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Abstract: In applied mathematics, the Laplace transform is very relevant. Thus, in mathematics, mechanics 
and engineering, the operational method based on the Laplace transform is widely and very successfully used 
to solve entire class ofproblems. The object o f the study is the integral from the Riemann-Mellin formula for 
inverting the Laplace transform and approximating it with the help o f Fourier series o f a numerical aggregate. 
In this paper we study the method o f inversion o f the Laplace transform by expanding the original function 
into a Fourier series with respect to the sines o f odd multiple arcs. Also an analogous method based on the 
expansion o f the function in the Fourier series o f Legendre polynomials is developed, during which examples 
were considered that helped to carry out a comparative analysis o f the convergence rates o f canonical and 
developed methods. A numerical apparatus was developed and implemented in the programming language 
Python, which clearly demonstrates the predicted hypotheses.
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Ацдатпа: Цолданбалы математикада Лапластыц турленуі вте взекті. Осылайша математикада, 
механикада жэне техникада Лапласты турлендіруге негізделген жумыс эдісі есептіц барлыц класын 
шешу ушін кец жэне вте табысты цолданылады. Зерттеу обьектісі -  Лапласты турлендіру жэне 
сандыцагрегаттыц Фурье цатарыныц квмегімен аппроксимациялау ушінРиман-Меллин формуласынан 
интеграл. Бул мацалада біз бастапцы функцияны Фурье цатарына тац еселік догалардыц синусы 
бойынша жіктеу жолыменЛапласты турлендіру эдісін зерттейміз. Сонымен цатар, Фурье цатарына 
функцияны Лежандрдыц квпмушелерінен ажыратуга негізделген уцсас эдіс эзірленді, оныц барысында 
каноникалыцжэне эзірленген эдістердіц жинацталу жылдамдыгына салыстырмалы талдау жургізуге 
мумкіндік берген мысалдар царастырылды. Сандыц аппарат болжамды гипотезаларды кврнекі 
кврсететін Python багдарламалау тілінде эзірленген жэне жузеге асырылган.

TYMHdi свздер: Лаплас турлендіру, сурет, тупнусца, асимптотика, O-символдар, Фурье цатарлары, 
ортогоналды квпмушелер

м е т о д ы  м о д е р н и з а ц и и  о б р а щ е н и я  п р е о б р а з о в а н и я  л а п л а с а  н а  
я з ы к е  p y t h o n  д л я  р е ш е н и я  у р а в н е н и й  э л е к т р и ч е с к и х  ц е п е й

Аннотация: В прикладной математике преобразование Лапласа очень актуально. Таким образом, в 
математике, механике и технике метод работы, основанный на преобразовании Лапласа, широко и 
очень успешно используется для решения всего класса задач. Объектом исследования является интеграл 
от формулы Римана-Меллина для обращения преобразования Лапласа и аппроксимации его с помощью 
рядов Фурье числового агрегата. В этой статье мы изучаем метод обращения преобразования Лапласа 
путем разложения исходной функции в ряд Фурье по синусам нечетных кратных дуг. Также разработан 
аналогичный метод, основанный на разложении функции в ряды Фурье от многочленов Лежандра, в
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ходе которого были рассмотрены примеры, позволившие провести сравнительный анализ скоростей 
сходимости канонических и разработанных методов. Числовой аппарат был разработан и реализован на 
языке программирования Python, который наглядно демонстрирует предсказанные гипотезы.

Ключевые слова: преобразование Лапласа, изображение, Оригинал, асимптотика, O-символы, ряды 
Фурье, ортогональные многочлены

In  a p p lie d  m a th e m a tic s , th e  L a p la c e  tra n s fo rm  is  v e ry  re le v a n t. T h u s , in  m a th e m a tic s , m e c h a n ic s

INTRODUCTION
a n d  e n g in e e r in g , th e  o p e ra tio n a l m e th o d  b a se d  
o n  th e  L a p la c e  tra n s fo rm  is  w id e ly  a n d  v e ry  
su c c e s s fu lly  u s e d  to  so lv e  e n tire  c la s s  o f  p ro b le m s. 
In  m a n y  c a se s  o f  u s in g  th is  t ra n s fo rm a tio n  th e  
m o s t  d iff ic u lt is  its  c o n v e rs io n .

L e t  u s  re c a ll so m e  b a s ic  d e fin itio n s  f ro m  th e  
th e o ry  o f  th e  L a p la c e  tra n s fo rm  [1]. S u p p o se  th a t

a  R ie m a n n  in te g ra b le  fu n c tio n  / ( 0  is  g iv e n  o n

th e  0  <  t  <  oo se m i-a x is . T h e n  th e  L a p la c e

tra n s fo rm  o f  th e  fu n c tio n  / ( £ }  is  d e te rm in e d  b y  
th e  e q u a lity  (1 )

(1)

T h e  fu n c tio n  f  ( 0  is  c a lle d  th e  o r ig in a l,

a n d  th e  fu n c tio n  F  (p) is  th e  im a g e . T h e  fa c t th a t  
th is  is  th e  L a p la c e  tra n s fo rm  o f  a  fu n c tio n  w ill  b e  
d e s c r ib e d  as fo llo w s :

T h e  o p e ra tio n a l m e th o d  o f  so lv in g  p ro b le m s  
is  u s u a lly  d iv id e d  in to  4  s tag es:

1. F ro m  th e  re q u ire d  o r ig in a l fu n c tio n  f  C O  

th e y  g o  to  th e  im a g e  fu n c tio n  F  ( p ) .

2. A b o v e  th e  im a g e  F (j ) )  o p e ra tio n s  a re  
p e rfo rm e d  c o rre s p o n d in g  to  th e  o p e ra tio n s  a b o v e

■ a f te r  w h ic h  an  e q u a tio n  is  o b ta in e d  for, 
w h ic h  is  o f te n  m u c h  s im p le r  th a n  th e  e q u a tio n  
fo r  th e  o r ig in a ls ;

3. T h e  re s u ltin g  e q u a tio n  fo r  th e  im a g e s  is  

so lv e d  re la tiv e ly  Я Р ) ;

4. F ro m  th e  fo u n d  im a g e  F (p) g o  to  th e

o rig in a l f  ( 0 ,  w h ic h  is  th e  d e s ire d  fu n c tio n .
T h e  la s t  s tep  o f  th is  a lg o r ith m  is  th e  

m o s t  d iff ic u lt  p a r t  b e c a u s e  o f  th e  h a rd n e s s  
o f  c o m p u tin g  th e  in te g ra l (1). So, th is  p a p e r  
w ill  s tu d y  th is  s tep  m o re  d e ta ile d  w ith  so m e  
s u g g e s tio n s  o f  im p ro v e m e n ts .

The inversion method of the Laplace 
transform using the decomposition of the 
original in a Fourier series.

In  th e  fu tu re , w e  w ill  u s e  th e  id e n tity  (2 ) 
f ro m  [2]:

(2)

T h e  c o n s id e re d  m e th o d  is  b u i l t  o n  tw o  
a s su m p tio n s  th a t  in c re a s e  th e  ra te  o f  c o n v e rg e n c e , 
b u t  n o t l im it in g  its  g e n e ra lity :

• / ( 0 )  =  0;

• T h e  im a g e  ^*CP)exists, i f  p  >  0  
T h e  L a p la c e  in te g ra l (1 )  is  t ra n s fo rm e d  b y  

re p la c in g  (3 )
e~b =  cos 6. (3 )

W e in tro d u c e  th e  n o ta t io n  (4 )

(4 )
A p p ly in g  th e  g iv e n  n o ta tio n , w e  a rr iv e  a t th e  
fo llo w in g  id e n tity  (5):

E

:: _L t1 t1 : \ г  (5 )
Jo
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S о, now our goal i s to find the functi on <p ( 18  ), 
that can easily help us to restore the original
function f (X ) .

We can decompose the function <P (.8 ) into 
a Fourier series in sines of odd multiple arcs, as 
in (6):

<p(8) = ^  ck sin((2fc +  1)0). (6)
fr=n

7Г

j <p{8) s in ((2k  4- l ) 8 ) d 8 .  
Jo

Coefficients c k are determined by usual
way (7):

4
Ck ~  ~

(7)
In order to express the value of the 

coefficients Ck through the image function’s 

values P  (p ) , we will use one more replacement
p =  2n + 1 (и  =  0 , 1, 2 , Then we will 
get (8):

(8)

In this step, we use identity (9). Then consider the integral, which we obtain in the course of 
transformations (9):

(9)

Based on this, with a fixed n there are only those values, that are V =  П 
As the result, the Laplace formula can be presented as in (10):

k ( k  = 0,1,2 —л)

(10)

Substituting this equality sequentially n = 0 ,1,2 we can get the linear system of get a linear 
system of equations (11) with a triangular matrix to determine the coefficients Ck:

(11)

Next, we find the coefficients c t , and the

function <p(6) is restored as the limit of the 
partial sums of the Fourier series (6).

The inversion method of the Laplace 
transform using the expansion of the original

function in a Fourier series in Legendre 
polynomials

The author of the method studied in [3] does 
not explain several points in the inversion of the

Laplace transform. Replacement =  COS 8  
in the Laplace integral is one of those moments. 
Let us try to apply a different replacement, easing
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perhaps the solution of the system and speeding 
up the rate of convergence of the method.

In the original Laplace integral (1) we
make the replacement e _t  =  8  instead of 
canonical cos. We introduce the notation

№ )  =  / ( - > a ) =  <р(в) Then the

image will be an integral (12)

Ftp) I r  —  r  (12)

As a result, we obtain that the task is to find

a function <p(.8) through which it will be easy to 
express the original function.

Let us say, p  =  71, where n  = 1 ,2 ,3 , . . .  
then we get (13):

f  1

' (13)

Recall that the Legendre polynomials [4]
(14)

Ln ( 0 )  =  ( в п (_1 -  в У ) Ю  (14) 
form a complete orthogonal system on [0,1], i.e. 
the scalar product of two different polynomials 
is zero (15):

( L u L j)  =  0 . (15)

In this case, the Fourier expansion 
coefficients for the Legendre polynomials are 
calculated by the formula (16):

(16)

We decompose the two integrand factors by 
the Legendre polynomials (17):

<p(e) - I
к =a 
(а)

(17)

(б)

* h  =
(й/.р"-1

( L p L j )
where J J . Next, we describe several simple transformations over the integral. Then
substituting the above decompositions into the integral, we obtain the following equation (18):

(18)

We take out the multiplier factors that are independent of the variable Q (19):

(19)

Taking advantage of the orthogonality of the Legendre polynomials, we obtain that only the 

terms remain for j  =  к  (20).

(20)
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So, from this equality it is clear that the system the decomposed function. Find the dot product 
for finding the coefficients of the expansion in a 
Fourier series in Legendre polynomials are the ( L j , 8 ^ )  in (21): 
scalar products of the Legendre polynomials and

(21)

Having integrated this equality j  times in pars, we rewrite it in the following form (22):

(22)

It is easy to calculate the derivative of the jth order of a power function. Then, having performed 
simple transformations, we obtain the scalar product (23):

(23)

,  r c o r o o  ч
Note that the integral is a beta function о  L t, y )  — — ---------where 1 (XJ is a gamma

function. Thus, we can rewrite the answer in (24): Г (х + уУ

(24)

After we write the beta function through factorials, it remains to substitute the resulting expression 
into the Laplace integral. Thus, the system (25) is obtained:

(25)

where 7 1 =  1 ,2 ,3 ,...
You can write this system in matrix form (26):

(26)
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Note that the matrix in (27)

(27)

has an inverse lower triangular matrix, which 
allows us to solve this system without additional 
difficulties.

Having solved this system, we find the 
Fourier series coefficients by the Legendre

polynomials for the function <p(&X by which it

is easy to reconstruct the image function f  ( t ) .

An empirical view on the inversion 
method of the Laplace transform using the 
expansion of a function in a Fourier series in 
Legendre polynomials

Let us give an example of the application 
of this method in practice for the image function

This image corresponds to the 

original f ( f )  =  £.

Let us compare the result of the method 
of inversion of the Laplace transform with

the original function / ( t )  =  t. Although the 
expansion coefficients in a series, calculated 
using a numerical solution of the system 
almost completely coincide with the actual 
decomposition coefficients, and besides, in the 
method using Legendre orthogonal polynomials, 
the formulas themselves visually looked simpler 
than in the method ofconversion using the original 
the sines of odd multiple arcs, in practice, there 
was a problem with the fact that the computer 
does not build graphs of high order badly. And 
therefore, even the almost exact finding of the 
highest coefficients does not help to accurately 
depict the graph of the partial amount.

So, on fig. 1 shows that for n  =  50 and

=  1 0 the recovery accuracy of the original is 
noticeably different.

Figure 1 -  The result o f  Laplace transform inversion in Legendre polynomials fo r  original f(t)=t
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Namely, for a small order Л, the recovery 
was even more accurate. Therefore, although 
theoretically this method is not bad, it is 
practically very difficult to implement.

Investigate empirically the convergence 
rate parameter of the method (2.28)

■' і 'С/о)  '■)) (28)
■T . (28)

In n
The graph of the behavior of this parameter 

is presented in Fig.2.

Figure 2 -  Behaviour o f  a

As you can see, with an increase in the
number n , the parameter Cl tends to zero, which 
confirms our theoretical estimates — the method

diverges for large 71.

CONCLUSION
Thus, a numerical apparatus was built for

calculating the inversion of the Laplace transform 
in a well-known image using the expansion 
of the function in a Fourier series in Legendre 
polynomials, which has been tested in practice. It 
can be concluded that the use of polynomials in 
practice does not always work (especially high- 
order polynomials).
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APPLICATION. CODE ON PYTHON FOR LAPLACE TRANSFORM INVERSION

import matplotlib.pyplot as plt 
import numpy as np 
import math
from scipy.misc import derivative 
from scipy.special import factorial

from scipy.special import binom 
import scipy.integrate as integrate 
from scipy.special import gamma 
from sympy import (

symbols, sqrt, exp, sin, 
diff, pi

)
def replace(tetta):

return (-1)*math.log(math.cos(tetta)) 

def F(n):
return gamma(n+1)*gamma(1/2)/(gamma(n+1/2+1)*2*(2*n+1)) 

def FD(n):
return gamma((2*n+1)*delta/2+1/2)*gamma(1/2)/(gamma((2*n+1)*delta/2+1)*2*(2*n+1)*d 

elta)

def matrixA(n):
A = np.zeros((n, n)) 
for k in range(n): 

for m in range(n):
A[k][m] = (2*m+1)*binom(2*k+1, k-m)/(2*k+1) 

return A

def columnB(n):
B = np.zeros(n) 
for i in range(0, n):

B[i] = 4**(i+1)*F(i)/np.pi 
return B

n = 23 
nn=100 
f = []
fOrigin = [] 
tx = []
tetta = np.linspace(0, np.pi/2, nn)

coefficients = np.linalg.solve(matrixA(n), columnB(n)) 
s = 0
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for i in range(nn): 
s = 0
tx.append(replace(tetta[i])) 
for j in range(0, n):

s += coefficients[j]*math.sin((2*j+1)*tetta[i]) 
f.append(s)
fOrigin.append(math.acos(math.exp((-1)*tx[i])))

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(tetta, tetta, color = ‘b, label = ‘Original function’)
ax.plot(tetta, f, color = ‘y, label = ‘A system solution’)

legend = ax.legend(loc=’upper center, bbox_to_anchor=(0.5, -0.05), 
fancybox=True, shadow=True, ncol=5) 

plt.xlim(0, np.pi/2) 
plt.grid() 
plt.show()

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(tx, f, color = ‘r’, label =’f(t) = arccos(exp(-t))’)
ax.plot(tx, fOrigin, color = ‘g, label =’f(t) = arccos(exp(-t))’)

legend = ax.legend(loc=’upper center’, bbox_to_anchor=(0.5, -0.05), 
fancybox=True, shadow=True, ncol=5)

#plt.ylim(0, 2) 
plt.xlim (0, np.pi/2) 
plt.grid() 
plt.show()
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