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UNIFORMLY EXTERNALLY DEFINABLE EXPANSION

Abstract

In this article, we study the expansion of a structure by adding a new predicate that is not definable by any
formula in the original language. To consider an externally definable expansion, we define the extension of a
model in both essential and non-essential case. Such expansions can lead to significant changes in the properties
of the resulting structure. We focus on the case of externally definable expansions, where the new relation is given
by the intersection of a formula defined in an elementary extension with the original structure. The concept of a
uniformly externally definable expansion was first introduced by Macpherson, Marker, and Steinhorn in the context
of expansions by cuts in submodels of o-minimal structures over the real numbers. Subsequently, Baizhanov
demonstrated that expanding a model of a weakly o-minimal theory by a family of convex sets preserves both weak
o-minimality and uniform external definability. We establish conditions for external expansions under which the
key properties of the original structure are preserved.

Keywords: expansion, externally definable expansion, convex-to-right (left) 2-formula, quasineighborhood
and neighborhood.

Introduction

External definability. Let i = (M, Z} be a structure of a signature E. We consider an extension
¥ =2 U {U™] of the signature £. We say that M = (M,E*) is an expansion of M, if U € Z. An
expansionis essential ifthere isa formulay * (%, ¥) ofthe signature ¥ suchthaty ¥ (M*, &) = 6(M, b)
for any definable set (I, 5) of M. In the opposite case we 1y that the expansion is non-essenti .
In particular, any constant expansion is non-essential. Let I be an elementary substructure of ¥
M < N. We say that U is externally definable, if there exists a formula ¥(X, &) of the signature T
with & € N and & & M such that

U(I™) = $(R,a) NM".

We say that an expansion is externally definable, if any definable subset in the expanded language
is externally definable.

Let A € M. A complete type p(x) € 5(A) is said to be definable, if for any formula (X, ¥) there
exists 8, (¥, @), where @ € A, such that for any b € A

[W(£,b) Ep & M =0,(b a)l.

S. Shelah proved that a complete theory T is stable if and only if for any model I = {(M;Z} =T
and for any set 4 & M any type over 4 is definable. Thus, it is well-known that if a theory T is stable,
any externally definable expansion is non-essential. Indeed, we consider an externally definable

expansion of a model M of a stable theory such that for (¥, @), @ € N\M, ¢(%, @) N M = U(IM™),
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here M is an elementary substructure of 3. Let & € M be such that M* = U(5). Then M = (b, @),

it means that ¥(b, ¥) € tp(&|M). Since T is stable then t2{&|M) is definable, and consequently there
exists an M-definable formula €, (¥, @), @ € M such that

[W(b,7) Etp(a|M) & M = 6(b, a)].
Thus,
U(M™) = 0, (M, a).

In each formula of =¥ we replace U{¥) with 8, (7, a@). So, any parametrically definable set in
™M™ is equal to a parametrically definable set . This means that this expansion is non-essential.
Thus, any externally definable expansion of a model of a stable theory is non-essential expansion. So,
we consider externally definable expansions for unstable theories.

Materials and methods

Bruno Poizat introduced the notion of a beautiful pair. We say that a pair (9%, %) of models of T
is beautiful, if M is |T| " -saturated and for each & € N each type over M U {@} is realized in . Let
@ € N\M and p : = tp(@|M). Then for each formula ¥ (%, ¥) we define the predicate Ry @) on
the set M as follows:

M= Riym(@) © ¥ix, a) € tp(alM) & N = ¢(a, a).

Here, we denote the expanded structure by M = (M; E+}, where
£t = {Riypm ) Ip €S(M), ¢ € L},

We say that M is externally definable if each new predicate is externally definable. It follows
from definition that if a pair of models (M, N} is a conservative pair (the type of any tuple of elements

from N over M is definable), then the structure M is the structure obtained from M by Scolemization
of M. In the paper, we consider the cases where M is constructed from one 1-type for an unstable
theory.

Let M be » mndal af 3 complete theory T of a signature . We say that 331; is the expansion of
D by the type P € S1(M)_if M : = (M;ZI). where BF 1= (R, () |9 €T},

An externally definable expansion M* = (M;Z U {U'}) is a uniformly externally definable
expansion, if for some 3 = T, for any ¢ (x) of E+, there exists K m(fj @) of £ with & € N, such that
for each @ € M the following holds:

M = eld) &N EK(ad).

Originally, the notion of a uniformly externally definable expansion was considered in the paper
by D. Macpherson, D. Marker, and C. Steinhorn for a cut in a submodel of an o-minimal model with
the universe consisting of all real numbers [2]. B. Baizhanov proved that an expansion of a model of
a weakly o-minimal theory by a family of convex sets is weakly o-minimal and uniformly externally
definable [3]. S. Shelah in proved that the expansion of a model of a dependent theory (NIP) by all
externally definable relations is uniformly externally definable and NIP [4].
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Results and discussion

A set A © M of linearly ordered structure I} is said to be convex, if for any a, b € A such that
a < b, it follows foranyc € M (a =c = b — ¢ € A). A 2-formula ¥(x, ¥) is said to be convex-to-
right if for any & € (Ixy{x, ¥)) (M), the set W{I, &) is a convex set and & = inf (Wi, @), Similarly,
a 2-formula ¥ (x, ¥) is said to be convex to the left if for any @ € (Ixy(x, y)) (), the set Y (M, a)
is a convex set and @ = sup (I, &)

Definition 1. Let M = (M; <, ...} be a linearly ordered structure, 4 € M, and let ¢{x,¥) be a
definable formula [5].

1) The convex closure of a formula ¥ (x,a) is the following formula:
¢ (x,a) := 3y, 3y (e, d) Ao (1, @) Ay = x = 3,).
2) The convex closure of a type p(x) € 5:(4) is the following type:
p°(x) : ={¢°(x,d) | @(x,a) €p}.

Main Theorem. Let I = {(M; <, ...} be a linearly ordered structure. Let 4 and & be subsets of M.
We write A < Bifa < b forany@ €A and b € B, We write A < bif A < {b}ang b < Ajr{b} <A
. A partition of M (o € and D is said to be a cut, if € < DA cut (€, D) is said to be irrational, if
B(M) = C and (M) # D for any M-definable 1-formula ©(x).

Theorem 1. Let M = (M; E} be a structure, where £ ={=,<, ..} and = is interpreted as a
linear order. Let (€: D) be an irrational cut in T and let for some 3 > M there exists @ € N\M
such that C < & < D. Assume also that for any formula & (%,3), such that H(T &) is convex-to-
right or to the left and contains an element different from &, it holds that H(J,a) "M # @ Then

WM™ = (M; ZU {U'}) is a uniformly externally definable expansion, where U(0™) = C.
Proof. For each formula L{x) we define

E (x,y):=L(x)AL(MAVz((x=z=yVy=z =x) = L(2)).

We note that E; is an equivalence relation on L{J)}) such that each E; -class is a convex set.

Lemma3.Letp € 5, (M) besuchthat ®(N, ) N M = @ forany & € p“(N) and for any convex to
the left M-formula ©(%. ¥) that is not equivalentto* = ¥, Let L(x) be an M-formula and 8 € L(N)

IfE, (N, ) np(N) = ©, then p®(N) < E (N, f).

Proof. By definition of Ej, it holds that L{N) =Ugg;ran B (N, B). By definition of a type, we
obtain that L(x) € p < thereis § € L{N) N p(N). Then E; (x, §) A x < f§ is a formula that is convex
to the left. By the hypothesis of this lemma, E; (N, f) N M # @,

Let b € E,(N,B)NM and E,(N,B) =E,(N,b). We consider the right side of E;(x, £),
that is, E, (x, §) Ax = [, and conclude that there is ¢ € M such that E(N,c) = E(N, §), that is
why p°(N) << c. Then b < f§ < ¢ and T &= E; (b, c). The last implies the following inclusions:
p(N) € p°(N) € E, (N, B). [

We prove that for each formula @ (%x;,%, .., x,) of E¥ =X U {/] there exists a formula
K5 (xys oy X, @) and & € N\M such that @(I7) = K (" a)nM",
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We prove it by induction in the complexity of the construction of ¢. First, we assume that
@{(x,...x,) has the following form:

@(x, %5, e, X,) = (Hl(xl.. LX) A E_,.E\;E_U(xi}) % (H2 (... ) A EE\;?U(XE}) v
VoV (Hy(xg ) A ;Eff u(x)),
where Hy (21, ---an}, H, (xy, "'an}, e H, (%1, -, %) are formulas of £ and
“U@) =U(x), ife =1, mnd
U) = -U@), ife =0

We put €7 = {EfJ Ei- €Y.
Let @ € M™, Assume that ™ = @(d). Then

W = (B, @ A AFU@)) v (@ A AFU(@))V v (H(DA AUG))

Suppose, that M* = Hy (@) A A% U(a,)). Then M = Hy (@), and then M = *U(a;) if and only
if M Ea; < a aswellasM™ = U(a;) ifand only if N &= a; <a;.
We introduce the following notation. We write

{ﬂ?l:(aiia}ﬁﬁﬂ'tl:aiim if el = 1, and
Ne(g <a)eoRea<a, ife =0

Then
N E=EH(@)A E"L (< ﬂf}EE_
implies that =
N e (Hl(a} ﬂiﬁll(a < ai}EE—) V(Hz(a'} ﬂizxi(a < ai}EEl)‘-.-" oV
v (Hy(@) A E_,Ell(a < a)%).
We also denote

Hm(xj_l "'anjﬂ} = U (P{J(ﬂ_} Y ..l'r"|. (ﬂ-i < G[}Ell)
i=1 i=1

Then M™ & @(d) if and only if N & K, (a, &).
Suppose that for a formula ¥y, X) of E* there exists a formula K + O x, &) of E such that for
any ¢,a@ € M we have that

MW" =yl d) © N E=Kyleda)

Then we construct K, (£, @) for the formula @ (x) : = 3y (v, ).
We claim that

Kp(x a):=3z3y(K,nX, a) A\Ve(z = v <a = K,y x,v))
satisfies the requirement.

(%) Let @ € M be such that % = K,(@, @) this means
NeEIzIy(Eyvaa) AVv(z = v < a = Kyly,a,v))
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By Lemma 3 we consider the formula
Flz,a,a) :=3y(Ky(na,a) AVv(z = v < a = K;u(y,a,v)).

Note that F{z, @, &) is convex to the left. By the hypothesis of the theorem there exists b € M
such that
NeFbaaeNey(EyaaAVwb=v<a—Ky(yav);
that is why F(b, a,t) € tp{a/M). By Lemma 3 there exists ¢ € M such that

N eF(bachb=<a<rc

this means that
Ney(Eynac)Ave(b = v <c— Kylyav))

Since ¥} < 1, so _ _
M =Iv(Ey oy ac) Ave(b = v <c - K,y av)).

Let m € M be such that _ _
M= Kyma,c) AVe(b =v <c - K,(m,av)).

Then f =EVv(b = v < ¢ = K, (m,a,v)). Since b < & < ¢, we obtain N = K (m,a, a). By
the induction assumption M™ = P(m,d). So, WM™ =3Iy (¥, @) and WM™ = @(d).

(FVLetM™ & @(a). Recall that@(x) = Iy (y, £)) thenM™ = Iy(y (¥,d)) and, consequently
M = ¢(m,a) for some m € M. By the induction hypothesis,

M =eyY(ma) @ NE Hﬁb(mja',:x}.

We consider ¢, which is the convex hull of p = tp(a/M). By Lemma and since Ky (m, @, t) is
convex, there exists &,¢ € M such that b << p°(N) < ¢. So, we have

NE(Ky(m,a,a) A\Vv(b=v <c— Ky(mav))
NeEy(Eynaa) AVe(b = v <c— Kylyav)).
Since b = @& = ¢, we obtain

Nedy(EynaaAvVeb=v<a-— Ky av),
NEIzIy(EL O aa) AVv(z <v < a—= Kylyav))
Then ¥} E f(m(ﬁ, o). [

and, consequently

and

Conclusion

In conclusion, our investigation of externally definable expansions highlights the delicate balance
between enriching a structure with new predicates and preserving its fundamental model-theoretic
properties. By distinguishing between essential and non-essential extensions, we clarify when such
expansions maintain the behavior of the original model. Building on earlier work in o-minimal and
weakly o-minimal settings, we provide general conditions under which key properties — such as
uniform external definability are retained. These results contribute to a deeper understanding of the
model-theoretic stability of structures under externally definable expansions.
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"MaremaTrka )KoHe MaTeMaTHKAJIBbIK MOJICIIb/ICY HHCTUTYThI, AJIMaThl K., Kazakcran
BIPKEJIKI CBIPTTAM AHBIKTAJIATBIH BAUBITY

AnjiaTna

byn makamana KypeUIBIMIAFbl Tl OaibITy Macenenepi KapacThIpbuiajibl. J{oy1 ochl Ke3ne KYpPBUIBIMHBIH
emr6ip popMymackMeH Coifikec KeIMEUTIH )kKaHa IpeAnKaT Kochutaasl. CRIPTTail aHBIKTAIATHIH OAWBITYTap bl Kapac-
TBIPY YIIIH MOJICNB/IIH MaHbI3/Ibl JKOHE MaHBI3/Ibl eMeC 0albIThUTY YFBIMIAPBI eHri3ineni. by xarnaiiaa sxaHaaan
aJNbIHFaH KYPBUIBIMHBIH KacHeTTepi alTapibIKTail e3repyi MyMKiH. JKaHa KaTblHAc ajeMeHTap OailbIThUIbIMIIA
aHBIKTaJFaH (OpPMyJIaHBIH OacTankbl KYPbUIBIMMEH KHBUIBICYBI OOJNFaH Ke3le ChIPTTall aHBIKTaJaThlH OalbITy
JKaF/1aiibl KapacThIPbIIagbl. BipKaIbINTEI CHIPTTAl aHBIKTANAThIH OalbITY YFBIMBIH anFam per MakdepcoH, Map-
Kep skoHe CTalfHXOPH HaKTHI CaH/Iap JKUBIHBIHAFB O-MUHAMAI KYPBIIBIM/IAP/IBIH 1IIKi MOAETbACPIH/ET] KHBIIBICY
apKBLUTBI OalBITY KOHTEKCiH e eHTisreH. Keiinipek baikaHOoB 9JICi3 0-MUHUMAIIIBI TEOPHSI MOJICITiH IOHEC KUBIHIAP
TONTACTBIFbI APKbUIbI 0aifbITy OYJI MOJENBIIH 9pi 9JCi3 O-MUHUMANIBUIBIFBIH, 9pi OIpKAJBINTHI CHIPTTA aHBIK-
TaJATBIH/IBIFBIH CAKTANTHIHBIH Jonenaesni. ChIpTKbl OalibITy HIapTTaphl aHBIKTANBII, OHJIA OacTarKbl KYPbIIBIMHBIH
HETI3r1 KaCHeTTepi CaKTala bl

Tipek ce3aep: O0albITy, CHIPTTAll aHBIKTANATHIH OaifbITY, HOHEC OHFa (coira) 2-hopMylna, KepIIiec jKoHE
KBa3H-KepIIiec.
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'MIHCTHTYT MaTeMaTHKN 1 MaTeMaTHIeCKOTO MOACIUPOBaHus, I. Anmartsl, Kazaxcran
PABHOMEPHO BHEITHE OIIPEJIEJIMMOE OBOT'AIIEHUE

AHHOTAIUA
B »T0i1 cTaTthe MBI paccMaTprBaeM BOIPOCH 00OTAIICHUS SI3bIKA B CTPYKTYPE, KOTIa T00ABIIICTCS HOBBIH Ipe-
JIKAT, HE COBIAIAIOINIUI HU C OHOM (hOpMYII0it CTPYKTYpBL. J[jisi pacCMOTpeHHsI BHEIITHE OMPEIEIMMbIX PacIIipe-
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HUU MbI BBOJUM IIOHATHE PACILIUPEHUS MOJEIH B CYLIECTBEHHOM M HECYLECTBEHHOM cilydasx. [Ipu aToM moryt
CYILIECTBEHHO MEHATHCSI CBOMCTBA BHOBb IOJIYYEHHOH CTPYKTyphl. PaccMOTpeH citydail BHEIIHE ONpeneIuMOoro
oborareHus, Korja HOBOE OTHOILICHHUE SIBISICTCS ITepeceueHneM (OpMYIIbl, OTIPeIeNICHHON B AJIEMEHTApHOM pac-
MIMPEHUH, C UCXOIHOH cTpyKTypoi. [ToHsITHE paBHOMEPHO BHEIIHE ONPEACINMOTO PAcIUIMPEHUst ObUIO BIICPBBIC
BBezieHO Makdepconom, Mapkepom n CTalfHXOPHOM B KOHTEKCTE PACHIMPEHUH C TTIOMOIIBIO CEUSHHH B TIOAMOIC-
JSIX O-MHHUMAJIBHBIX CTPYKTYp HaJl MHOXKECTBOM BEIIECTBEHHBIX uHcell. Brnocnencteun baiiaHoB mokasal, u4To
pacumpeHie MoJIeNiu ¢1ab0 O-MUHMMAIIBHOM TEOPUU CEMEWCTBOM BBIMYKJIBIX MHOXKECTB COXpaHSET Kak ciiadyro
0-MHHHUMAJIBHOCTb, TaK U PABHOMEPHYIO BHEIIHIOIO ONPEIEIUMOCTb. [1oydeHs! ycIoBuUs Ha BHELIHee odorarie-
HUE, IPU KOTOPOM COXPAHSIOTCSI OCHOBHBIE CBOMCTBA UCXOAHOM CTPYKTYPBI.

KuroueBble cj10Ba: o0oramieHme, BHEIIHE OMpPeIeIMMOoe 000TrallieH|e, BRITYKIIas BIpaBo (BIeBo) 2-hopmyra,
OKPECTHOCTh M KBa3HOKPECTHOCTD.
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