressure values
using the stochastic global optimization method, Differential Evolution. Numerical experiments were conducted on
a multilayer medium model (sand, soil, rock, water, air) using synthetic data with added random noise. An adaptive
combined reconstruction method is proposed to reduce errors at medium boundaries. The results demonstrate
high accuracy: the relative error of the sound speed profile reconstruction was approximately from 2.5 to 4.3%,
confirming the approach's effectiveness for acoustic diagnostics and tomography applications.

Keywords: Inverse problem, acoustic pressure, speed of sound, Laplace transform, differential evolution,
inhomogeneous medium, optimization.
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Introduction

Mathematical modeling is a cornerstone in analyzing complex physical processes where direct
observation is constrained or impossible. Among the various classes of mathematical problems,
inverse problems hold a distinct significance. Unlike direct problems, where the system's output
is determined from known parameters, inverse problems aim to reconstruct the unknown internal
characteristics of a medium, such as the speed of sound, density, or source parameters, based on
observed data [1, 2]. This class of problems is fundamental to acoustic tomography, geophysical
exploration, and non-destructive testing [3, 4]. The solution of inverse problems is inherently
ill-posed in the sense of Hadamard, meaning that minor perturbations in the measured data can
lead to significant errors in the reconstructed parameters [5]. Consequently, the development of
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stable numerical algorithms and regularization techniques remains a priority in computational
mathematics. Significant contributions to the theory of ill-posed and inverse problems have been
made by the global scientific community, including the fundamental works of A.N. Tikhonov and
M.M. Lavrentiev. In Kazakhstan, the theory of inverse problems has been extensively developed
by the scientific school of S.I. Kabanikhin and his colleagues. For instance, Kabanikhin et al. in [6]
and [7] investigated optimization methods for hyperbolic inverse problems, providing a theoretical
basis for gradient-based reconstruction. Furthermore, Bektemesov et al. [8] and Iskakov [9] proposed
efficient numerical algorithms for solving coefficient inverse problems in layered media, which are
highly relevant to geophysical applications.

Traditionally, wave propagation problems are solved using grid-based methods such as Finite
Difference (FDM) or Finite Element Methods (FEM) in the time domain [10, 11]. However, these
approaches often incur high computational costs and suffer from numerical dispersion, especially in
high-frequency regimes and multiscale domains [12]. As noted by El Mogayd et al. [13], data-driven
hybrid modeling can mitigate some of these issues, yet the demand for computationally efficient
analytical or quasi-analytical methods persists.

To address the limitations of time-domain solvers, various transformations have been proposed.
The Laplace transform is particularly effective as it eliminates the time variable, reducing the
hyperbolic partial differential equation to a parameter-dependent ordinary differential equation [14].
Keyantuo [15] demonstrated the applicability of the ascent method for abstract wave equations using
the Laplace transform. Recent studies have expanded this approach to more complex scenarios.
For example, Li et al. [16] applied the Laplace transform to study stress wave propagation in
multi-layer media, while Owolabi et al. [17] utilized it for fractional time-diffusive models. It is
worth noting that the approach proposed in the present study is conceptually related to the work of
Meirmanov et al. [18], who considered an inverse coefficient problem for seismic wave propagation
in composite layered media and reduced the governing equations to the frequency domain via the
Fourier transform. The key distinction of the present work lies in the use of the Laplace transform
instead of the Fourier transform: the Laplace transform allows for the incorporation of non-zero
initial conditions in a more natural manner and yields a closed-form analytical solution directly in the
complex frequency domain, which is then used to construct the objective function for the Differential
Evolution optimization. In contrast, the approach of [18] operates in the Fourier frequency domain
and employs the Nelder-Mead algorithm for the minimization of the data misfit functional.

In the context of reconstruction, optimization algorithms play a crucial role. While gradient-based
methods are powerful, they are often susceptible to local minima. Consequently, stochastic global
optimization methods have gained traction. The Differential Evolution (DE) algorithm, discussed
by Wojciechowski et al. [19] and Reda et al. [20], offers robustness against noisy data and does not
require gradient information. Meanwhile, the integration of machine learning into inverse problems
is becoming increasingly prominent. Qu et al. [21] and Sun et al. [22] explored deep-learning-based
tomography reconstruction, showing promising results in accelerating the inversion process.

In this paper, we propose a method that combines the analytical advantages of the Laplace
transform with the robustness of the Differential Evolution algorithm. We focus on reconstructing
the sound speed profile in a one-dimensional enclosed medium. This work builds upon our previous
research [23], extending the analysis to more complex stratified environments. By transforming the
wave equation into the frequency domain, we derive an analytical solution for the direct problem,
which is then used to construct an objective function for the inverse problem.

The scientific novelty of the present work is threefold. First, unlike prior studies that apply
the Fourier transform to reduce the wave equation to the frequency domain, the present approach
employs the Laplace transform, which accommodates non-zero initial conditions naturally and
yields a closed-form analytical solution valid for arbitrary real-valued Laplace parameter s. Second,
the resulting analytical solution is used directly as the forward model inside a Differential Evolution
optimization loop — eliminating the need for a numerical PDE solver at each iteration, which reduces
computational cost by approximately two orders of magnitude compared to finite-difference-
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based inversion schemes. Third, a combined adaptive post-processing method is introduced that
dynamically selects between raw and smoothed reconstructed values at each spatial node, preserving
sharp acoustic impedance contrasts while suppressing stochastic noise in homogeneous layers. The
combination of these three elements constitutes the original contribution of this study.

Let us consider the process of acoustic wave propagation in a one-dimensional enclosed domain
x € 0:[0,L,] x [0,L,]x [0,L.] and t € [0, T,] The general three-dimensional acoustic wave
equation governing the sound pressure P(r, t) in an inhomogeneous medium with spatially varying
speed of sound c(?) is:

a°p i a’p  a*p  a#'p
— =) —=+—+— (1)
gt- dxc dy- dz©

Where: P(T,t) is the sound pressure; r=x(®i+ y(t)j + z(k — the position vector of domain
point with standard basis set, defined by the unit vectors {i J k}; € — speed of sound, the desired
coefficient for the inverse problem.

Since the medium is assumed to be homogeneous in the y and z directions and the acoustic

source varies only along x, the problem reduces to one spatial dimension. Settmg 3y i = 0 and
writing c(x) for the speed of sound profile, the governing equation becomes:
a*P(x,1t) L. . 8P 1)
2 = ¢*(x) o x € [0,1], t € [0, T, (2)
2 %2

Where P(x, t) is the acoustic pressure [Pa]; ¢(x) = 0 is the local speed of sound [m/s], which is
the unknown coefficient to be recovered by the inverse problem; L is the length of the one-dimensional
domain [m]; and T max is the total observation time [s].

The initial and conditions define the pressure distribution and its rate of change at the initial

moment and certain positions. It is assumed that the initial pressure is equal to a constant Pa, and the
initial rate of change of pressure is zero, while the boundary conditions determine the interaction of
the wave with the domain boundaries. A Dirichlet boundary condition is imposed at x = (0, modeling
a constant acoustic pressure source. An erroneous or simplified specification of boundary behavior
can lead to artificial reflections, resonance effects or energy loss not caused by the real properties of
the medium. This is especially critical in inverse modeling problems, where the slightest distortions
in the simulated acoustic field can significantly affect the accuracy of reconstructing parameters
such as the sound velocity profile. For the boundary at x = 0, we set the condition p = 1, which
corresponds to a fixed acoustic pressure on the given surface. This allows us to model the source
of the sound field, since the pressure is constant and does not depend on time. Thus, we obtain the
following:

Plt:[:. = Po»
o
Beleg =
ap
E‘J |x:]_ = ﬂ_, ne {X_. ¥, Z}_. (3)
Pl =1.

On the remaining boundaries of the computational domain, we set the Neumann boundary state
equal to the basis of what physically corresponds to an absolutely rigid boundary. This means that
the derivative pressure on the normal boundaries can be the same, i.e. the sound pressure can change,
but the normal component of the mass flow through the boundary is absent.

With given initial data (¢(x) — speed of sound and boundary conditions (provided above in
equations (2) — (3)), compute P(% t) which satisfies the given equation above and the harmonic
source sound s(x, t) = R{S(x)e™} then in the frequency domain:
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P(xt) = R{li(x, w)e ™7 &)
Solution in the Frequency Domain via Laplace Transform
To solve the forward problem and eliminate the time variable, the Laplace transform is applied:

Plx,s5) = f Plx tle™®dt, s= o+ iw, o = 0. {5)
0

Where s = @ + iw is the complex Laplace variable, ¢ = 0 is the real part (convergence
abscissa), and o is the imaginary frequency component. In numerical implementation the values of
saretakenass = ¢ + iwy, k = 1, ..., N, with ¢ fixed and @ sampled over the frequency range
of interest.

Applying this integral transform to the original wave equation, taking into account the initial
conditions, leads to an ordinary differential equation of the second order with respect to the spatial
variable x:

dzfj(x g)
s?P(x,s) — c*——— =sp,. (&)
dx?
Or, in the standard form of the inhomogeneous Helmholtz equation:
d?P(x, S:I 52
= _2p _ ke 7
— (3) = - =3 @)
The boundary conditions in the frequency domain take the following form:
1 dP
P(0,s) =-, —(L,s) =0. (8)
5 dx

The general solution to this equation is represented as the sum of the homogeneous solution and

a particular solution of the inhomogeneous part:
EX EX
P(xs) = Ace + Be e +-2. (9)
s
The constants A and B are determined by substituting the boundary conditions, resulting in a
system of algebraic equations. Solving this system yields the exact analytical expression for pressure

in the frequency domain:

(1 ) _EBEx 2elk _=x

P Pp) 8 cte ce ¢

Plos) = 2+ S . (10)
s 1+e ¢

The figure below shows a graph of the interpolated function, in the form of a surface in three-
dimensional space, due to the dependence of the function on 2 independent variables.
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Figure 1 — Surface of function P(x,s)
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Inverse Transformation and Optimization

To return to the time domain, a series expansion is used, allowing the solution to be interpreted
as a superposition of time-delayed waves. Considering the properties of the Laplace transform for
time-shifted functions, the analytical solution in the time domain is expressed using the Heaviside
step function H(t):

P t) = pg + Tig(— 1" [(1 — po)H (= ) + (1 — poH (£ — 222, (11)

To ensure numerical stability and differentiability during the optimization process, the
discontinuous Heaviside function is replaced by its smooth approximation, the sigmoid function:

HE) ¥ o(to) = (12)

The inverse problem is formulated as finding the sound speed distribution ¢(x) that minimizes
the residual functional between the calculated pressure P, ;. and the measured pressure P ...

J(©) = [T [P, (x.t, ©) — Popp (x, D]2dt - min. (13)

To minimize this functional, the Differential Evolution algorithm is employed. This stochastic
global optimization method is capable of finding the global minimum in a multidimensional parameter
space without requiring gradient calculations, which is particularly crucial for problems involving
noisy data. The spectral graph provides information about the resonance properties of the medium,
its filtration behavior and frequency sensitivity, which is especially valuable when constructing
tomographic or diagnostic algorithms.
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Figure 2 — Sound wave pressure with different frequency values (Hz),
sound pressure vs. frequency diagram

We will also plot the same waves, but in the time domain. Where we clearly see the difference
in representations in the domains.
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Figure 3 — Sound wave pressure with different frequency values (Hz),
sound pressure vs. time graph

Materials and methods

Numerical Implementation of the Inverse Solver

The core of the computational framework is the solution of the inverse coefficient problem
via stochastic global optimization. The algorithm was implemented using the Python programming
language, utilizing the scipy.optimize library.

The optimization process employs the Differential Evolution (DE) method. This algorithm was
selected due to its robustness against local minima and its ability to explore the parameter space
without requiring gradient information, which is computationally expensive for the defined objective
function.

The inverse problem is treated as a parameter estimation task where the local speed of sound €; at
each spatial node ¥; is determined by minimizing the misfit between the simulated pressure P, and
the reference data. The Differential Evolution algorithm was configured as follows. Each parameter
choice is justified below.

Search Strategy: bestlbin (mutation based on the best current vector with binary crossover).
This strategy is recommended for unimodal and moderately multimodal problems and is known
to converge faster than the rand1bin variant when a good solution exists in the current population.
For the objective function defined in (13), which is smooth in homogeneous regions, this strategy
provides an appropriate balance between exploitation and exploration.

Population Size: The default scipy.optimize.differential evolution value of 15xN_dim was used,
where N _dim = 1 is the number of parameters per spatial node (the local sound speed). This gives a
population of 15 individuals per node, which is standard for one-dimensional parameter estimation
and consistent with recommendations in the DE literature [19].

Parameter Bounds: The search space for the speed of sound was constrained to the range
[300,3500] m/s, covering the physical properties of typical environmental media (air, water, soil,
rock).

Mutation Factor (F) and Crossover Rate (CR): Default values F = 0.5 and CR= 0.7 were used
as provided by scipy. These values are widely accepted as robust defaults for engineering inverse
problems and were not tuned further, since the primary objective of this study is to validate the
Laplace-transform forward model rather than to optimize the DE hyperparameters.

Convergence Tolerance: tal = 1 x 107°. This value was selected as a compromise between
convergence speed and solution accuracy. Preliminary experiments showed that tightening the
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tolerance to 1 x 107* increased computation time by approximately 40% while reducing the final
RMSE by less than 2 m/s — a negligible improvement given the noise level of @ = 0.002 in the
synthetic data.

Polishing: A local gradient-based refinement step (scipy's L-BFGS-B) is applied after the global
DE search converges. This is standard practice [ 19] and ensures that the solution is at a local minimum
of the objective function, removing residual quantization error from the discrete DE population.

Seed: A fixed random seed=7. A fixed seed is used solely to ensure exact reproducibility of
the numerical results reported in this paper. No seed selection was performed — the choice of 7 is
arbitrary, and experiments with seeds 0, 1, 42, and 100 produced results within £0.3% of those
reported here.

Simulation Setup and Stratified Medium Model

To validate the method, a computational experiment was designed using a one-dimensional
domain of length L. = 0.1 m. The medium was modeled as a heterogeneous structure consisting of
six distinct layers with varying acoustic properties. The stratification proportions and corresponding
physical parameters were defined based on tabular values for typical materials, as presented in
Table 1.

Table 1 — Physical parameters of the stratified medium model

Segment Material Relative Width (%)  Density (kg/m3) Speed of Sound (m/s)
1 Sand 15% 1150 1000
2 Soil 35% 1600 1550
3 Rock 10% 2200 1900
4 Air 25% 1.22 343
5 Water 5% 1000 1500
6 Rock 10% 2200 1500

This complex profile, characterized by both sharp gradients (e.g., Rock-Air interface) and smooth
transitions, was chosen to test the algorithm's sensitivity and its ability to detect boundaries between
media with high contrast in acoustic impedance.

c(x)

Water

Rock

Figure 4 — Schematic arrangement of the layers

Synthetic Data Generation and Noise
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In the absence of direct experimental measurements, synthetic data were generated to serve
as the "measured" pressure field P,... (% t). The forward problem was solved using the analytical
solution derived via the Laplace transform (11) using the tabulated sound speed profile.

To simulate realistic experimental conditions, random Gaussian noise was introduced to the
calculated pressure values. The noise level was controlled by a reduction factor to test the method's
stability under uncertainty:

Pmeas(XJ t} = Pexsu:t(}‘:J t} t+ E ™ N(ﬂ: '52}- (14)

In the computational code, a noise level of 0.002 was applied. The inverse solver then utilized
this noisy dataset to reconstruct the unknown ¢(x) profile.

Post-Processing and Evaluation Metrics

The raw output of the differential evolution algorithm may contain local fluctuations due to the
stochastic nature of the method and the sensitivity to noise. To mitigate these artifacts, a moving
average smoothing filter was applied to the reconstructed profile:

Cemoothed [1] = %E;‘Ealcraw [i + J - I-W."rzj] (15)

Where W is the window size, set to W = 5 grid points for this study.

To quantitatively evaluate the accuracy of the reconstruction, two primary metrics were utilized:

1. Root Mean Square Error (RMSE): Used to assess the global deviation of the reconstructed
profile from the ground truth.

f i Z
RMSE = -.1I|"._1 E";1{':|'_'Ellr_'(}‘:ijI - Ctah(xl}} ' (16)
2. Relative Error: Used to analyze the accuracy at specific spatial coordinates, particularly
useful for identifying performance at layer interfaces.

_ lecael=)—emnlx)l 3

&= ST 100%. (17)
Additionally, a Combined Adaptive Approach was introduced. This method dynamically selects
the value between the raw calculated profile and the smoothed profile that minimizes the local
residual, thereby preserving sharp boundaries while reducing noise in homogeneous regions. The
results of smoothing are presented in Figure 5, which compares the tabular distribution, the original
calculated data and the smoothed profile. It is evident that the use of smoothing allows us to bring
the reconstructed profile closer to the expected physical structure of the medium, eliminating local

outliers while maintaining the main characteristics.

Comparison of tabular, calculated, and smoothed sound speed profiles
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Figure 5 — Tabular, calculated and smoothed velocity profiles
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After the sound velocity distribution has been restored, it becomes possible to proceed to
calculating the pressure in the entire modeling area.

Results and discussion

Dynamics of Parameter Reconstruction

The reconstruction of the sound speed profile €(x) was performed sequentially across the spatial
grid. The optimization algorithm demonstrated stable convergence properties. The selection of the
local sound speed for each coordinate point required, on average, 65.3 iterations, with a total of
3265 iterations for the entire domain. The total computational time was approximately 247 seconds,
averaging 4.94 seconds per spatial point.

Comparison of tabular, calculated, smoothed, and combined sound speed profiles

,_.
i
=]

:|'

r‘.
i
\
A
1
&

1000 R

Speed of sound cix), més

"
&
&

Figure 6 — Tabular, calculated, smoothed and combined velocity profiles

The stepwise reconstruction process revealed that the Differential Evolution algorithm
effectively identified the macro-structure of the medium. As shown in the progression of the solution,
the algorithm successfully captured the transitions between layers with distinct acoustic properties,
such as the sharp contrast between the "Rock" layer (¢ = 1900 m/s) and the "Air" layer (c = 343 m/s),
which represent the most acoustically extreme transition in the model.

Accuracy of the Reconstructed Profile

The initial reconstruction (referred to as the "Raw" profile) demonstrated a high degree of
correspondence with the tabular ground truth. The algorithm successfully reproduced the piecewise
constant structure of the medium. However, local fluctuations were observed, particularly in regions
with high gradient transitions.

Quantitative analysis of the raw profile yielded the following error metrics:

¢ Root Mean Square Error (RMSE): 56.71 m/s.

¢ Average Relative Error: 4.32 %.

These values indicate that the raw reconstruction provides a reliable approximation of the
physical medium, capturing the dominant acoustic features despite the presence of noise in the input
data.

Analysis of Smoothing and the Combined Adaptive Approach

To mitigate the numerical noise observed in the raw profile, a moving average smoothing filter
was applied. Unexpectedly, while smoothing reduced local variance in homogeneous zones, it
significantly degraded the global accuracy of the model.

The RMSE for the smoothed profile increased to 236.21 m/s, and the relative error rose to
17.96 %.

Discussion of this phenomenon reveals a critical insight: standard smoothing techniques blur the
sharp interfaces between material layers. In the modeled environment, where sound speed jumps are
abrupt (e.g., from Soil to Rock), smoothing introduces artificial gradients, leading to large errors at
the boundaries.
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Pressure distribution after 1500 iterations: Tabulated vs Combined c(x)
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Figure 7 — Tabular and combined pressure

To address this trade-off between noise reduction and boundary preservation, a Combined

Adaptive Method was evaluated. This approach locally selects the value, either from the raw or

smoothed profile, that minimizes the objective function at each point.

The combined profile achieved the best performance:

* Final Relative Error: 2.56 %.

Table 2 — Quantitative comparison of reconstruction methods
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This result confirms that the adaptive combination effectively filters numerical artifacts in stable

regions while preserving the physical sharpness of layer interfaces.

Relative Error Between Calculated and Tabulated Sound Speed Profiles
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Figure 8 — Plot of the distribution of the relative error for the calculated

and smoothed values of the speed of sound.
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Reconstruction of the Acoustic Pressure Field

The validity of the reconstructed velocity profile was further assessed by simulating the
propagation of the acoustic pressure wave P(x, t) using the recovered parameters.

A comparison between the pressure field generated by the tabular profile and the reconstructed
profile reveals a high degree of structural similarity. The wave fronts, reflection patterns, and
interference effects were correctly reproduced.

However, a phase shift phenomenon was observed in the later stages of the simulation. As the
wave propagates through multiple layers, small local errors in the velocity determination accumulate,
leading to a slight temporal divergence of the wave fronts. Physically, this manifests as the calculated
wave arriving slightly ahead or behind the reference wave.

Absolute error map |c_rest - ¢_table] by x and smoothing

200

17.5
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[
&
&

0.00 0.02 0.04 0.06 0.08 0.10
X

Figure 9 — Heat map of the distribution of absolute error
of the smoothed method.

Despite this phase drift, the amplitude characteristics and the general behavior of the pressure
field remain consistent with the reference model, confirming that the reconstructed parameters are
sufficiently accurate for practical engineering applications.

Sensitivity Analysis

Heat map analysis of the absolute error distribution indicates that the method is most sensitive in
regions with the highest impedance mismatch. The largest deviations were recorded in the coordinate
range corresponding to the transition from the high-velocity "Rock" layer to the low-velocity "Air"
layer. This suggests that while the method is robust for general profiling, additional regularization
or grid refinement may be required specifically at boundaries with extreme physical contrast. Both
curves on the figure 7 demonstrate a similar wave front structure, which indicates that the main
characteristics of the medium are correctly reproduced in both approaches. The shape of the front,
its symmetry, and characteristic pressure peaks coincide with a high degree of accuracy, especially
in the central part of the interval. Differences in amplitude and phase between the two solutions,
although present, are not critical and are within the permissible limits for engineering and applied
problems. They do not distort the overall picture of the wave process and can be compensated for by
additional processing or filtering.

To assess the robustness of the inversion framework with respect to measurement noise,
experiments were conducted at four noise levels. The Gaussian noise standard deviation ¢ was varied
from 0 to 0.010 (approximately 1% of the maximum synthetic pressure amplitude). The results are
summarized in Table 3.

The results confirm that the proposed method maintains acceptable reconstruction accuracy
(mean relative error below 6%) for noise levels up to o = 0.005, which corresponds to a signal-to-
noise ratio of approximately 46 dB. This behavior is expected for stochastic optimization methods
and may be mitigated in future work by incorporating Tikhonov regularization into the objective
function (13).
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Table 3 — Effect of noise level on reconstruction accuracy

Noise o Mean Rel. Error (%) RMSE (m/s) Notes
0 1.0 * 18 Lower bound — ideal conditions
0.001 1.8 & 28 Low noise — excellent reconstruction
0.002 (reported) 2.56 * 38 Moderate noise — used in all results
0.005 5.5 & 85 Moderate-high — still acceptable
0.010 12.3 2 190 High noise — degraded at boundaries

Areas of practical application

The combination of the Laplace transform with the global stochastic optimization method of
differential evolutionis designed to address applications where computational efficiency and robustness
to measurement noise are critical. This approach is particularly suitable for acoustic tomography of
multilayered media, such as in the diagnostics of building structures, the study of layered geological
sections, or the analysis of the acoustic properties of air-water-soil media. Eliminating the time
variable by switching to the frequency domain significantly reduces computational costs, making the
method attractive for problems with a large number of parameters or multiple inversion runs. The use
of differential evolution avoids local minima, which is especially important in the presence of noisy
data and sharp parameter jumps at layer boundaries. In practical applications, the method can be used
in acoustic diagnostics, subsurface sounding, and environmental monitoring systems, where reliable
parameter reconstruction is required without the need to calculate gradients and with limited a priori
information about the medium's structure.

Conclusion

In this study, a computational framework for solving the inverse coefficient problem of acoustics
was developed and validated. The primary objective was to reconstruct the spatial distribution of
the speed of sound, €(x), in a stratified one-dimensional medium based on time-dependent pressure
measurements.

The proposed methodology integrates the analytical advantages of the Laplace transform with
the robust optimization capabilities of the Differential Evolution algorithm. By transforming the
direct problem into the frequency domain, we derived a closed-form analytical solution, which
significantly reduced the computational overhead compared to traditional time-stepping finite
difference schemes. The transition back to the time domain was achieved using a series expansion
with a smooth approximation of the Heaviside function, ensuring the differentiability and stability of
the objective function.

Numerical experiments conducted on a six-layer heterogeneous model demonstrated the efficacy
of the approach. The following key conclusions can be drawn from the results:

Accuracy of Reconstruction: The method successfully recovered the macro-structure of the
medium, identifying layers with high acoustic contrast (e.g., Rock/Air interfaces). The initial
reconstruction yielded an average relative error of approximately 4.32 %.

Adaptive Improvement: It was found that standard smoothing techniques, while reducing noise
in homogeneous regions, introduced significant errors at sharp layer boundaries. The proposed
Combined Adaptive Method, which dynamically selects between raw and smoothed values, proved
to be superior, achieving a final relative error of 2.56 %.

Physical Consistency: The reconstructed velocity profiles were validated by simulating the
acoustic pressure field. The simulated waves exhibited correct frontal propagation and interference
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patterns, confirming that the recovered parameters accurately reflect the physical properties of the
medium.

Robustness: The use of the stochastic Differential Evolution algorithm allowed for stable
convergence even in the presence of synthetic measurement noise, avoiding local minima that often
plague gradient-based inversion methods.

The presented approach offers a balance between computational efficiency and physical accuracy,
making it a promising tool for applications in acoustic tomography, geophysical exploration, and non-
destructive testing. Future work will focus on extending this methodology to two-dimensional and
three-dimensional geometries, as well as exploring the integration of machine learning techniques to
further accelerate the inversion process in real-time diagnostic systems.
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JAILVIAC TYPJIEHAIPYI MEH IU®®EPEHIUAJIIBIK 9BOJIOLUA
O/IICIH KOJIJAHY APKbIJIbI AKYCTUKAHBIH KEPI
KOY®PUHUEHTTIK ECEBIH CAH/JBIK IHEITY

AnjiaTna

Maxkaraga OipTeKTi eMec OpTaJarbl ABIOBIC JKBUIIAMIBIFBEIHBIH KEHICTIKTIK TapalyblH KaJIbIHA KENTipyTe
OaFpITTaIFaH TONKBIHIBIK TCHIEY YIIiH Kepi K03 PHUIIMEHTTIK ecenTiH memiMi KapacThIpbuiaabl. Tikenei ecenti
menry ymiH Jlammac TypiaeHaipyl KOImaHBUIa eI, OYT yaKbITKA TOYEIAUTIKTI JKOIOFa JKOHE JKUUTIK aiiMarbIHIaFbI
KapanaiibiM anddepeHInaniblK TeHIeyIepre Kouryre MyMKIHIIK Oepesii, COUTIN ecenTey IIbIFbIHIApbIH aiTap-
JbIKTal azairanel. Kepi ecen oHTalnaHAbIpy Maceleci peTiHAe TY)KbIPhIMIAIAIbl: €CENTENreH JKOHE OJIILICHICH
AKYCTHMKaJIBIK KBICHIM MOHJIEpl apachIHIAFbl COMKECCI3IIK (YHKIMOHAIBIH a3alTy CTOXaCTHUKAJIBIK »ahaHIbIK
OHTalmanapIpy axici — muddepennmanasik »Bomonus (Differential Evolution) xemeriMen y3ere achbIpbiiajbl.
Canpik OKCTIEPUMEHTTEP KOIKa0aTThl opTa MozemiHae (KyM, TONBIPAK, Tac, Cy, aya) Ke3lelcoK Iy KOCBUIFaH
CHHTETHKAJIBIK AEPEKTEP/Ii Maiianana OTBIPHIIT myprmnm Opta 1ieKapaapbiHIaFbl KaTenepi a3amyra MYMKIHZ[IK
Oepetin OeifiMIeNTi Kypama KaJlblHa KeATipy d1ici yebibLbL. HoTmkenep Q/IICTIH JKOFapbI JAQJIJITIH KOpCeTeIi:
JIBIOBIC JKBLIIAMIBIFBIHBIH POQIIIIH KaJIblHA KEITIPYIIH CaJIbICThIpMaIIbl KaTemiri mamamen 2,5—4,3% Kypaspl,
OyJ1 TOCUIIIH aKyCTHUKAIIBIK AMArHOCTHKA )KHE TOMOTpadus ecentepi YIIiH THIMAUTITIH pacTaiabl.

Tyiiin ce3mep: kepi ecen, aKyCTHKAIBIK KbICBIM, IBIOBIC XKbUIIAMABIFEL, Jlamnac TypaeHaipyi, nuddepenimar-
JIBIK YBOJIFOIIHSA, OIpTEKTi eMec OpTa, OHTANIIaHABIPY.

122



KA3AKCTAH-BPUTAH TEXHUKAJIBIK
YHUBEPCUTETIHIH, XABAPIIBICHI Tom 23, Ne 2, 2026

*Cununa A.B.,
PhD, accuctent-npodeccop, ORCID ID 0000-0002-5828-7820,
*e-mail: a.sinitsa@kbtu.kz
TIxaii FO.A.,
maructp, nexrop, ORCID ID: 0009-0003-0772-4319,
e-mail: y.tskhay@kbtu.kz
'Ikopko A.K.
maructp, gextop, ORCID ID: 0009-0003-0402-4720,
e-mail: a.ukassova@kbtu.kz
’Kapayxk A.IL.,
PhD, nmpodeccop, ORCID ID: 0000-0002-8142-6710,
e-mail: achim.karduck@hs-furtwangen.de

'Kazaxcrancko-bpuraHnckuii TEXHUUECKUI YHUBEPCHTET, T. AnMarsl, Kazaxcran
*Yuusepcurer OyprBanrena, . @ypreanren, [epmanus

YUCJEHHOE PEINEHUE OBPATHOM KOD®®UIIMEHTHOM 3A JAYM
AKYCTHUKH C IPUMEHEHHUEM ITPEOBPA3OBAHUS JIAILITACA
N METOJA JTUPPEPEHIIUAJIBHOMU 2BOJIOLUN

AHHOTAIHUA

B nanHO# cTaThe paccMarprBaeTcs perieHrue 00paTHOH KOG PHUIIMEHTHOH 33/1a9H JJ1s1 BOTHOBOTO YPAaBHEHHS,
HaITpaBJICHHON Ha BOCCTAHOBJICHUE MPOCTPAHCTBEHHOTO PacIIpeeNICHIsI CKOPOCTH 3ByKa B HEOIHOPOTHOMU Cperie.
Jis pemreHust mpsMOM 3a/a4u MIPUMEHsETCS IpeodpazoBanne Jlamiaca, MO3BOJISIONIEE UCKITIOYATH BPEMEHHYIO
3aBHCHMOCTD U MEPEUTH K OOBIKHOBEHHBIM IH((EepeHIINaTbHBIM YPAaBHEHUSAM B YaCTOTHON 00JacTH, 4TO Cylle-
CTBEHHO CHIDKAET BBIUUCIHUTENbHBIE 3aTparhl. O0paTHas 3aa4a GOpMyIUpyeTCs Kak ONTHMHU3AIMOHHAS: MUHUMU-
3anus pyHKIMOHAIA HEBA3KH MEXKY PACCYMTAHHBIMU M M3MEPEHHBIMU 3HAYSHUSIMH aKyCTHYECKOTO JaBJICHHS OCY-
IIECTBISIETCS] C TIOMOIIBIO CTOXACTHYECKOTO METO/ia TII00AIBHOM ONTHMHU3aNH, AU GepeHIINaTIbHON IBOTIOINH.
UYucieHHBIC IKCTIEPUMEHTHI IIPOBOIMIINCH Ha MOAEIIN MHOTOCIIONHOM cpenbl (TIECOK, TPYHT, KaMeHb, BOJA, BO3IYX)
C WCTIONB30BaHUEM CHHTETUYECKHX TaHHBIX, 3aITyMJICHHBIX CIIy9aliHBIM oOpa3om. IIpeanokeH aganTHBHBIN KOM-
OMHMPOBaHHBII METO/I BOCCTAHOBJICHHS, TO3BOJISIOIINI CHU3UTH BIMSHIE OMNOOK Ha IpaHHUIax cpel. Pesynbrars
MOKa3bIBAIOT BBICOKYIO TOYHOCTh METO/IA: OTHOCUTEJBbHAS ITOTPEITHOCTh BOCCTAHOBIICHHUS TPOQMIISI CKOPOCTH 3BY-
Ka cOCTaBmIa OKoJIO OT 2,5 1o 4,3%, uto moaTBepkaact 3p(HEeKTUBHOCTD MOAXO0AA JIIs 33a7a4 aKyCTHUYECKOU JTua-
THOCTHKHU M TOMOTPaQHH.

KiaroueBrnie cioBa: 06paTHa${ 3aa4a, aKyCTU4YCCKOC NaBJICHUC, CKOPOCTh 3BYKa, npe06pa30BaH1/Ie Hannaca,
,Z[I/I(b(i)epeHHI/IaHLHaﬂ 9BOJIIOLMA, HECOAHOPOAHAA Cpea, OIITUMU3AL M.
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