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the python language to solve electrical circuits
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Abstract: In applied mathematics, the Laplace transform is very relevant. Thus, in mathematics, mechanics
and engineering, the operational method based on the Laplace transform is widely and very successfully used
to solve entire class ofproblems. The object of the study is the integralfrom the Riemann-Mellinformulafor
inverting the Laplace transform and approximating it with the help ofFourier series ofa numerical aggregate.
In this paper we study the method ofinversion of the Laplace transform by expanding the original function
into a Fourier series with respect to the sines ofodd multiple arcs. Also an analogous method based on the
expansion ofthefunction in the Fourier series ofLegendre polynomials is developed, during which examples
were considered that helped to carry out a comparative analysis of the convergence rates of canonical and
developed methods. A numerical apparatus was developed and implemented in the programming language
Python, which clearly demonstrates the predicted hypotheses.

Keywords: Laplace Transformation, Image, Original, Asymptotics, OF-symbols, Fourier Series, Orthogonal
Polynomials

aneKTp TisbekTepiH wewy YW LW python Tininage
nannac TYP3EH3TpyTH>xauebipTty agicTepi

AugaTna: LongaH6anbl MaTemaTukaga JlannacThil, TypaeHyi BTe B3ekTi. Ocblnalilla MaTeMaTuWKaga,
MeXaHuKaga >KaHe TexHuKaga SlannacTbl TYpneHAaipyre HerisgenreH >KyMblIc sgici ecenTil 6ap/biy, KnacbiH
LUeLy YLiH Kel, >K3He BTe TabbiCThbl LongaHblnagbl. 3epTTey 00beKTIicCi - SlannacTbl TYPAeHAIpy >K3He
caHfpluarperaT Thiy, Oypbe LaTapbiHbIL, KBMeriMeH annpokcumavmsanay yLiHPuman-MenauH dhopMynacbiHaH
nHTerpan. byn mauanaga 6i3 6acTanubl QyHKUMSHbI Pypbe LaTapblHa Tal, ecenik goranapgbil, CUHYChbI
60libIHLLA >KiKTeYy >KonbiMeH/TannacTbl TYpAeHAipy 34iciH 3epTTelmi3. CoHbIMeH LaTap, Pypbe LaTapbiHa
hyHKUMSHBI le>KaHApAbIL, KBAMYLLENEPiHEH a>KblpaTyra HerisfgenreH yucac agic asipneHai, oHbiy, 6apbiCbiHAa
KaHOHVKa/bILK3HE 33ipNEHeH 34icTepaiL, >KuHau Tany >KbligaMabIrbiHa CabICThIpMabl Tangay >Kyprisyre
MYMKiHAIK 6GepreH Mbicangap uapacTbipbligbl. CaHgplly, annapaT 60/mKamabl rmnoTesanapibl KBPHEKI
KBpceTeTiH Python 6argapnamanay TifiHAe 33ipneHreH >KaHe >KY3ere acbipbliraH.

TYMHdi cB3gep: Jlannac TypneHgipy, cypeT, TynHycua, acumMnToTuKa, O-cumBongap, ®Pypbe LaTapnapbl,
opTOoroHangbl KBNMyLLenep

MeTOoAbl MOAepHM3auum obpau,eHs Nnpeo6pasoBaHMUsA Nanaaca Ha
A3blKe python gna peweHna ypaBHEeHUN a1eKTpUUYecKNUX yeneim

AHHOTauMs: B npuknagHoii MaTemMaTWKe npeobpasoBaHue Jlamnaca O4YeHb aKTyalbHO. Takum 06pasoMm, B
MaTeMaTUWKe, MEXaHMKE N TeXHVWKe MeTOof paboThl, OCHOBAaHHLIA Ha MpeobpasosaHuW Jlamnaca, LUMPOKO W
OYeHb YCMELLIHO MCMONb3yeTCH 1A peLleHns Beero kracca 3afad. OObeKTOM UCCNef0BaHNA ABMSETCA UHTerpan
0T hopmynbl PumaHa-MennnHa gna obpallieHus npeo6pasoBaHusa Jlannaca 1 anmnpokcyMaumm ero ¢ nomoLLbio
psfoB dypbe UMCAOBOro arperaTa. B 3Toi cTaTbhe Mbl U3ydaeM MeTOj 06paLleHVsi npeobpasosaHns Jlannaca
Ny Tem pasfioXKeHNs! UCXOAHOW PyHKLMM B psg Pypbe MO CUHYCaM HeYe THBIX KpaTHbIX ayr. Takoke paspaboTaH
aHa/IONMYHbI MeTO0Z, OCHOBaHHbIA Ha pasnodKeHUn yHKUMM B psgbl Pypbe 0T MHOrouneHoB JlexkaHipa, B
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X0fe KOTOPOro OblM pacCMOTPEHbI MPUMEpPbI, MO3BO/MBLLME MPOBECTU CPaBHUTE/bHBIA aHaM3 CKopocTel
CXOAMMOCTW KaHOHUYECKMX M pa3paboTaHHbIX MeTO0L0B. YuMCcnoBoii annapaT 6bu1paspaboTaH 1peasnn3oBaH Ha
A3bIKe NporpaMmMmpoBaHus Python, KOTopbIi HarisigHO AeMOHCTPUPYET MpeackasaHHbIe rMnoTesbl.

Kntoyesble coBa: npeobpasosaHue Jlannaca, n3obparkeHue, OpurmHai, acuMNTOTUKa, O-CUMBOSbI, PAbI

®ypbe, OPTOroHa/IbHbIE MHOTO4/IEHbI

In applied mathematics, the Laplace transform is very relevant. Thus, in mathematics, mechanics

INTRODUCTION
and engineering, the operational method based
on the Laplace transform is widely and very
successfullyusedto solve entire classofproblems.
In many cases of using this transformation the
most difficult is its conversion.

Letus recall some basic definitions from the

theory ofthe Laplace transform [1]. Suppose that

a Riemann integrable function /(0 is given on

the 0 < t < o0 semi-axis. Then the Laplace

transform ofthe function /(£ } is determined by
the equality (1)

(1)

The function f (0 is called the original,

and the function F (p) is the image. The fact that
this is the Laplace transform ofa function will be
described as follows:

The operational method of solving problems
is usually divided into 4 stages:

The considered method is built on two
assumptionsthatincrease the rate ofconvergence,
but not limiting its generality:

«/(0) = 0;

« The image "*CP)exists, if
The Laplace integral (1) is transformed by

p > 0

replacing (3)
e~b= cos 6. ®3)

We introduce the notation (4)
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1. From the required original functionf CO
they go to the image function F (p).

2. Above the image F(j)) operations are
performed corresponding to the operations above

n after which an equation is obtained for,
which is often much simpler than the equation
for the originals;

3. The resulting equation for the images is

solved relatively 94 P );
4. From the found image F(p) go to the

original f (0, which is the desired function.
of this
because

The last step algorithm is the
of the

of computing the integral (1).

most difficult part hardness
So, this paper
will study this step more detailed with some
suggestions of improvements.

The inversion method of the Laplace
transform using the decomposition of the
original in a Fourier series.

In the future, we will use the identity (2)

from [2]:

()

(4)

Applying the given notation, we arrive at the
following identity (5):
E

Lt tl :\r  (5)
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S 0, now ourgoal isto find the function (8 ),

that can easily help us to restore the original
function f(X).

We can decompose the function <P(.8) into
a Fourier series in sines of odd multiple arcs, as
in (6):

<p(8) = *

fr=n

cksin((2fc + 1)0). (5

Coefficients ck are determined by usual

way (7): T

4
k~~J <p{8)sin((2k 4-1)8)d8.
Jo (7)
In order to express the value of the
coefficients Ck through the image function’s
values P (p), we will use one more replacement
p=2n+1wm=20,1,2 |,
get (8):

Then we will

(8)

In this step, we use identity (9). Then consider the integral, which we obtain in the course of

transformations (9):

Based on this, with a fixed n there are only those values, that are V. = T1

(9)

k(k = 0,1,2 —n)

As the result, the Laplace formula can be presented as in (10):

Substituting this equality sequentially n = 0,1,2

(10)

we can get the linear system of get a linear

system of equations (11) with atriangular matrix to determine the coefficients Ck:

Next, we find the coefficients ct, and the

function <Q(6) is restored as the limit of the
partial sums of the Fourier series (6).

The inversion method of the Laplace
transform using the expansion of the original

(11)

function in a Fourier series in Legendre
polynomials

The author ofthe method studied in [3] does
not explain several points in the inversion of the

Laplace transform. Replacement = COs 8
in the Laplace integral is one of those moments.
Letus try to apply a different replacement, easing
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perhaps the solution of the system and speeding
up the rate of convergence of the method.
In the original Laplace integral (1) we

make the replacement e_t = 8 instead of
canonical cos. We introduce the notation
No ) =/(->a)= <p() Then the
image will be an integral (12)

Ftp) (12)

II’— r

As a result, we obtain that the task is to find

a function <p(.8) through which it will be easy to
express the original function.

Let us say, p = 71, wheren = 1,2,3,...
then we get (13):

' (13)

<p(€) m I
K=a
(a)
(n/.p"-1
*h =
where

Recall that the Legendre polynomials [4]
(14)
Ln(0) = (Bn(1l- BY)IO (14)
form a complete orthogonal system on [0,1], i.e.
the scalar product of two different polynomials
is zero (15):

(LuLj) = o. (15)

In this case, the Fourier expansion
coefficients for the Legendre polynomials are
calculated by the formula (16):

(16)

We decompose the two integrand factors by
the Legendre polynomials (17):

(17)

(6)

(LpLj . . . .
N} J\f . Next, we describe several simple transformations over the integral. Then

substituting the above decompositions into the integral, we obtain the following equation (18):

(18)

We take out the multiplier factors that are independent of the variable Q (19):

(19)

Taking advantage of the orthogonality of the Legendre polynomials, we obtain that only the

terms remain forj = k (20).
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So, from this equality itis clearthatthe system the decomposed function. Find the dot product
for finding the coefficients of the expansion in a
Fourier series in Legendre polynomials are the (L j,8") in (21):
scalar products of the Legendre polynomials and

(21)

Having integrated this equality j times in pars, we rewrite it in the following form (22):

(22)

It is easy to calculate the derivative ofthe jth order of a power function. Then, having performed
simple transformations, we obtain the scalar product (23):

(23)
: rcoroo Y
Note that the integral is a beta function o Lt,y) T ----_i_----gyhere 1(XJ is a gamma
function. Thus, we can rewrite the answer in (24): (X y
(24)

After we write the beta function through factorials, it remains to substitute the resulting expression
into the Laplace integral. Thus, the system (25) is obtained:

(25)

where 71= 1,2,3,...
You can write this system in matrix form (26):

(26)
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Note that the matrix in (27)

has an inverse lower triangular matrix, which
allows us to solve this system without additional
difficulties.

Having solved this system, we find the
Fourier series coefficients by the Legendre

polynomials for the function <p(&X by which it

is easy to reconstruct the image function f (t).

An empirical view on the inversion
method of the Laplace transform using the
expansion of a function in a Fourier series in
Legendre polynomials

Let us give an example of the application
of this method in practice for the image function

This image corresponds to the

original f(f) = £

(27)

Let us compare the result of the method
of inversion of the Laplace transform with

the original function /(t) = t. Although the
expansion coefficients in a series, calculated
using a numerical solution of the system
almost completely coincide with the actual
decomposition coefficients, and besides, in the
method using Legendre orthogonal polynomials,
the formulas themselves visually looked simpler
than inthe method ofconversion using the original
the sines of odd multiple arcs, in practice, there
was a problem with the fact that the computer
does not build graphs of high order badly. And
therefore, even the almost exact finding of the
highest coefficients does not help to accurately
depict the graph of the partial amount.

So, on fig. 1 shows that for n = 50 and

= 10 the recovery accuracy of the original is
noticeably different.

Figure 1- The result o fLaplace transform inversion in Legendre polynomialsfor originalf(t)=t
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Namely, for a small order /1, the recovery
was even more accurate. Therefore, although
theoretically this method is not bad, it is
practically very difficult to implement.

Investigate empirically the convergence
rate parameter of the method (2.28)

m'i'C/o)

'm)) (28
L) Inn . EZS;

The graph of the behavior of this parameter
is presented in Fig.2.

Figure 2 - Behaviour ofa

As you can see, with an increase in the

number n, the parameter A tends to zero, which
confirms our theoretical estimates — the method

diverges for large 71

CONCLUSION
Thus, a numerical apparatus was built for

calculating the inversion ofthe Laplace transform
in a well-known image using the expansion
of the function in a Fourier series in Legendre
polynomials, which has been tested in practice. It
can be concluded that the use of polynomials in
practice does not always work (especially high-
order polynomials).
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APPLICATION. CODE ON PYTHON FOR LAPLACE TRANSFORM INVERSION

import matplotlib.pyplot as plt
import numpy as np

import math

from scipy.misc import derivative
from scipy.special import factorial

from scipy.special import binom
import scipy.integrate as integrate
from scipy.special import gamma
from sympy import (

symbols, sqrt, exp, sin,

diff, pi

)
def replace(tetta):
return (-1)*math.log(math.cos(tetta))

def F(n):

return gamma(n+1)*gamma(l/2)/(gamma(n+1/2+1)*2*(2*n+1))
def FD(n):

return gamma((2*n+1)*delta/2+1/2)*gamma(1/2)/(gamma((2*n+1)*delta/2+1)*2*(2*n+1)*d
elta)

def matrixA(n):
A =np.zeros((n, n))
for k in range(n):
for m in range(n):
A[K][m] = (2*m+1)*binom(2*k+1, k-m)/(2*k+1)
return A

defcolumnB(n):
B = np.zeros(n)
for iin range(0, n):
B[i] = 4**(i+1)*F(i)/np.pi

return B
n =23
nn=100
f=1
fOrigin =]
tx =]

tetta = np.linspace(0, np.pi/2, nn)

coefficients = np.linalg.solve(matrixA(n), columnB(n))
s=0
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for i in range(nn):
s=0
tx.append(replace(tetta[i]))
forj in range(0, n):
s += coefficients[j]*math.sin((2*j+1)*tetta[i])
f.append(s)
fOrigin.append(math.acos(math.exp((-1)*tx[i])))

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(tetta, tetta, color = *b, label = ‘Original function’)
ax.plot(tetta, f, color = 'y, label = A system solution’)

legend = ax.legend(loc="upper center, bbox_to_anchor=(0.5, -0.05),
fancybox=True, shadow=True, ncol=5)

plt.xlim(0, np.pi/2)

plt.grid()

plt.show()

fig, ax = plt.subplots(figsize=(8, 5))
ax.plot(tx, f, color = ¥’ label =(t) = arccos(exp(-t))’)
ax.plot(tx, fOrigin, color = g, label =¥(t) = arccos(exp(-t))’)

legend = ax.legend(loc="upper center; bbox_to_anchor=(0.5, -0.05),
fancybox=True, shadow=True, ncol=5)

#plt.ylim(0, 2)

plt.xlim (0, np.pi/2)

plt.grid()

plt.show()
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