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Abstract

The study of local and global invariants of the Rogers semilattice is an important and fundamental problem
in numbering theory and computability theory. Global invariants include properties such as an existence of a
universal numbering, the number of minimal numberings, the cardinality of the entire semilattice, and a criterion for
determining whether a semilattice is a lattice. Local invariants, in turn, describe structures, such as initial segments
or intervals within the semilattice. We say that a numbering v € Com(5) is universal if any other numbering
u € Com(5) reduces to V. The study of universal numberings is important for understanding the structure of
semilattices and their classification. In this paper, an existence of universal numberings is considered for finite
families of computably enumerable sets located at finitc Slevels of the Ershov hierarchy. The main result is that for
any two-element family of computably enumerable sets =, its Rogers semilattice, considered at the third level of the
Ershov hierarchy, has universal numberings.
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Introduction

The study of local and global invariants of the Rogers semilattice is one of the central problems
of numbering theory. Among the global invariants are an existence of a universal numbering, the
number of minimal numberings, the cardinality of the semilattice, and its lattice property. Local
invariants characterize the structure of initial segments and intervals, in particular, their finiteness or
density.

One of the important global invariants is an existence of a universal numbering. Recall that a
numbering is called universal if any other numbering in the same family can be reduced to it via a
computable function. In other words, there exists an algorithm that effectively reproduces all other
algorithms that enumerate a given family. For families of computably enumerable (c.e.) sets, an
existence of a universal numbering was established in the work of Yu. L. Ershov [1].

Algorithmic enumerations of elements of I, *-sets are monotonic: if an element is enumerated
into a set at some step of the computation, it remains in this set thereafter. Therefore, the growth of
the set being enumerated is monotonic. The same thing happens in enumerations of En-sets for any
level n; the only difference from E;*-enumerations is that suitable oracles are used. In algorithms
for enumerating I *-sets for n > 1, monotonicity is absent: initially, no number is present in the
set; at some step of the algorithm, a number may be enumerated into the set; this is the first change
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in the number’s status; later, this number may be extracted from the set; this is the second change;
then, possibly, the number is enumerated into the set again, this is the third change; and so on. Sets in
the Ershov hierarchy are classified by the number of "mind changes" of the procedures of inclusion
in the set or exclusion from the set of each of the elements of the set [2]. For all numbers in the set
from the class £, this number of mind changes is bounded by the number n. Thus, the class £
consists of computably enumerable sets, and the class £; consists of differences of computably
enumerable sets. Even the first studies of computable numberings of families of sets from the class
£, ! showed the difference between the fundamental invariants of their Rogers semilattices compared
to the Rogers semilattices of families of T * sets.

By S. Badaev and Zh. Talasbayeva, a family was constructed consisting of one computably
enumerable set and one E; *-set, related by an inclusion relation, which had a one-element Rogers
semilattice [3]. This is impossible in the classical case: the Rogers semilattice of any finite family of
%, L-sets containing at least one pair of nested sets is infinite and contains both the greatest and the
least elements. At the same time, there exists a finite family of £7-sets whose Rogers semilattice
does not have a greatest element constructed by K. Abeshev [4].

The main result of the paper is the following statement. For any two-element family of computably
enumerable sets belonging to an odd level of the Ershov hierarchy, there exists a universal numbering.

The paper consists of an introduction, preliminaries and one chapter, which provides a complete
proof of an existence of a universal numbering for the two-element family of computably enumerable
sets on the third level of the Ershov hierarchy.

Materials and methods

In this paper we will follow to the notations and terminology adopted in [1], [5]. We define the
pair (-} as a computable bijection from w?* to w that is called Cantor’s pairing function

(x+y)*+3x+y
(%,7) = .

For any x,¥ € w we can define the functions ! and ¥, such that x = {I{x),r(x)), I{{x,y)) = x
and r((x,)) = -

Let n be a non-zero natural number. The class £, * of the Ershov hierarchy contains all n-c.e. sets.
A set B C w is n-c.e. (or n-computably enumerable) if B =lim_A_ for a uniformly computable
sequence of sets A, such that A; = @, and for each x € w, there are at most n-many s satisfying
A_(x) # A_;,(x). Here we say that the function f(x,s) = A_(x) is an n-approximation of the n
-c.e. set B.

A numbering v of some family F € £ is called a Zn 1-c:omputable numbering if the set

Mx, k) xevik), k€ w)
is an-c.e. set. We say that a numbering v is reducible to a numbering # (denoted as v = p) if there is
a computable function f such that v = i @ f. We say that v and ¥ are equivalent (v = p) if v = g an
o= Cgm;l{‘s} denotes the set of £ L computable numberings of the family . For numberings ¥
and p their join (v & p) is defined as
(v @ ) (2k) = v(k) and (v B p)(2k + 1) = p(k).

The quotient structure R, 2(8) = {Com_* \z, =, is called a Rogers semilattice of the £
-computable family &.

A numbering v is called I -universal numbering if v € Com_*($) and any numbering
i € Com_*(&) is reduced to v.

Results and discussion

In this section we will consider two-element family of c.e. sets &.
Theorem 1. For any two-element family of c.e. sets & = {4, B}, the Rogers semilattice R3 (&)
has a universal numbering.
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Proof. We divide the proof into two cases:
Case 1: one of the sets is a subset of the other. Without loss of generality, we can assume that
A C B. In this case, we fix some element b € B\A and computable approximations {4.).c., and

(B-):ew for c.c. sets A and B, respectively. Moreover, in this case, we can assume that A, € B, for all
5 € w. Then we define the numbering v{(x) : =lim_V, . where

V.= {ASJ ifbég ﬂs(xl
*s —|B,, ifbem(x)

=
by (. (x)).c., we define aprroximation of a universal numbering of all 3-c.e. sets.
Lemma 2. The constructed numbering v € Comg (8.
Proof. For any ¥ € @, the sequence V, . coincides with either 4, or B, at each step. Therefore,
three options are possible:

lim_V, = A;
lim_V, = B;

the limit does not exist.

The third option is impossible, since it would imply an infinite number of changes in the status
of the element & in the set T(x), which contradicts the 3-computability of 7{x).

This means we have only two options: - v(x) = A if b € m(x) and - v(x) = B if b € m(x).
Therefore, v is the numbering of the family § = {4, B}.

Now we prove that for a fixed ¥ the limit lim_V, _ is a 3-c.e. set. Let Z be an arbitrary element.
Consider the cases.

1. z€ Aand z € B. In this case Z will not be enumerated into V, .. No mind-changes.

2. z € B\A.

a. lim_V, = A. The element b either never appears in (x) or appears at some step 55 and then
will be permanently removed on step 5. If b never appears, then V, . = A, at all steps, and £ never
appears. If b appears at step 55 and is permanently removed at step Sy, then Z may appear before 51
(if it 1s already listed in B) and will be permanently removed at step 4. In this case, there are at most
two changes.

b. lim_V, = B. There exist steps 55 < 53 < 55 such that b first enters T at step 5g, is then
removed at step S5y, and finally enters at step S;. If Z already belongs to B before 51, changes are
possible at steps 51 and 5. If Z enters B after 54, it is added once and is not removed again. In all
cases, there are no more than three changes.

z€Aandz €B,

a. lim.V, . = A. If b never occurs in w(x), then V, _ = A_, and Z appears once. If b occurs at
step Sp and is removed at step sy, then:

¢ if z enters A before o, it can be temporarily removed and then added again;

¢ if Z first enters B, it can be removed at ¥1 and then added again later. In any case, there are at
most three changes.

b. limV,, = B. Again, there are steps 55 < 5; < 5,. If Z enters A before the corresponding
switches, then, since A; € B, it is no longer removed. If Z first enters E, changes are possible at steps
Sg: 51, 52. The number of changes does not exceed three.

Since V,_, is constructed uniformly in X, 5, the numbering v is 3-computable.

Lemma 3. The numbering v is a universal numbering in Rz * (5.

Proof. Since T is universal, for every computable numbering ¢ € Comz*($) there exists a
computable function & such that

u(x) = m(g(x)).

By construction, v{g{x)) = m{g(x)) and v{g{x)) = p(x) for all x. Hence ¢ = v, and therefore

v is universal in B3 *(§). O
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Case 2. Suppose that A is not a subset of B, and vice versa. Fix elements @ € A\F and b € B\ A,

Let T, be a fixed universal computable numbering of all 3-c.e. families. For all € we will build
the numbering Ve and function f;.

Construction.

Stage 0. For all ¥ we set Voolx) = @ and folx) T.

Stage 5 + 1. Let I{s + 1) = ¥ at each step. Check is f;.s(7) 12

1. If £z is already defined, let £ -(3) = i. Then we check what stage the module for (e, ¥)
is at, and continue its execution.

2. If f;s(¥) is undefined, then we check whether stage § marks the first occurrence of one of the
markers @ or b in m_ (), that is:

* cither a € m_.(¥) and previously @ & m_.(¥) and b € w_.(¥) forall t < s,

¢ orb € m,_(y) and previously b € w_.(v) and a & m, . (¥) forall t <s.

If one of them occurs for the first time, then we fix a new index i, define f;.s+1{¥) = i and run
the module for the pair (&, ¥) with this index i.

3. If none of these events occurred, then we set v, .+1(¥) = A_,; and keep the function

fosr1OD T

Description of the module for (&, ¥) with index i.

1. Wait for a stage o such that either @ € . (¥) or b € m, (). Until such a stage appears,
keep v, () = A

2. Suppose a € m . (¥). Setv, (1) = A_ . Wait for a stage 5; > 55 such that @ & 7, ., (¥) and
bem, (¥).

3. Atstage sy, redefine

.UH,-S-_(I} = BS-_"
that is, remove all elements of A, \B,_. Then wait for a stage 5, > s, such that b & m,._(y) and

a€m,, ()
4. At stage 5, redefine

JLJE,-S':I. (l} = Aﬁ'z-'

that is, remove all elements of B, \A, , and for all steps t > 5, v, . (i) = 4,.

If at stage 5; we instead have b € m,. (¥), the construction is defined symmetrically,
interchanging the roles of @ and b, and of 4 and B.

We now analyze the possible outcomes.

1. If the construction waits forever at step (1), then neither @ nor # ever enumerates in 7, {¥).
In this case ¥, (i) = A.

2. Ifthe construction waits forever at step (2), thena € @, (y) and b € m,(y). Hence m,(¥) = A,
and v, (i) = A,

3. Ifthe construction waits forever at step (3), then b € m_(¥)anda € m_(y).Hencem,(¥) =B,
and v, (i) = B.

4. If the construction reaches step (4), then the last redefinition yields v,(i) = A. In this case
m,(y) = B, but according to the strategy the numbering 7, () will switch back to 4.

The numbering v we will define as follows: v{{e, x})) = v, (x). O

Lemma 4. The constructed numbering v € Com; *(8).

Proof. For any x € w, the sequence v, .(x) coincides with either 4, or B, at each step. Therefore,
three options are possible:

1. limsva,s-(x} = A;

2. lim_v__(x) =B,

F 5

3. the limit does not exist.
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The third option is impossible, since it would imply an infinite number of changes in the status
of the elements @ and b in the set m{x), which contradicts the 3-computability of 7{x).

This means we have only two options: - v(x) = Aifa € n(x) and - v(x) = B if b € m(x), itis
impossible to have both @ € m(x) and b € m(x) because these elements distinguishes the sets 4 and B.
Therefore, ¥ is a numbering of the family § = {4, B}.

Now we prove that for a fixed x the limit lim_v_(x) is a 3-c.e. set. Let Z be an arbitrary element.
Consider the cases.

1. z& Aand z € B. In this case z will not be enumerated into v.(x). No mind-changes.

2. z € B\A.

a. lim_v, .(x) = A. The element & either never appears in m(x) or appears at some step S
and then will be permanently removed on step 5; and the element @ can be enumerated on step 53,
removed on 54 and enumerated forever on some 5s. If b never appears, then v, {x) = A_ at all steps,

and Z never appears. If & appears at step s, and is permanently removed at step 51, then £ may
appear before 54 (if it is already listed in B), and will be permanently removed at step 5. Or it can be

enumerated after step 51, then it will not appear in V. In this case, there are at most two changes.

b. lim_v, .(x) = B. There exist steps 5g < 5y < 55 such that b first enters T at step 5g, is then
removed at step 54, and finally enters at step 52. And there exist steps 53 < 54 <0 55 such that a first
enters T at step 53, is then removed at step 52, and finally enters at step Ss. If Z already belongs to B
before 54, changes are possible at steps 5; and 55. If £ enters B after 54, it is added once and is not
removed again. In all cases, there are no more than three changes.

3. z € A\E. Same as the previous one.

4. zeAandz € B.

a. lim,v, ((x) = A. If b never occurs in m(x), then v, (x) = 4, and z appears at step 54 can
be removed on 54 and will be enumerated forever at 5z, so at most three mind-changes. If & occurs at
step 55 and is removed at step 54, then:

¢ if z enters A before 5, it can be temporarily removed and then added again;

+ if z first enters B, it can be removed at 5; and then added again later, since it’s in intersection
of sets, it will never be removed when we see z € A and z € B. In any case, there are at most three
changes.

b. lim_v, .(x) = B. If @ never occurs in m(x), then v,.(x) = B., and z appears at step 5o can
be removed on 51 and will be enumerated forever at 55, so at most three mind-changes. If @ occurs at
step §3 and is removed at step 54, then:

¢ if Z enters B before 53, it can be temporarily removed and then added again;

+ if Z first enters 4, it can be removed at 55 and then added again later, since it’s in intersection
of sets, it will never be removed when we see z € A and z € B.. In any case, there are at most three
changes.

Lemma 5. If the numbering , € Comz (&), then the function f; is total.

Proof. Let T, enumerates the family &. By construction, for each %, there exists a step s at which
either the set A or the set B corresponding to the index x appears in T,. At this point, the module
(e, x) is activated, which determines the value of f,(x).

Therefore, for any x, the value of f.(x) is determined at some finite step, meaning that the
function f; is defined everywhere. Thus, f is a total function. [

Lemma 6. If the numbering 7w, € Comz*(§), then ¥x m_(x) = v, (f, (x)).

Proof. Consider the module (&, ¥} (see module analysis). By construction, if (%) enumerates
the set 4, then the module sets the value of f,(x) in such a way that v,(f,{x)) also enumerates A.
Similarly, if T, (x) enumerates the set B, then v, (f,(x)) enumerates B.

Thus, in any case, we obtain the equality @ {x) = v (f, (x)). O

Lemma 7. The numbering v is a universal numbering in R3 ().
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Proof. Let ™, € Com3z*($). Then by Lemma 6 there exists a total function fz such that for all *
7 (x) = v (f, (x)).

Consequently, w_(x) = v{{e, £, (x)}).

Since f is a total function, v({e, f,) defines a computable reducibility of T, to V. Therefore, V is
a universal numbering in R3 *($). O

Using the same module construction and the same reduction scheme, the result generalizes to all
2n + 1levels of the Ershov hierarchy: at each odd level, a universal numbering of the corresponding
class is constructed by means of a similar parametrization and uniform reduction.

Corollary 8. For any family § = {4, B}, where 4, B are c.e. sets, R;,,(8) has a universal
numbering for every 7.

Conclusion

This paper shows an existence of a universal numberings for the Rogers semilattice of two-
element families of c.e. sets on odd levels of the Ershov hierarchy.
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EPIIOB UEPAPXUACBIHIAY DI EKI JJIEMEHTTI )KUbIHJAP
YUIPJIEPI YINIH YHUBEPCAJI HOMIPJIIEVYJIEP TYPAJIbI

Anjiarna
Pomsxepc sxapThl TOPBIHBIH JOKAJJbl JKOHE II0O0ANbl MHBAPUAHTTAPBIH 3€pPTTEY — HOMIpiey
TEOPUSICBIHAFBI MaHBI3IbI Opi iprem mocenenepid Oipi. [obannsl nHBapuaHTTapFa yHHBEpCas
HOMIpJeyaiH 00ybl, MUHUMAJIbI HOMIpIEYJIep CaHbl, OYKIJ KapThl TOPABIH KyaTTBUIBIFBI KOHE
&KapThl TOPABIH TOp OOy KpUTEpHiil CUSKTBI KacCHETTep KaTaiabl. AJl JIOKalIbl WHBAPHAHTTAp
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JKapThI TOP iMIiHAETi 0aCTaKbl CETMEHTTEP MEH apalIbIKTap TOpi3li KYPhUIBIMIAP/IbI CUTIATTANIbI.
Erep kxe3 kenreH p € Com(S) HeMipineyi v € Com(S) HeMipleyiHe Keluipiice, oHaa v Hemipieyi
yHHBepcall Oanajasl. YHUBEpCAT HOMIPIIEY/l 3€PTTEy JKapThl TOPIAPAbIH KYPBUIBIMBIH KOHE OJap-
JIBIH JKIKTENyiH TYCiHy YIIiH MaHbI3abl. Makanana EpiioB nepapXuschbIiHbIH IIEKTI ASHIeHIepine
OpHaJIaCKaH eCenTeNIMAl KUBIHAAP/bIH IIEKTI YHipiepl YIIiH yHUBepcall HeMipieyaepAiH 0oyl
KapacThIpbuTaabel. Herisri HOTHKe — ecenTemiMIl KUBIHIAPBIH Ke3 KEeNTeH €Ki AJIeMEeHTTI S yHipi
yuiH EpmioB mepapXusiChIHBIH YIIiHINI JEHTeHiHIe KapacThIpbLIaThiH Pomkepc »apThl TOPBIHIA
YHHUBEpCaI HOMIPIEYIiH 0ap eKSHIIT1 ToIeIACHEe/I.

Tyiiin ce3aep: ecenrenimii HeMipieyep, yHUBepcan HeMipieynep, Pomkepc skapTel Topsl, Epmos nepap-
XHACHI.
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Ob YHUBEPCAJIBHBIX HYMEPALIUAX NJIA ABYXJIEMEHTHBIX
CEMEWCTB B UEPAPXWM EPIIIOBA

AHHOTaNMA

Wzydenue noKambHBIX M TIOOATBHBIX MHBApUAHTOB MoiyperieTkn Pomkepca siBisieTcst BaxxHOW M (yHza-
MEHTAJILHOH 3aJa4ell B TEOPHU HyMEpallH U TEOPUU BBIYUCIUMOCTH. [I100abHble MHBAPUAHTHI BKIIIOYAIOT Ta-
KM€ CBOMCTBA, KaK CYHIECTBOBAHHE YHHBEPCAJIBHOW HyMepaluM, YUCIO MHUHHUMAJIBHBIX HyMepaluuil, MOIIHOCTb
BCEH MOITypEIIeTKH U KPUTEPUI OMPENENEeHUs TOTO, SBIAETCS JIU MONTypelIeTka pemeTkoi. JIokanbHble HHBApH-
AHTBI, B CBOIO OY€PE/lb, OMUCHIBAIOT CTPYKTYPBI, TAKME KaK Ha4aJIbHbIE CETMEHTHI WM UHTEPBAJIbI BHYTPHU IOITY-
perieTku. MBI TOBOpUM, 4TO HyMepauus v € Com(5) ABIseTcsS yHUBEPCAIBHOM, ecin JI100as Apyras HyMepauusl
1 € Com(5) cBomurcst k V. M3ydyeHne yHUBEPCAIBHBIX HYMEpAIHil BAXHO JUIs MOHUMAHHUSI CTPYKTYpPBI MOJType-
HIETOK M MX KJacCu(pUKauu. B naHHONW paboTe paccMaTpuBaeTCs CyHIECTBOBAaHHE YHHBEPCAIBHBIX HyMepanuit
JUISl KOHEYHBIX CEMENCTB BBIYMCIMMO MEPEUNCIUMBIX MHOXKECTB, PACIIOIOKEHHBIX Ha KOHEUHBIX YPOBHSX Hepap-
xun EpmoBa. OCHOBHOM pe3ynbrar 3aKII04acTCsl B TOM, YTO AJIS JIIOOOTO ceMeHCTBa BHIYMCIMMO TEPEUHCIUMBIX
MHOKECTB &, COCTOSIIIETO U3 JIByX SJIEMEHTOB, €ro ToypelieTka Poukepea, paccMarpiuBaeMast Ha TPEThEM YPOBHE
nepapxuu Epmosa, UMeeT yHUBEPCAIbHYIO HyMEPALHIO.

KuroueBble c10Ba: BBIUMCINMBIE HyMEpalliu, YyHUBEpCcaJIbHbIE HyMepaluH, nonyperierka Pomxepca, nuepap-
xust Epmiosa.
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