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EFFECT OF IONIC CORE ON THE PROPERTIES
OF NON-ISOTHERMAL PLASMAS

Abstract

This study investigates the effects of ionic cores on non-isothermal plasmas using a novel ion-ion interaction
potential that incorporates screening effects from both ion cores and exchange-correlation interactions. Our findings
indicate that with increasing distance, the effective potential approaches a Yukawa-like screening potential, while
at shorter distances, strong electron binding weakens screening. The different values of the cutoff radius “cut
and core edge steepness & significantly influence the potential behavior and radial distribution functions (RDFs).
Higher coupling parameters (T;) strengthen the electron-ion interactions, leading to deeper potential wells and
more pronounced non-ideality corrections. Increasing & decreases the absolute values of non-ideality corrections,
indicating fewer interactions in the system. A larger cutoff radius ¥y at a fixed parameter & also reduces corrections
due to weaker screening effects. As T} increases, non-ideality corrections grow, reflecting stronger coupling. The
results show the importance of taking into account the ion core effects in dense non-isothermal plasma research.

Keywords: dense plasmas, ion core, non-isothermal plasmas, ion-ion interaction potential, radial distribution
functions, thermodynamic properties.

Introduction

The dense plasmas, characterized by a significant mass difference between ions and electrons,
show non-isothermal behavior, making theoretical modeling more complex due to the slower
response of ions to perturbations [1]. To model interactions accurately, researchers use the generalized
Poisson-Boltzmann equation and derive effective interaction potentials from dielectric response
functions [2-9].

Charge screening plays a key role in such dense plasmas, forming a polarization cloud of
electrons that surrounds ions, compensating for the Coulomb potential. Excluding core electrons can
be modeled with an empty core electron-ion pseudo-potentials [10—11]. Recent studies show that
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ionic cores affect electron-ion scattering transport and temperature relaxation with strongly bound
electrons altering the effective charge of ions and impacting the plasma's structural and thermodynamic
properties for novel screened electron-ion, and the novel screened interaction potential for ion-ion
pair [12—16].

These results showed the importance of considering ionic core effects in understanding dense
plasma properties. Therefore, in this study, we want to continue the previous research based on the
novel ion-ion interaction potential by analyzing the impact of the ionic core effects in non-isothermal
plasmas. In this potential, both the screening effects due to the ion cores and from the exchange-
correlation on the structural and thermodynamic properties are taken into account.

The paper is organized as follows: in Section 2, we describe the method used to compute the
radial distribution functions (RDFs) and non-ideality corrections to the thermodynamic properties
(internal energy and equation of state). In Section 3, the results and discussion of these calculations
are presented.

Materials and methods

Ion—Ion Interaction Potential

In work (p. 2), a novel ion-ion screened potential that takes into account the ion core effect using
a pseudo-potential model with strongly bound electrons was introduced by numerically solving the
following formula [16—17]:

Zig2 +f d¥k

r (2m)®

16, (1) 12y, (k) 7, (1)

where as a micro potential ¢,; (r) the potential with soft empty cores, proposed by Gericke et al. was
used [18]:

®,(r) =

Za? i
{pﬂi (T} - T [1 - Exp (_ rl"lejl")], (2)
where the parameter a controls the core edge steepness (@ = 2 and 6), and Tzur is the core’s cutoff
radius (r,,,, = 0.75 A > 1.42a,, where ag = h*/(m,e?) is the first Bohr radius) — for beryllium ion.
Their values align with Kohn-Sham DFT (Density Functional Theory), which accurately describes

dense plasmas in partial degeneracy, while other values can be used for various interaction regimes.

¥+ (k) is the static electron-density response function which we used with the parameter y in the
form from work that corrects for non-ideality in electronic screening due to static local field effects,
equivalent to the local density approximation in DFT, accurately describing screening in the uniform
electron gas (UEG) and modeling the exchange-correlation part of the electron free energy density,
fee(m, T, ) [19-21]. The importance and novelty of use in the interaction potential of parameter y
were explained in more detail in the work (p. 3) [16].

Therefore, we used the following form of the inverse screening length:

']
kll].

ki 3%nfeclnTy)
1-khyy

k; = 4me’ dn® ! (3)

ki = kzrpﬁ';f_‘ifﬂ}fz ¥ ==
where I_, ;, is the Fermi integral of the order —1/2, n = u/kgT, is the reduced chemical potential,
kip= 3m§ /Ug 1s the Thomas-Fermi wavenumber (% is the plasma frequency, Vg is the Fermi
velocity).

The following dimensionless parameters were used for non-isothermal plasma (T, # T;):

. . 2.2 . 1."'3 il 2 I_
the ion coupling parameter I'; =10 (T, = rfi'lc;ﬂ (:—;) = 1"5,5,2.'!.5 3 %) =T,Z; ’:II ;f), where
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— kgT
Toe =TT = T; and T,; = /T, T; [22], the degeneracy parameter @ = EL;

, where Eg is the Fermi
Z
ap
(Wigner-Seitz radius), R = rfag is measured in units of the first Bohr radius %z.

To analyze the impact of the ion core, the potential (1) was compared with another screened
Coulomb potential, known as the Yukawa potential, taking into account the exchange-correlation
effect as described in equation (3) but without the ion core effect, and therefore, it will be denoted as

simply the screened potential:

energy, the density parameter %z = —_, where a = (3 /(4mn) 1/2 is the mean inter-electronic distance

(1) = Zexp(—k, 7). 4)

The radial distribution functions of ions
The influence of the ionic core on structural properties was analyzed through the integral
Ornstein-Zernike equation [23]:

h(r) = c(r) +n [ e (|7 - #')ar, (5)
in the hyper-netted chain (HNC) approximation:

Iune ) = exp[—p2(r) + h{r) —c(r)], (6)

where 8 = (kzT) ™! and @(r) is the interaction potential, h(r) and ¢(r) are the total and direct
correlation functions. The details about solving the equations (5—6) can be found in works [20, 24—
25] (p. 14).

The radial distribution functions (RDFs) calculated in the HNC approximation use an effective
screened ion-ion potential that accounts for the use of the electron polarization function but does not
double-count ion screening. This is confirmed by comparison with MD results in work [26], where
both methods obtain similar RDFs.

Thermodynamic properties
The internal energy and equation of state were obtained using potential (2) and RDFs (5-6) [27]:

E=FE,; T, nﬁzgzmng _]": g‘zE(r}fp'xE(r} rldr = E;; — AE, (7)
2 o= dpggir)
P=P,— EﬁEE:i;EnEEE:fJEnE fu :—igﬁg(r} ridr = P, — AP, (8)

where N is the number of particles in the system, E;; = 3/2NkgT is the internal energy of an ideal
plasma, P;; = nkgT is the equation of state of an ideal plasma, and ¢ (1) is the micropotential used
as the basis of the considered screened interaction potential.

Results and discussion

The screened interaction potential for ion—ion pair for non-isothermal plasma, calculated using
Equation (1), based on the potential (2) to account for the ionic core and the density response function
of the UEG for plasma electron screening.

Figures 1 and 2 show the interaction potentials for i-i pairs at 7, = 1. In Figure 1 the results for
potential (1) at @ = 1 and I; = 5 are presented: the black solid line represents @=2 with Ty = 0.75,
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while the black dashed line corresponds to & =6 with the same "zur. Additionally, the red solid line
indicates @ =2 with 7z, = 0.25 and the red dashed line represents @=6 for the same "zwe. The blue
solid line shows the results for the screening potential (4).

In Figure 2 the interaction potentials (1) are displayed with various parameters. The black solid
line (& =2) and dashed line (& =6) represent @ = 1,T; = 1, and 1, = 0.25. The red solid and dashed
lines correspond to # = 1, I; =5, both with ., = 0.25_ Similarly, the green solid and dashed lines
show @ = 1, T, = 10, also with 7o = 0.25. Finally, the dotted lines represent the results for & = 0.5,
a =2, and T,y = 0.25 with black indicating T; = 1, red for I; = 5, and green for I. = 10.

Figures 1 and 2 show that with increasing distance, potential (1) tends to the screening potential
(4) (Yukawa), while at smaller distances, the strongly bound electrons shield the ion core, weakening
the screening compared to the Yukawa potential. Increasing the ;.. at a fixed value of @ leads to
a softer potential (1), while decreasing @ at a fixed Teue results in a steeper potential (1) at short
distances.

Higher I values indicate stronger coupling and deeper potential wells, meaning electron-ion
interactions in the micro potential used as the basis become more significant as the system deviates
from ideal gas behavior.

— @l ]l =5 022 fe=075
=== @=6, =075

— =2 e =0.25

=== g= 6, =025

— sreening, 8=l n=1.NL=5

©;i(R)/kgT

Figure 1 — The interaction potentials for i-i pairs at t, = 1 for potential (1) 8 = 1,T; =5,
black solid line — @=2, 7.y, = 0.75, black dashed line — @=6, Tepr = 0.75,
red solid line — @=2, T, = 0.25, red dashed line — =6, Tewr = 0-25,

blue solid line — for screening potential (4)
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Figure 2 — The interaction potentials for i-i pairs at ¥, = 1 for potential (1) black solid (#=2) and dashed
(x=6)line- 8 = 1,T; =1, 7., = 0.25, red solid (#=2) and dashed (#=6) line-8 = 1,T; =5,

rcut

represent results for & = 0.5, =2

= (.25, green solid (@=2) and dashed (=6) line — & = 1, I; = 10, 1, = U.25, dotted lines
0.25 —black (T; = 1), red (I; = 5), green (I, = 10)

Figure 3 shows the interaction potentials for ion-ion (i-1) pairs at a degeneracy parameter & = 0.5
and a density parameter r, = 1, with @ = 2 for potential (1). The interaction potentials are plotted
for various ratios of electron temperature to ion temperature (T, /T; ). Specifically, the black solid line
represents T, /T; =1 with a cut-off radius 7.,y = 0.25, while the black dashed line corresponds to
Ty = 0.75. The red lines depict T, /T; = 2, with the solid line for Teut = 0.25and the dashed line for
7., = 0.75. Similarly, the blue lines represent T, /T; = 3, with the solid line again for 7.,y = 0.25 and

the dashed line for 7, = 0.75.

As the ion temperature T; decreases, the screening in the potentials increases. This increase is
larger for a larger cut-off radius of 7.,y = 0.75 at a constant @ = £, This behavior is attributed to a
strengthening in the attraction between bound electrons and ions. In contrast, as the values of T, /T;
increase, indicating stronger ion coupling, the screening of the potentials weakens.
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Figure 3 — The interaction potentials for i-i pairs at 8 = 0.5, 1, = 1 with a=2 for potential (1)
for different values of % % =1 —black solid (*z, = 0.25) and dashed (75, = 0.75) line,
% =) _red solid (ry, = 0.25) and dashed (1 = 0.75) line,
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Figures 4 and 5 show the radial distribution functions (RDFs) for i-i pairs at %z = 1. In Figure
3 the results for potential (1) at & = 1 are depicted with varying values of I; and "eut. For I; =1
and Teur = 025 the black solid line corresponds to @& =2, while the dashed line represents &=6.

For I; =5 with the same Teut, the lines are shown in red. When I; = 10 is considered, the green
lines indicate the results for Toyr = 0.25 with the same line styles. Additionally, the blue lines show
the screening potential (4), with solid lines for I; = 1, dashed lines for I; = 5, and dotted lines for
I, =10.

In Figure 5 the RDFs for potential (1) at I; = 10 and & = 0.5 are shown. Here, the black solid
lines (& =2) represent Teur = 0'25, while the dashed lines correspond to Yeur = 0.75_ The red solid
lines for @ = 1 and Teur = 025 5p¢ paired with dashed lines for 7., = 0.75. The blue lines again
depict the screening potential (4), with solid lines for & = 0.5 and dashed lines for & = 1.

In Figures 4 and 5 the radial distribution function (RDF) curves show how decreasing the

Teur strengthens the screening effects. The RDF for Tz = 0.25 is positioned higher than that for
1., = 0.75, indicating stronger attractive interactions between electrons and ions due to deeper
negative minimum values of the non-screened electron-ion potential. Conversely, for fixed "e
increasing @ shifts the potential minimum closer to the ion, making it steeper and resulting in a
slightly higher RDF for & =6 compared to & =2. However, the difference between these RDFs is
minor, while the distinction between potential (1) and the screening potential (4) is more pronounced,
as the Yukawa model neglects the ion core effect, causing its RDFs (blue lines) to reach unity more
quickly.

Because this is a non-isothermal plasma, RDF peaks increase with higher I'; values due to the
difference between electron and ion temperatures, but overall curves with lower T; values lie higher,
as with the increasing coupling parameter, the probability of finding particles with the same charge
(i.e., ions) decreases. And the difference in screening effects becomes more pronounced at lower &
values, indicating stronger coupling and strengthened electron-ion interactions.
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Figure 4 — The radial distribution functions for i-i pairs at &, = 1 for potential (1) at @ = 1with [} = 1,
Teee = 0.25— black solid (@=2) and dashed (@=06) lines, I; = 5, ¥y = 0.25 —red solid (&=2) and dashed
(=6) lines, I; = 10, r,,, = 0.25— green solid («t=2) and dashed (@=6) lines, blue lines — for screening
potential (4) with solid (I; = 1), dashed (I = 5) and dotted (It = 10)
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Figure 5 — The radial distribution functions for i-i pairs at 7; = 1 for potential (1)
at I; = 10 with & = 0.5, @=2 — black solid (*; = 0.25) and dashed (72 = 0.75) lines,
8 = 1, @=2 — red solid (T = 0.25) and dashed (Tzxe = 0.75) lines,
blue lines — for screening potential (4) with solid (8 = 0.5) and dashed (& = 1)

Figures 6 and 7 show correlation energy and equation of state (i.e., the ionic non-ideality
corrections to the thermodynamic properties), respectively, calculated by solving equations (7-8) for
the potential (1) and using potential (2) as micro potential @ (r). The correlation energy and equation
of state depend on the ratio of electron to ion temperatures, T, /T, at a density parameter 7; = 1.
Solid lines represent the case for & = 1, while dashed lines correspond to & = 0.5, The graphs
include different values of & and T, black lines indicate an interaction at & = 2with T, = 0.25,
while red lines represent the same & = 2 but with 1, = 0.75, Additionally, green lines show the
impact of increasing the @ = 6 with a 1., = 0.25, and blue lines show the 7, = 0.75,

As @ (and consequently temperature T') rises, the absolute values of non-ideality corrections
decrease, showing a reduction in interactions within the system. The lower absolute values of the
corrections to non-ideality are also observed for a larger cutoff radius of 7,,,; = 0.75 at a fixed «, as
well as for a smaller & = 2 at a fixed cutoff, due to a decrease in screening effects as the attraction
between bound electrons and ions weakens. Conversely, as the values of T increase, signifying

L
stronger coupling, the absolute values of the non-ideality corrections also rise.

Conclusions

In this study, we employed a novel ion-ion interaction potential that accounts for both screening
from ionic cores and exchange-correlation interactions to analyze how the ion core effects impact the
structural and thermodynamic properties of non-isothermal plasmas.

It should be noted that this study prioritizes investigating ion core effects in non-isothermal plasma
over broad comparisons with other theoretical models or experimental data, as previous research has
adequately addressed such comparisons [15, 16]. Our focus allows for a deeper exploration of ion-
ion interactions without added complexity. While we did not include calculations with and without
exchange-correlation interactions, prior work [15] has established that the differences in screening
effects decrease at higher ©, becoming negligible at & = 4, which means in the regime of weakly
or non-degenerate electrons, the effects of electronic exchange and correlation must be taken into
account.
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Figure 6 — The correlation energy for the potential (1) depending on relation between temperatures
Te . P
of electrons and ions " using values of T; = 1,5,10, at#; = 1 for # = 1 (T, = 580 000 K, solid lines)

T

and 8 = 0.5(T, = 290 000 K, dashed lines): @=2, Teyr = 0.25 — black lines, @=2, Ty, = 0.753 —red
lines, ®=6, 1y, = 0.25 — green lines, @=6, r,,, = 0.75 — blue lines
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Figure 7 — The equation of state for the potential (1) depending on relation between temperatures

of electrons and ions ,TT': using values of I; = 1,5,10, atr; =1 for & = 1 (T, = 580 000 K, solid lines)
and 8 = 0.5 (T, = 290 000 K, dashed lines): @=2, 7, = 0.25— black lines, @=2, Teye = 0.75 —red
lines, &=6, ¥y, = 0.25 — green lines, =6, ¥, = 0.75 — blue lines

Our analysis demonstrates that as the distance between ions and electrons increases, the effective
potential tends to converge towards a Yukawa-like screening potential. However, at shorter distances,
the influence of strongly bound electrons creates a shielding effect that decreases the screening. The
radial distribution functions (RDFs) further show the significance of adjusting parameters such as
cutoff radius "eut and core edge steepness @. For instance, a larger Tewr leads to a softer potential,
while a smaller & results in a steeper potential at short distances.
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Our analysis demonstrates that as the distance between ions and electrons increases, the effective
potential tends to converge towards a Yukawa-like screening potential. However, at shorter distances,
the influence of strongly bound electrons creates a shielding effect that decreases the screening. The
radial distribution functions (RDFs) further show the significance of adjusting parameters such as
cutoff radius Tzur and core edge steepness &. For instance, a larger T, leads to a softer potential,
while a smaller & results in a steeper potential at short distances.

Additionally, we found that increasing € (and T'), the absolute values of non-ideality corrections
decrease, indicating fewer interactions in the system. The smaller absolute corrections to non-ideality
are also seen with a larger cutoff radius of 7, = 0.75 at a fixed @, as well as for a smaller & = 2
at a fixed cutoff, due to reduced screening effects resulting from weaker attraction between bound
electrons and ions weakens. On the other hand, as I'; increases (indicating stronger
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MOHJIBIK HET'T31IH N30 TEPMUSIJIBIK EMEC
IJIA3SMAHBIH KACUETTEPIHE OCEPI

Anjarna
Byt skymBICTa MOHABIK HETi3/1eH (KaHKa) A€, aTMacy-KOPPEISIHsIBIK ©3apa OpeKeTTeCyIeH Je maiiia 001aTeiH
JKpaH/IaTy/Ibl €CKePETiH MOH/IBIK-HOH/IBIK ©3apa OpPEKeTTECY/IH aHa MOTCHIHAJIbIH KOJJaHy apKbLIbl HOHIBIK
HETI3/1IH H30TePMISUIBIK eMeC Ia3Mara ocepi 3eprrenesi. HoTmxkenep KalbIKThIKTHIH 6CYiMEH THIM/II TIOTSHIIHAI
IOkaBa TypiHiH SKpaHjaly MOTEHIMAJIbIHA JKAaKbIHAAFaHBIH KOPCETEl, ajl COHBIMEH Karap OfaH Ja KbhICKa Ka-
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HIBIKTBIKTA SJICKTPOHIAPIBIH KYIITI OaillaHBIChI DKPAHIAATYIbI dCipeTei. Fpyr KECY PAIUYCHIHBIH KOHE & KaHKA
JKHET1HIH TiK OOJTyBIHBIH SPTYPJIi MOHAEPIHE TOTEHIUAIIBIH KaHE pajuaiiibl Tapaity GyHkuusuiapass (PTO) kyii-
e3repicine aliTapibIkTail ocep ereni. baitnansic napamerpiepitin (T) xorapbl MOH/EPI ICKTPOH-HOH/BIK ©3apa
OpeKeTTeCyl KyIeHTe i, Oy 3 ajjblHa TePEHIPeK MOTESHINAIIbI IIYHKBIPIApFa )KOHE HACAIIBIIBIKKA HEFYPIIbIM
afiKBIH TY3€Tylepre oKeiedi. & MOHIHIH ecyl MIealIblUIbIKKa TY3eTylIepaiH abcom~TTi MOHIEPiH azalTamsl, Oy
XKyiiene e3apa opeKeTTecy/iH MeNIIepiHiH a3IbFblH KepceTeni. beminrenren 6ip ¥ mapamerpingeri ynken Tcut
KeCy pajuychl JJICI3 dKpaHAaly dcepiHe OalaHbICTBI TY3ETyJIepAi asaiTaibl. [ YIFAIOBIMEH HICAIABUIBIKKA
TY3eTyJiep OaiylaHBICTBIH KYLICIOIH KOpPCeTe OThIPBIN apTaabl. HoTnkenep ThIFbI3, H30TEPMHSIIBIK eMEC T1a3MaHbl
3epTTey Ke3iH/ie HOH/BIK HET13/IiH 9CepiH eCelKe aTy/IblH MaHbI3IbIIBIFBIH KOPCETE].

Tipek ce3nep: THIFBI3 IUIa3Ma, HOH/BIK HETI3, H30TEPMUSUIBIK €MEC I1a3Ma, NOHAAPIBIH €3apa dpEKEeTTeCy
HOTEHIUAJIbI, paJyajIgsl Tapary GpyHKIHIAPHL,
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BJIMAHUE HOHHOTI'O OCTOBA HA CBOICTBA
HEU3O0OTEPMHUYECKOMU IIJIA3MBbI

AHHOTALMA

B nanHHO# pabore u3ydaeTcst BIMSHHE MOHHOTO OCTOBA Ha HEM30TEPMHUYECKYIO TIa3My C HCIIOJIb30BAaHHEM
HOBOT'O ITOTEHIIMAJIa MOH-MOHHOTO B3aUMOJICHCTBHS, YYUTBIBAIOIIETO dKpaHUpyrone 3PpQeKTsl Kak OT HOHHOTO
0CTOBA, TaK U OT 0OMEHHO-KOPPEIISIIIMOHHBIX B3aUMOIeHCTBHN. Pe3yibTaThl MOKa3bIBAIOT, YTO C YBEJIMUEHHEM pac-
CTOSHUS 3 PEKTUBHBIA MOTEHIINAI MPHOIIDKACTCS K SKpaHUpyIoieMy noTeHuany tnna KOkaBsl, B TO BpeMst Kak
Ha 0oJyee KOPOTKHMX PACCTOSIHUSAX CHIIbHAs CBA3b AJIEKTPOHOB OCHAONSAET SKpaHHpOBaHME. Pa3nuuHble 3HAUCHUS
panuyca o0pe3aHus ¥, U KPYTU3HBI Kpast 0CTOBa & CyIIECTBEHHO BIUSAIOT HA IIOBECHHE IIOTEHIINANIA U PaJHallb-
HbIX (yHKUMiT pacnipeneneuus (POP). bonee Bricokue 3HaueHus napametpos cssu (I;) yenamaror s1eKTpoH-HOH-
HBIE B3aUMOJICHCTBYSL, YTO IIPUBOINT K Oosiee ITyOOKMM MOTEHIIMAIBLHBIM SIMaM U OoJiee BBIPayKEHHBIM MTOITPAaBKaM
Ha HewIeaJbHOCTh. YBenudenue 8 ymenbraet abCOIIOTHBIE 3HAYCHUS TOIPABOK HAa HENICATbHOCTb, YTO YKa3bIBa-
€T Ha MEHBINee KOJMYECTBO B3anuMoyieiicTBui B cucteme. bonpmmii pagnyc oOpe3anus ¥pyy Ipu GUKCHPOBAHHOM
napamerpe @ Takke yMeHbIIAET MOMPABKU HM3-3a Gosee ciaboro skparupyromero dddexra. C yemmuenuem I;
MONPaBKU Ha HEUICANBbHOCTh BO3PACTAIOT, OTpaXkas yCHWJICHHE CBA3U. Pe3ynbTarTsl MOKa3bIBAIOT BaXKHOCTh ydeTa
3¢ PEeKTOB HOHHOTO OCTOBA MPH UCCIIEIOBAHUH IJIOTHOW HEN30TEPMUUYECKOM IJIa3MBl.

KiaroueBrble ci10Ba: mioTHas IiIasma, HOHHBII OCTOB, HCU30TCPMUUCCKAA IJ1a3Ma, MIOTCHIINAJT B3aHMO,HCI71CTBPISI
HMOHOB, paiuajibHbIC (1)yHKI_[I/II/I pacnpeaciacHs, TCpMOANHAMHUYICCKUC CBOMCTBA.
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