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Abstract

The (2+1)-dimensional generalized Benjamin-Ono equation models the propagation of small-amplitude,
long-wavelength waves on the surface of shallow water. Constructing explicit solutions of the (2+1)-dimensional
generalized Benjamin-Ono equation not only provides theoretical support for experimental investigations but
also offers a rigorous basis for addressing applied problems arising in nonlinear wave dynamics. In this work, we
investigate wave propagation governed by the (2+1)-dimensional generalized Benjamin-Ono equation in nonlinear
media, accounting for dispersive effects. To this end, the sine-cosine function method and the hyperbolic tangent
method are employed as analytical tools for deriving explicit solutions. The methods prove effective for a broad
class of nonlinear equations encountered in mathematical physics. Using these approaches, periodic-wave solutions
and solitary wave solutions are obtained, and to illustrate the obtained results, we plot 3D and 2D plots by setting
suitable values of the involved parameters.
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Introduction

Nonlinear partial differential equations describe a broad spectrum of physical phenomena. Since
nonlinear effects drive many processes in nature — from gravitational interactions to the dynamics
of fluids and plasmas, there is strong motivation to derive explicit solutions for these equations.
Explicit solutions provide reference results for validating numerical schemes, elucidating qualitative
behaviors (e.g., wave propagation, stability, and interactions), and clarifying the influence of model
parameters [1-5].

To this end, a variety of analytical techniques have been developed for deriving exact solutions
of nonlinear partial differential equations, including the Darboux transformation method, the Hirota
bilinear method, the first integral method, the Lie symmetry method, the Kudryashov method, the
sine-cosine method, and the tanh method [6-16].

Motivated by these applications, the present study investigates the (2+1)-dimensional generalized
Benjamin-Ono equation [17, 18], which is expressed as follows

U e T C1lhgy + Callye + Calty,, + q{uz}n =0, (D)
where ¢, ¢,, ¢,, and ¢, are arbitrary constants. The equation (1) was studied by Jacobi elliptic function
expansion method by the improved tanh-coth and tan-cot methods [17, 18].

Considered the wave transformation as

ulx,y,t) = ul¥), where £ = ax + by — kt. 2
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Taking the derivatives and submit into the Eq. (1) and we get the ODE as

atu™ 4+ u'"(k%ec, — e,ka + cqab) + 2a% ¢, (uu" + u'?) = 0. 3)

By taking integration of Eq. (3), we have

a*u" +ulk’c, —c,ka + cab) + a*c,u’ = 0.

4)

Material and methods

To construct new analytical solutions, we applied the sine-cosine method and the hyperbolic
tangent method. These approaches yielded several distinct families of explicit solutions.

The sine-cosine method

In this section, the sine-cosine method is described [1, 11-13]. Within this approach, a suitable
traveling-wave transformation is introduced

ulx,y,t) = ulf), §=(x+y—ct), (5)
the partial differential equation (PDE)
El('.l..[t,l.[x,H},,HII,H},},,HIII,Hv},}, ) =0, (6)

can be rewritten as an ordinary differential equation (ODE)

E,(u,u’,u"u",..)=0. (7)

In Eq. (6) u(x,¥,t) is an unknown function, E; is a polynomial in u(x,y,t) and its partial
derivatives in which the highest order derivatives and the nonlinear terms are involved. In Eq. (7), u{&)
denotes the unknown function, and E; represents a polynomial expression in u{&)and its derivatives,
including the nonlinear terms.

Equation (7) is then integrated, noting that all terms are derivative terms; hence, the integration
constants are taken to be zero. Consequently, the solutions of ODE (7) may be represented in the
form

ulx,y,t) = asinf (ud), (8)
and cosine solution

ulx,y,t) = acos® (u&), )

where £ = x — ct. The parameters p, &, and § are to be determined; here i denotes the wave number
and ¢ represents the wave speed [1]. The derivatives of (8) are given by

(@) = Buasin® 1 (ug) cos(u), (10)
()" = —p* B2 asin (ue) + pap(f — 1sin® 2 (ud), (11)
and the derivatives of (9) have next forms
() = —BadcosP(ug) sin(ud), (12)
(u(E))" = —u* B*acos” (&) + p*af (B — 1)cos? 2 (ue), (13)
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and so on for the other derivatives.

Substituting Egs. (8)—(13) into the reduced ODE (7) yields a trigonometric identity involving
powers of cos”{(u&) and/or sin” (&) . The unknown parameters are then obtained as follows: first,
we balance the exponents of the cosine (or sine) terms to determine /. Next, we group like powers of
cos” (u€) or sin" (&) and set the corresponding coefficients equal to zero. This procedure produces
a system of algebraic equations for & and i, from which the required coefficients can be determined.

The hyperbolic tangent method

In this subsection, we present the hyperbolic tangent method [14—16]. Within this framework, a
suitable traveling-wave transformation is introduced to

ulx,y, t) =u(f), E=(x+y—ct), (14)
the partial differential equation (PDE)
El{:utjuru},,un,u},},,uxﬂju_,_,},}, } =0, (15)
can be rewritten as an ordinary differential equation (ODE)
E,(u,u',u"u",..)=0. (16)

In Eq. (15) u(x,¥,t) is an unknown function, E; is a polynomial in u(x,¥,t]) and its partial
derivatives in which the highest order derivatives and the nonlinear terms are involved. In Eq. (16), u(&)
denotes the unknown function, and E;represents a polynomial expression in u{#) and its derivatives,
including the nonlinear terms.

The hyperbolic tangent method admits the use of the finite expansion

u(pg) =5(¥) = T3 a, ¥Y*, with y = tanh (ug), (17)

where Mis a positive integer that is generally determined as part of the method. To identify M, we
balance the highest-order linear term in the resulting equation with the highest-order nonlinear term,
following the procedure outlined above. Next, we group terms with the same power of ¥ and set
their coefficients to zero. This leads to a system of algebraic equations for the unknown parameters
@, 4, and €. Once these parameters are found, a closed-form analytical solution u(xjﬂ ¥,t) can be
constructed. The obtained solutions may represent solitons (typically expressed via sech™), kink-type
waves (in terms of tanh ), and in some cases periodic wave structures as well.

Results and discussion

The sine solution

Theorem 1 Assume that ¢; # 0, ¢, #0, ¢3 #0, ¢y #0 and let # = ax + by — kt, where
a, b,and k are arbitrary real parameters with @ ¥ 0. Then the (2+1)-dimensional generalized
Benjamin-Ono equation (1) has an explicit traveling wave solution of the form

ulx, v,t) = asinf (ulax + by —kt) ),

where the constants «, § and H are given in terms of the parameters by

Fxicy—cokatosab W/ K2cy—cokatogeb
= —E—- cjﬂz : 5 ﬁ = _2_1 K= + s —.
Proof:
According to method the solution of the (4) can be found by transformation
u(u¥) = asinf (ud). (18)
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For the sine-form solution, we use the ansatz (18) and the derivative relations (10)-(11). Inserting
(18) and (10)—(11) into (4) gives

—a* u? BPasin® (p&) + pPaf (B — Vsinf 2 (ug) + asinf(uE) (kPc, — c,ka + cyab) +
a® cya sin®f (uE) = 0. (19)

By applying the balance method to Eq. (19) and matching the exponents of the sin terms, the
parameter B is determined as

B—1=%0, B—-2=2=F=-2 (20)
Inserting (20) into (19) yields the next relation:

—a*p* frasin™ (uE) + a*praf(f — 1)sin™ () + asin™*(uE) (k*c, — coka + cyab) +
a®cyasin~*(ug) = 0. (21)

Comparing the coefficients of the corresponding sine functions leads to the following system of
algebraic equations:

sin~*(uf) : —4a* it a + a(kc, — c,ka + cyab) = 0, (22)
sin”*(ué) : 6a‘p’a — a*c,a = 0. (23)
From (22)—(23) we have
k2o, —cokatcozab 3kic,—eqkatezab
#zin’az_ET' (24)

Substituting (24) into (18) we have the sine solution of the (2+1)-dimensional generalized BO
equation (1)

3 k%o, —egkatczab 2 (..,"k""c,_—czkrz+r:5rzb
S B st | —2E = (

uy (xy,t) = - 2a? ax + by — kt})’ (25)

2 caa?
with kzcl — ¢ ka + czab = 0.

3 kic,—ookatosab csch2 (..,"kzc,_—czkrzh:srzb(

uy,(xy,8) = -3 = ax + by —kt) )

caa2

(26)
with k*c, —c,ka + cyab < 0.

In Figure 1, we show the plots of solutions (25) and (26):
a) )

Lt Hya

Figure 1 — a) The periodic solutions 1y, with parameters
a=0.01,b=001,k=001,¢ =1,c,=1,c54 = 1,6, = —1,f = 1; b) The solitary solutions 11,5
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with parameters @ = 0.01,b = 001,k =0.01,c;, = -1 ¢, =1L cg=1,c. = -1, = 1
The cosine solution

Theorem 2 Assume that ¢; # 0, ¢; #0, €30, ¢, #0 and let £ = ax + by — kt, where
a,b,and k are arbitrary real parameters with @ # 0. Then the (2+1)-dimensional generalized
Benjamin—Ono equation (1) has an explicit traveling-wave solution of the form

u(x, v,t) = a cos® (u(ax + by — kt)).

where the constants @, § and ¢ are given in terms of the parameters by

3k%c,—eqkateab 5 =-2 u= +-.,."k5r:-_—czkﬂ+55rzb
, T

-

= —
2 raas

-

2a?

Proof:
To find cosine solution we use

u(pg) = acos’ (ug), @7
and its derivatives (12)-(13). Inserting (27) and the derivatives (12)—(13) into (4) leads to

—a* i fracos® (ud) + pPraB (B — Deos? 2 (ué) + a cosf (ué) (k*c, — coka + cqab) +
a’c e cos?F (uE) = 0. (28)

Applying the balance method to Eq. (28) and matching the exponents of cos’ terms, we obtain
£ as:
f—1%0, f-2=28=f=-2 (29)
Substituting Eq. (29) into Eq. (28), we obtain the following equation:

—a*p® fracos*(uE) + a*praf (B — Vcos ™ (uf) + acos™*(uf) (k%c, — coka + cyab) +
a’c,a cos (&) = 0. (30)

By equating the coefficients of corresponding cosine terms, we obtain the following system of
algebraic equations:

cos~ 2 (ué) : —4a*pPa + alk’c; — coka + czab) = 0, (31
cos ™ (ué) : 6a’y’e — a’cya = 0, (32)
From (31)-(32) we have
#=imﬂ=—aw (33)
) “ Fact

Substituting (33) into (27) we have the cosine solution of the (2+1)-dimensional generalized BO
equation (1)

. _ _Ekzca_—czkﬂ+csrzb 2 (4/*%es—cgkatcgab . )
Uy (x,y,t) = : = sec ( S {ax + by — kt) ). (34)
with k*c, — c,ka + eqab = 0.
, _ _Ekzca_—czkﬂh:arzb 2 (4/*Tes—cgkatogab . )
Uy (x,y,t) = 2 sech (—:Ez {ax + by — kt})|. (35)

with k*c, — c,ka + egab < 0.
The plots of solutions (34) and (35) are presented in Figure 2.
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a) b)

0,020+
0L 54
LR

s

n b ¥

Figure 2 — a) The periodic solutions £ 54 with parameters
a=001,b=001,k=001,¢ =1,c,=1,c5 = 1,¢, = —1,f = 1; b) The solitary solutions Y22
with parameters @ = 0.01,b = 001,k = 0.01,¢;, = —1,¢, =1L ¢;=1,¢, = —1,£t = L

The Hyperbolic Tangent Method

Theorem 3 Assume that ¢; # 0, ¢ #0, ¢3 0, ¢, #0 and let £ = ax + by — kt, where
a,b,and k are arbitrary real parameters with a # 0. Then the (2+1)-dimensional generalized
Benjamin—Ono equation (1) admits an explicit traveling wave solution of the form

ulx,v,t) = ay + o, ¥ + a,¥?,
where ¥ = tanh{u{ax + by — kt)) and the constants @, @4, @5, J¢ are given in terms of the parameters
by

Ebcs—ﬂczk+clk5 _ Elzﬂbcs—rzczk-l-c,_kzzl _v.'ﬂbcs_ﬁcnki.cikz.
, y—-8 amTA® o

Qn =—"T"T""—"" =0a, = =+
o 2aicy ! ' 2atcy H - a2
or
_ (abeg—acsk+o. k) -0 _ 3[:&!‘.‘55—&55?{"'51_?{1:' u= +'\-'_"3b55‘|"'355k_51.k1
%o = 2aicy i =y = 2aic, ! o 2a?
Proof:

Balancing in Eq. (4) the nonlinear term u®, whose highest power is 2M, with the highest-order
derivative ¥ | which contributes a term of order M + 2, gives M + 2 = 2M and hence M = 2.
Therefore, within the hyperbolic tangent method we may adopt the following substitution:

u(f) =ap +a, ¥ + :12}"2, (36)

where
Y = tanh(pf), &= ax +by — kt.

After substituting Eq. (36) into Eq. (4) and collecting terms with the same powers of ¥, we
obtain a system of algebraic equations for @, &, @3, and #. Solving this system using Maple yields
the following results:

abcg—aogk+oak®

Eiﬂbcs—ﬂczk+cik5] JJaboz—aegk ok
_ S =FYE T

Qg =— — —— =0a, =
o 2aioy ! 'z 2a%oy 2a® (37)
Case 2:
3abes—acgkteoak®) E(Ebcs—ﬁczk-l-c,_kzzl 4 —abogtacgk—cak®, 38
ﬂ_u = — P ﬂi = ﬂ_; ﬂ_z = J# = i ( )

2aZcy Zalcy 2a?
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Substituting Eqgs. (37)—(38) into Eq. (36), and then inserting the resulting expressions into Eq.
(2), we derive analytical solutions of the (2+1)-dimensional generalized Benjamin-Ono equation (1)
in the following forms:

Case 1: 5 5

abecg —ac,k+ ok®  3labcg —ac,k + ¢ k”)
Uz y, 1) = - X
2a’c, 2a’c,
 tant? (& (ax + by — m})
22 (38)
with k*c, —c,ka + cyab = 0.
Case 2:

2alc, 2alcy 2al

uﬁz(xjj.-‘J t} - _ Etﬂbcs—aczk+cik""j " EI:abcs—aczk+c,_k'-‘-:| tanh? (T‘I_Ebcs-l-EGZk_cikz(ax + by — kt})l (39)
with —k*c, + c,ka — cyab = 0.

The graphs of solution (38) is presented in Figure 3.

a)

tyy Hyy

Figure 3 — a) The solitary wave solutions of the 1 5y with parameters
a=001,b=00Lk=001, =1,c,=1,c5=1,¢c, =—-1t=1;
b) Dynamics of the the solitary wave solutions 1455 with parameters
a=0.01,b=001,k=001¢ =-1¢c,=1¢c;=1,¢,=-1,t =0,and t = 5.

Conclusion

In this article, the sine-cosine method and the hyperbolic tangent method are employed to derive
exact solutions of the (2+1)-dimensional generalized Benjamin-Ono equation. By introducing an
appropriate traveling-wave transformation, the nonlinear partial differential equation is reduced to
a nonlinear ordinary differential equation, which is then treated via the proposed approaches. As a
result, families of exact solutions, such as periodic wave solutions and solitary wave solution are
constructed. To demonstrate the behavior of the derived solutions, 2D and 3D profiles are plotted for
representative parameter settings. Overall, the outcomes indicate that the sine-cosine method and the
hyperbolic tangent method are straightforward to implement and provide an efficient and effective
framework for analyzing a broad class of nonlinear partial differential equations.
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JLH. I'ymunes areianarsl Eypasust yATThIK yHUBEpCHUTETI, AcTaHa K., Kazakcran

2+1)-0JIIHNEM I KAJINBIJIAHFAH BEH/ KAMHWH-OHO
TEHAEYIHIH AHAJIMTUKAJIBIK IHEINIM/IEPI

Angarna

(2+1)-emmemai xanneitanFadn benmkamMua-OHO TeHAEYl Tas3 cy OeTiHIe TapajaThlH Killli aMIUTHTYNANbI,
Y3bIH TOJIKBIH/BI TOJKBIHAAPABIH TapalyblH Mojesbaeiai. (2+1)-emmemai xannbuianran benmxamMua-OHO TeH-
JIeyiHIH HaKThI HICIIM/EPIH KYPacThIpy SKCIIEPUMEHTTIK 3epTTeyiep/li TeOPHSIIBIK TYPFbIIaH HETi3/IeyMeH Karap,
CBI3BIKTBIK €MEC TOJKBIH/AAP JUHAMHMKACBIH/IA TYyBIHIAWTBIH KOJJaHOAIBl Macesenepl 1emryre 0epik api Karag
Heri3 Oepeni. Makanana JUCTICPCUSITBIK dCepIIepIi €CKepe OTBIPHIM, CHI3BIKTHIK eMec opTana (2+1)-emmemi xa-
neiTanFal benmkamMnH-OHO TEH/EYIMEH CHIIAaTTalaThlH TOJNKBIHAAPABIH TapalyblH 3epTTeimis. Ochl Makcarra
afiKpIH MICHIMACP ayAblH aHAJTUTHKANBIK Kypajlapbl PETiHAe CHHYC-KOCHHYC (YHKIHSIIAPHI OMicCi KOHE TH-
nepOoJaIbIK TAHTEHC OJICI KoJJaHblIagbl. by onicrep mareMmarukanblk (QU3MKala KE3IECeTiH KeH ayKbIMIbI
CBI3BIKTBIK €MEC TEHJICYJIEp KJIAChIH MICNIyJe THIMJI €KeHIH KepceTeli. ATanfaH TICUIIEp apKbUIbl HNEPHOITHI
TOJIKBIHJIBIK IIEIIIMJIEp JKOHE JKEKEJICHTeH TOJIKBIH IIEIIiMJIep albIH/Ibl; ajlbIHFaH HOTHDKENIep/l KOPHEKI KopceTy
YIIiH TapaMeTpiepaid THICTI MoHIepiH Taram, 3D sxone 2D rpadukrep xacanmbl.

Tyiiin ce3nep: >xanmputanran benmkamMua-OHO TeHIEY1, CHHYC-KOCHHYC 9J1iCi, THIIEPOOIaIBIK TAHTCHE 9IICI,
HepI/IO):[TI)I TOJIKBIHABIK IHCI_HiM, JKCKCJICHI'CH TOJIKBIHIBIK IHCH_IiM.

Ilaiixosa I'.H.,
PhD, acconmuposannsiii npodeccop, ORCID ID: 0000-0002-0819-5338,
e-mail: g.shaikhova@gmail.com

EBpasmiickuii HarmoHanbHbIN yHUBEpcuTeT uM. JI.H. I'ymunena, r. Acrana, Kazaxcran

AHAJIMTUYECKHUE PEHIEHUA (2+1)-MEPHOTI'O
OBOBIIEHHOTI'O YPABHEHUA BEHIA/KAMHUHA-OHO

AHHOTAIUA

(2+1)-mepHoe 00obmIeHHOe ypaBHeHHEe benpkamuaa-OHO MOIEMpPYyeT paclpoCTpaHEeHHE UTHHHOBOITHOBBIX
BOJTH MaJIOW aMIUTATYIBI Ha TOBEPXHOCTH MENKOH Bonbl. [locTpoeHue SBHBIX perreHuit (2+1)-mMepHOTro 00001IeH-
HOTO ypaBHeHus1 benmpkamuHa-OHO HE TOJIBKO 00ECHEYMBACT TEOPETHUECKYIO MOAEPKKY SKCHEPHUMEHTAIbHBIM
HCCIICIOBAHUAM, HO U Ja€T CTPOTYIO OCHOBY JUIS PEIICHHS MPUKIATHBIX 3a/1a4, BOSHUKAIOMINX B HETMHEHHON TTH-
HaMHKe BOJIH. B aHHO# paboTe uccienoBaHo pacupoCTpaHeHUE BOJH, OMUChIBaeMoe (2+1)-MepHBIM 0000IIICHHBIM
ypaBHeHneM benmxamuna-OHO B HEJIMHEHHBIX Cpelax ¢ y4eToM AUCIEPCHOHHBIX 3¢ dekToB. /i 3TOro B KauecTse
AQHAJMTUYCCKUX WHCTPYMEHTOB MOJIyYCHHUS SBHBIX PEIICHUH MCIIONB3YIOTCS MeTON (PyHKIMH CHHYyCa-KOCHHYyca U
METO[] rHrepOosInueckoro Tanrenca. [lokazaHo, 94To 3Tu MeTob! 3(h(HEKTUBHBI JUIS IMUPOKOTO Kilacca HETMHEHHBIX
ypaBHeHHI MaremMaTndeckor (pu3uku. C UX MTOMOIIBIO MOIYUYEHBI PEIICHHS B BUJE NEPUOANIECKUX BOIH U YEIH-
HEHHBIX BOJIH; JUIsl Tpa)MYecKoro MpeCTaBlIeHUs] Pe3yJIbTaToOB MOCTPOCHBI TPEXMEPHBIC U JIByMEpHbIC TpaduKu
NpH BEIOOPE MOAXOASIIMX 3HAYCHUH ITapaMeTPOB MOJCIIH.

Kirouesble ciioBa: 0000menHoe ypaBHenue benmpxamuna-OHo, METOZ CHHYCOB U KOCUHYCOB, METOJ THIIEp-
0OJINUECKOr0 TAHT€HCA, PEIICHNE B BHJIE IIEPUOANYECKOI BOJIHBI, PEIICHHE B BUIE COTMTOHHON BOJIHBI.
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