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LIE POLYNOMIALS IN FREE SPECIAL TORTKEN ALGEBRAS

Abstract

This paper studies Lie elements and symmetric (Tortken) elements in a free Novikov algebra and examines
whether a nonzero multilinear element can belong to both classes simultaneously. We use the Euler operator and
the null Lagrangian criterion to test membership in the symmetric subspace for elements represented in the standard
multilinear Lie basis. For the Lie component, we employ left-normed commutators with a fixed first variable,
which form a convenient basis of the multilinear part. The case it = 3 is worked out explicitly by expanding the
commutators in the Novikov product and applying the Euler operator. For degrees n = 4,5,4,7, the corresponding
linear systems are obtained and solved computationally in Wolfram Mathematica and Albert. The computations
show that the intersection of the multilinear Lie subspace with the subspace of symmetric elements is trivial for all
1 = 7. Thus, up to degree 7 there is no nonzero multilinear element in a free Novikov algebra that is simultaneously
Lie and symmetric. These results provide a starting point for studying the problem in higher degrees.
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Introduction

An algebra 4 over a field K is called a (right) Novikov algebra if it satisfies the following two
identities:
(a,b,c) =(a,chb) (1)

a(bc) = b{ac) (2)

for all @ b, ¢ € A where (a, b,c) = (ab)c — a(bc).

The identity (1) is called the right-symmetric identity, and any algebra satisfying this identity is
called a right-symmetric algebra. The identity (2) is called the left-commutativity identity. The right-
symmetric algebras are a well known class of algebra that appear in geometry and physics [4].

Novikov algebras form an important subclass of right-symmetric algebras. They first appeared
in the study of Hamiltonian operators in the formal calculus of variations by Gel'fand and
Dorfman [3], and later in the classification of linear Poisson brackets of hydrodynamic type by
Balinskii and Novikov [2]. A standard method for constructing Novikov algebras is the Gel'tand-
Dorfman construction, which uses a differential polynomial algebra with one derivation.

Let K[x] be the polynomial algebra in one variable X over a field K, and let

d
T odx
Define a bilinear multiplication - on K[x] by

frg:=D(fg =f ()gx).f g € Klx]. 3)
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Then it is easy to check that ( K[x],- ) is a (right) Novikov algebra.
A vector space L over a field K equipped with a bilinear map
[/]:L XL =1L
is called a Lie algebra if it satisfies the following two identities:

[a, b] = —[b,a] “4)
[a, [b,c]]+ [b,[c,al]l + [c [a, b]] =0 (5)
for all @ b, ¢ € L.

Since right-symmetric algebras are Lie-admissible, Novikov algebras are also Lie-admissible.
Namely, let A be a (right) Novikov algebra with multiplication ¥¥. Define the commutator (Lie
bracket) on A by

[a,b]:=ab —ba, ab€EA (6)

Then (4, [-]) is a Lie algebra.

The Witt algebra 1] of index 1 is the Lie algebra of all derivations of K[x] over:

W, = {ud | u e K[x]}
where @ = 8/dx. Define a product on W, by
ud - vd = (vd{u))d
Then (W, ,-) is a Novikov algebra, called the Novikov-Witt algebra.
Define the symmetrized product (anticommutator) by
a e b:=ab + ba.

The space of symmetric elements is the smallest linear subspace of 4 that contains X and is closed
under the operation o. Elements of this subspace are called symmetric elements, or Tortken elements.
Dzhumadil'daev [6] proved that the anticommutator algebra of any Novikov algebra satisfies the
following identity:

(aeb)e(ced)—(aced)e(ceb)=(abc),od—(adc),eb
where
{(a,b,c),=ac(bec)—(ach)ec

A commutative algebra satisfying the identity above is called a Tortken algebra.

Later, he showed in [7] that Novikov algebras additionally satisfy an identity of degree 5:
((aca)ea)eb)eb+(((aeb)eb)ea)ea+2(((aca)eb)eb)ea
+2({(aeb)ea)ea)eb—3({{aca)eb)ea)eb—3({(ach)ea)eb)ea=0.

This identity is called the besken identity, and it is the special identity satisfied by Novikov
algebras under the anticommutator.

Recently, Dzhumadil'daev and Ismailov [9] studied Tortken elements in free Novikov algebras.
They constructed a basis for the space of Tortken elements and obtained a criterion for determining
them. In addition, the module structure of the space of Tortken elements over the symmetric group was
completely described. The criterion was given in terms of Euler operators. However, a Lie criterion
for Novikov polynomials is still an open question. This raises the essential question of whether there
exists a Lie polynomial that is Tortken. In the classical case, every homogeneous Lie element of odd
degree in a free associative algebra can be written in terms of anticommutator products of the given
variables [10]. An analogue of this fact also holds for bicommutative algebras [8].

In this paper, we investigate whether Lie elements of odd degree in a free Novikov algebra
are Tortken. We show that, in general, they are not. We verify this up to degree seven by means of
computations carried out in Wolfram Mathematica. We further conjecture that the spaces of Lie
elements and Tortken elements are disjoint in the space of Novikov polynomials. This work may be
viewed as a step toward the study of Lie elements in free Novikov algebras.

Throughout the paper, all algebras are considered over a field of characteristic zero.
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Materials and methods
Let x = (xy, ..., x,,), and let xfk} = D*(x,), where D is the total derivative. The Euler
operator [12] is the m-tuple E = (E,, ..., E,, ) with components

E Z( D)* o =1
L= - — i=1,...m
: ﬂxf‘k}

k=0 L
In [9], Dzhumadil'daev and Ismailov proved the following statement. Suppose that

f=frf 'I:xl, e s xn} is a homogeneous polynomial in Now{X} such that degx[(f} = 0 for all &. Then the
following conditions are equivalent:

(1) f is a symmetric, or Tortken, element and deg(f) > 1;

(2) f is anull Lagrangian, that is, E;(f) = 0 forall i € {1, ..,n};

(3) E;(f)=0forsomei €{1,..,n}

For example, consider %4 (£),%5(t) and D = %. Let

F = xx5 + (x)%
Since F depends only on %, x, and their derivations, the Euler operator E = (&, E, ) reduces to

ar ar
E(F)=——-D|—),i =1,
a dx!

Hence E
E(F)=x;—D(2x)) =x;— 2%, E,(F)=0-D(x) = —x5.

Since we work over a field of characteristic zero, it is enough to perform all calculations for
multilinear polynomials, that is, for the subspace in which each variable *y, ..., X,, occurs exactly
once. It is known that a multilinear basis of the free Lie algebra in degree n is given as follows [13].
To obtain canonical representatives, one often uses left-normed bracketing (all brackets associate to
the left) and fixes the first variable; namely, one takes all elements of the form

H bt ogs | - ]X}]

where @ runs over all permutations of the set {2,3, ..., n}. This gives exactly {n — 1) ! elements and
yields a standard convenient basis of the multilinear component.
In particular, forn = 3 and n = 4 we obtain the following basis elements.

[[xlsz],xa], [[xlixﬂ]ixz]'
[[[xr xz]:xa]ixa}]: [[[xl,xz]Jx4],x3], [[[xr %3], x:]J xa_t]
[[[xr xa]lx:;]ixz]i [[[xl,x‘,]Jx:]Jxﬂ], [[[lex‘}]Jxﬂ],x:] -

Now recall the basis of the free Novikov algebra in terms of differential polynomials, as well as
the basis of the space of Tortken elements in the free Novikov algebra. A. S. Dzhumadil'daev and C.
Lofwall [5] constructed the following basis.
Let M be the set of all differential monomials in *y, ..., X,, with one derivation. Then the
following holds.
Theorem 1. The set
N ={ueM|deg(u)—d(u)=1}

is a basis of the free Novikov algebra Nov ().
A basis of the space of Tortken elements in a free Novikov algebra was constructed by
Dzhumadil'daev and Ismailov [9]:
Theorem 2. The set
M:=XU{u' | u€ M, deg(u) — d(u) = 2}
is a basis of the space of Tortken elements.
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Results and discussion

The case n = 3. In this subsection, we present our calculations in degree three. More precisely,
by performing explicit calculations, we show that a nonzero Lie element of degree 3 is not Tortken.

Let ¥ be a Lie polynomial in the free Novikov algebra generated by *1: X2, X3. We express it
as a linear combination of the multilinear basis elements of the free Lie algebra, using the bases
introduced above:

¥(xy, x5, %5) = }I,l[[xl,xz], xa] + }L:[[xl,xa],x:], AL, EK
Using (6), we expand each commutator explicitly in free Novikov algebra:
[Ley, 205), 23] = (G s — 25500, %] = Gy xy — 255033 — 230y, —35%) =
(g, oy — (g g — x5 (g o0,) + a5 (, )
[[xr x3], x:] = [(ryx3 — 23730, 20,1 = Oy 33 — 23500035 — 20, (g —x3%) =
(xyxq ), — (aegag Dy, — x5 (g 20g) + 2, (g )
Next, we rewrite the above expressions using the Novikov product (3):
[[xii x5], xa] = Xy XXy — Xq X5 X3 — Xy XXy + Xy X3 = fi
[[xii x3], x:] = Xy XXy — XqXoXg — XXX + Xy X33 = f

In the next step, we apply the Euler operator with respect to only variable X5 :

E. (f,) = (—xfxq + xix5) — D(—x,x5) + D*(x,x5) = 4xixg + 2x,x7 .
E. (f,) = (—x,xf + x5x5) — D(—xxy) + D*(x,xq) = 4xlxg + 2x x.

Substituting the obtained expressions into the original ¥, we obtain:

Y(X) = A4 [[xy, 2,0, 5] + A, [[xy, 23] x5 ] = 2, (xdal + 2x,x8) + A,(4xxl + 250 %)
Y(X) =44, + A )xgxg + 22, x,x5 + 24,%5 %5

We equate the coefficients of the linearly independent monomials and solve the resulting system

of equations:
4(d, +1,) =0,
24, =0, = 1,=0,4,=0
24, =0,

The verification of the case n = 3 showed that the corresponding system has only the trivial
solution 4; = A, = 0. Therefore, in degree 3, there are no nonzero elements that are simultaneously
Lie and Tortken.

The cases n = 4,5,6, and 7. For the cases n = 4,5,6,7, the calculations become substantially
more involved. Therefore, we use code written in Wolfram Mathematica together with the software
Albert [1]. In Wolfram Mathematica, we implemented an algorithm to construct the corresponding
expressions and performed direct symbolic computations, including simplification, expansion in a
chosen basis, and verification of identities. Starting from degree 5, there appears a new Lie identity
satisfied by the commutators in every Novikov algebra, and the corresponding basis becomes more

complicated:
Z (—1° |:xt7|:1:” [xm:ﬂ" [xﬁ'::i:" [xﬂ':4::"x5]i|:|:| =0

FES[g,5.4.5)

For this reason, we use Albert to generate the multilinear basis of the space of Lie polynomials
in the free Novikov algebra in degrees 5, 6, 7, and then use it to represent elements and to control
dimensions and linear independence.

First we write a code for the Euler operator.

Listing 1. Code implementing the Euler operator £
Ej.[f_, n_Integer] := ExpandAll[Sum[(-1)" 1 Nest[Dr, D[f, Nest[Dr, x , i]], i], {i, 0, n}]]
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Before presenting the following code, we introduce the necessary definitions. We observe that
after applying the Euler operator E; (or &; in our code) to our multilinear polynomial, the resulting
expression does not contain the variable *i. Therefore, it is important to know what polynomials
span the image of E;. The set of differential monomials of total order n in the variables X, -, ¥;

T
is defined by
m m
j=1

=1
where Dr denotes the derivation D in our code, Dr®(x) = x, and for k = 1,
Dr*(x) = Dr(Dr(--- Dr(x)---)).
Ik timas
In other words, Eﬂ{xil, . xim} consists of all products of derivatives whose total number of
applications of the operator Dr equals 1.

The cardinality (the number of elements) of Bﬂ{xi , xim} is given by

g

n+m—1)

1B, (eig o 23, =
For m = 4, for example, (the variables ¥z:¥3:¥4: %5 ) we have
B, (x,,%5%,,x2:) = {Dr*(x, )Dr (x )Dr™ (x  )Dr* (x . ): @, + a5 + ay + a; = n}.
Let I[-,-] be a binary operation defined by formula (6). For n = 2, define the left-normed n-ary
expression 1" [y, ..., v, ] recursively by setting

I':z:' [_}'11.}’2] = 1[}'113’2]
Il:ﬂ} [.}';1_: van g :Fﬂ.] = '!['!I:ﬂ._i:I [-:"Y:I.J v yﬂ_i]’ yﬂ]

Then for variables ®1: &y we set

Lylxy, ..., x,]:= Z 2,12y, X000, X g3y X )]

FESn_1
where 8,4 is the set of all permutations of {2, 3, ...,nt}, and 4, are arbitrary scalars.

m—1

and forn = 3,

For instance, when n = 4, the expression L4 takes the form

Ly[xg 25,25, 2] =4, 11[1[x;, 25 ] x5 L2y ] + A, 112y, 25 ] x5 ] 2]
NI EFEAE A EN RN EREN AN
s U ERE A A N N EEA RN

After introducing the definitions above, we can present the Wolfram Mathematica code that we
used to compute the coefficients.
Listing 2. Determination of the coefficients 4, using the Euler operator.
TableForm[
First[Solve[
Map[S,Coefficient|
Collect[®1]
ExpandAll[
L,,n],B,]

Array[4[#]&, (n-1)!1]]]

For clarity, we present the full code for the case n = 4

79



HERALD OF THE KAZAKH-BRITISH
Vol. 23, No. 2, 2026 TECHNICAL UNIVERSITY

Listing 3. The case it = 4.
TableForm[First[Solve[Map[S,Coefficient[Collect[& 4 [A4 I[1[1[x1,x2],x3],x4]+45
I[1[1[x1,x3],x2],x4]+A3 1[1[1[x 1,x2],x4],x3 ] +A£ [[1[1[x1,x3],x4],x2]+45 I[1[1[x1,x4],x2],x3]
+Ag I[1[1[x1,x4],x3],x2],
6

I

{Dr[x2]Dr[x3]Dr[x4],Dr[Dr[x4]]Dr[x3]x2,Dr[Dr[x3]]Dr[x4]x2,

Dr[Dr[x4]]Dr[x2]x3,Dr[Dr[x2]]Dr[x4]x3,Dr[Dr[Dr[x4]]]x2x3,

Dr[Dr[x3]]Dr[x2]x4,Dr[Dr[x2]]Dr[x3]x4,Dr[Dr[Dr[x3]]]x2x4,

Dr[Dr[Dr[x2]]]x3x4}

I,
{Dr[x2]Dr[x3]Dr[x4],Dr[Dr[x4]]Dr[x3]x2,Dr[Dr[x3]]Dr[x4]x2,
Dr[Dr[x4]]Dr[x2]x3,Dr[Dr[x2]]Dr[x4]x3,Dr[Dr[Dr[x4]]]x2x3,
Dr[Dr[x3]]Dr[x2]x4,Dr[Dr[x2]]Dr[x3]x4,Dr[Dr[Dr[x3]]]x2x4,
Dr[Dr[Dr[x2]]]x3x4} ]],Array[ 4[#]&,6]]]]
Again, we find that the system has only the trivial solution. To continue our calculations, we need
several further facts. Using Molev's result [11], one can determine the codimensions of the space
of Lie elements in a free Novikov algebra. The dimensions of the space of Lie polynomials up to
degree 7 are
L(n) =1,1,2,6,20,71,259, ...
The explicit bases elements are obtained by Albert. The computations performed in Wolfram

Mathematica show that for n = 3,4, 5,6,7 the resulting system of linear equations has only the
trivial solution

Ay=-=2,=0.

Lie, N T, = {0} forallmn=7
where T, is the space of multilinear Tortken (symmetric elements) in free Novikov algebras.
In other words, up to degree 7 there is no nonzero element that is simultaneously a Lie element
and a Tortken element.

Consequently, ¥ = 0, that is,

Conclusion

The present work provides a partial answer to the question of the intersection of the spaces of Lie and
symmetric elements in a free Novikov algebra. We have shown that form = 7, the intersectionL,, N T,
is trivial, in contrast to the classical situation for associative algebras and to the case of bicommutative
algebras. Theseresultsmayserveasastartingpointforfurtherinvestigationoftheprobleminhigherdegrees.
Conjecture 0.3. The intersection L,, N T, is trivial for any n = 2.
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EPKIH APHAWBI TOPTKEH AJITEBPAJIAPBIHIAFBI
JIN KOIIMYIIEJIEPI

AnjiaTna

Maxkamana epkin HoBuxoB anrebpacwiamarsl JIu smemeHTTepi MEH CHMMETPISUTBIK (TepTkeH) snmeMeHTTep
3epTTeNei, COHail-aK HeJ/IeH ©3re MYIBTHIINHUIIB AIEMEHTTIH OCHI €Ki KilacKa Oip Me3riiae Tueciit 601y MyM-
KiHAIr KapacTeipbuiaibl. CTaHIAPTThl MYJIBTHIIMHUIBL JIM 0a3zucinie OeplireH 3JIeMEeHTTEepIiH CUMMETPHSIIBIK
IMIKIKEHICTIKKE THECUIIrH TeKcepy YIIiH Dijiep oneparopbl MEH HOJIJIIK JarpaHyKuaH KpUTEpUiti Konaanbliaast. JIu
Oeutiri ymiH OipiHII alfHBIMAIIBICHI OEKITUITEH COJI JKaKTaH HOpMaJaHFaH KOMMYTaTopiiap Iai aiaHbuiasl, oiaap
MYJABTHIIMHUSITBL OOJTIKTIH BIHFAWIBI 0a3UCiH KYpalapl. L = 3 KaFaalibl KoMMyTaTopiapasl HoBukoB keOeiTiHIic
apKBUIBL JKIKTEY KoHe Diliiep OnepatopblH KOJIaHy apKbUIbl allKblH TYpje Kapacteipbuiausl. .= &, 5,6, 7
JIopekerepi YIIiH cofiKec ChI3BIKTHIK Kylhenep Kypbutel, Wolfram Mathematica xone Albert 6arnapiamanapsiaga
ecenrey JkoibiMeH Imewmiieni. Ecenreyiaep Oapiblik Tt = 7 ymin MynsTwinHusubl JIM  imIKikeHicTiri MeH
CUMMETPHSIIBIK JJIEMEHTTEP 1IIKIKEHICTITIHIH KUBUIBICYbI TPUBHAJJIBI €KEHIH KopceTei. Jlemek, 7-nopexere aenin
epkin HoBukoB anredpacwinia 6ip Mesriiae api JIn aneMeHTi, opi CHMMETPHSIIBIK DJIEMEHT OOJIAThIH HOJJICH 03re
MYJIBTHIMHHSIIBI 2JIEMEHT KOK. byJ1 HoTIOKesep MaceseHi )KoFaphl Aapexenep/e 3epTreyre 0acTanKksl Heri3 Oosa bl

Tyiiin cesnep: JIlu xenmymenepi, epkin apHaiibl TopTkeH anredpanapsl, JIu snemeHtrepi, epkin HoBukos
anreOpaapbl, MyJIBTHCBI3BIKTHI JIN aeMenTTepi, Diiiep onepaTopbl, CHMMETPHUSUIBIK DIIEMEHTTED.
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INOJUHOMBI JIU B CBOBOJHbIX
CIHHEHUAJIBHBIX TOPTKEH-AJIT'EBPAX

AHHOTALUA

B manno#i pabote m3ydarorcs snemMeHTH JIn u cummetpudeckue 3neMeHTs (Tortken) B cBoOomHOI anreOpe
HosukoBa, a Tak:xe McClIelyeTcsi BOIIPOC O TOM, MOYKET JIM HEHYJIEBOW MYJIBTUIMHEUHBIN 3JIEMEHT OJIHOBPEMEHHO
NpUHAJIeKaTh 000MM Kkiaccam. sl TPOBEpKH NPUHAIICIKHOCTH CHUMMETPHUECKOMY ITOANPOCTPAHCTBY
9JIEMEHTOB, IPEACTABICHHBIX B CTAaHJAPTHOM MYyJbTHIMHEHHOM Oaszuce JIu, mcmonb3yroTcs omeparop Jitiepa
W KpUTEpHUH HyneBoro jarpamkuana. Jns dactn JIu mpuMeHSIOTCS JIeBOHOPMHPOBAaHHBIE KOMMYTAaTOphI C
(hMKCHpPOBaHHOW TIEPBOH TMEpeMEHHO, oOpasyromue ymoOHBIH 0a3uc MYNBTHIMHEHHOW KOMITOHEHTHI. Ciydaii
T = 3 paccMaTpUBAETCs ABHO MyTEM Da3JIOKEHUSI KOMMYTAaTOpOB uepe3 mpon3sBeieHne HoBukoBa u mpuMeHeHNs
omneparopa Dinepa. s creneneit it = 4, 5, 6, 7 coorBeTcTBYIOMIME TMHENHBIE CHCTEMBI CTPOSTCS M PEILAIOTCS
BhruucauTepHO B Wolfram Mathematica u Albert. BerauciieHus OKa3bIBAKOT, 4TO MEPECCUCHUE MYTRTHITHHCHHOTO
NOANpPOCTpaHcTBa JIu ¢ MOANPOCTPAHCTBOM CHMMETPHYECKHX IIEMEHTOB TPUBHAJILHO is Beex 1 = 7. Takum
o0pa3zom, 110 crerieHn 7 B cBoOoHOH anreOpe HoBrukoBa He cyliecTBYeT HEHYJICBOTO MYJIBTHIIMHEHHOTO 3JIEMEHTa,
KOTOPBIH OBT OBl OMHOBPEMEHHO ASIEeMEHTOM JIM M CHMMETPUYCCKUM JJIEMEHTOM. OTH Pe3yIbTaThl CITyKaT
OTIIPABHOM TOYKOW IS TadbHEHIIEro H3y9IeHUs JTaHHO 3a/1a4il B 00JIee BRICOKMX CTEIICHSX.

KaroueBnie ciioBa: JIneBEl IIOJIMHOMBEI, CBO6OHHLI€ CIICIaJIbHBIC anre6p1>1 TOpTKCHa, JIneBEl QJICMCHTHBI, CBO-
60,Z[HBI€ anre6pLI HOBI/IKOBa, MyHBTHHPIHGﬁHLIe JIneBEl QJICMCHTBI, OlICpaToOp 9171.]'[6]33, CUMMCTPUYCCKUC DJICMCHTBI.
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