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NUMERICAL SOLUTION OF A FRACTIONAL CONVECTION-DIFFUSION 

EQUATION FOR AIR POLLUTION PREDICTION

Abstract
This paper presents a numerical method for solving the convection-diffusion equation with a fractional-order 

Caputo derivative to model air pollution in urban environments. The developed finite element scheme accounts 
for memory effects, offering a more accurate representation of pollutant transport compared to classical models. 
Stability and convergence of the method are theoretically proven and supported by numerical experiments. The model 
effectively identifies pollutant accumulation zones and can forecast air quality under various weather conditions. 
The results have practical value for improving environmental monitoring systems and planning measures to reduce 
pollution levels.

Keywords: convection-diffusion equation, fractional-order derivatives, pollutant dispersion, finite element 
method, numerical modeling, convergence, stability. 

Introduction

The quality of atmospheric air in urban environments remains one of the most pressing issues 
of modern times, as air pollution has a significant impact on public health and ecological balance 
[1–3]. Mathematical modeling of pollutant transport processes is an important tool for predicting 
the distribution of harmful substances and taking prompt measures to improve the environmental 
situation. Traditional models based on classical convection-diffusion equations are widely used to 
describe pollution dynamics [4, 5]. However, as research shows, such models are not always able 
to adequately account for nonlocal effects and long-memory processes characteristic of turbulent 
phenomena [6, 7].

To overcome these limitations, models incorporating fractional derivatives, particularly the 
Caputo derivative, have been increasingly used in recent years, as they allow for the consideration of 
anomalous diffusion processes and memory effects in the medium [8–10]. Several studies demonstrate 
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that numerical methods based on fractional calculus provide a more accurate description of pollutant 
transport dynamics in complex environments [11–13]. Various numerical methods are employed to 
solve equations with fractional derivatives [14–16]. However, as indicated by the literature review, the 
finite element method demonstrates high efficiency and is widely used in scientific and engineering 
studies [17–19].

Unlike classical models based on integer-order derivatives, the proposed method using fractional-
order Caputo derivatives accounts for memory effects and anomalous diffusion, making it particularly 
relevant for modeling air pollution under complex and unstable flow conditions. Thus, compared 
to alternative approaches, the fractional-order model provides a more realistic representation of 
pollutant transport dynamics in the atmosphere.

This study proposes a finite element method for solving the convection-diffusion equation with 
fractional-order derivatives, which takes into account nonlocal memory effects of the medium. An 
analysis of the stability and convergence of the developed scheme has been conducted, and the 
results of numerical experiments confirm the expected convergence orders.

Thus, the findings of this study can be used to address the urgent challenge of developing efficient 
methods for modeling the dispersion of pollutants in the atmosphere, which is of great importance for 
environmental protection and public health.

Materials and Methods

Problem Formulation. Let us consider the following fractional differential convection-diffusion 
equation. 

Problem 1.  In the domain , where  with a boundary  consider the prob-
lem 

where  is the wind vector,  is the atmospheric turbulence coefficient and the fractional-order 
derivative in the sense of Caputo is defined as follows: 

Throughout the article, we will adhere to the following assumption:
(A1) Problem 1 has a unique solution with sufficient smoothness for the analysis to be carried 

out. 
Let us define the weak formulation of Problem 1. 
Problem 2. Find , such that for any :
 

(1)

where , and

Semi-Discrete Formulation. We divide the time interval  by points , where , 
and , such that . Let  denote the solution of Problem 2 at time .

To define the semi-discrete formulation of Problem 1, we use the following approximation 
formula for the Caputo fractional derivative. 
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Lemma 1. The discrete analogue  of the Caputo fractional derivative  of order 
 can be expressed as [20]

(2)

where 

For the error term , the following estimate holds: 

We now present some elementary properties of the coefficients .  

Lemma 2. The coefficients , presented in Lemma 1, satisfy the following properties [18]:
a) Positivity: , ;
b) Monotonicity: , ;
c) Recursive Relation: ;
d) Summation Property:  .
Let  and  denote the dot product and norm in  for brevity. Let us define the semi-

discrete formulation of Problem 1: 
Problem 3. Let the solutions  be known for . Find  

such that for all :
	 	

(3)
where . 

Fully Discrete Formulation. Let  be a quasiuniform partition of . Define the discrete space 
. Introduce the projection operator  satisfying 

The projection operator has the following properties: 
	 	

   (4)

We now define the following problem. 
Problem 4. Let the solutions , be known for , in particular, .  

Find  satisfying the following identity for any : 

	 	
(5)

where . 
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Results and Discussion

Stability of the Numerical Scheme. Let us proceed to investigate the stability of the method. 
First, we will provide an auxiliary lemma that will be necessary for the proof of the main theorem. 

Lemma 3. For any function  the following inequality holds [18]: 

where  
Now, let us prove the main results of this section. 
Theorem 1. The discrete scheme (5) is unconditionally stable with respect to the right-hand side, 

and the following estimate holds: 

where  and  .
Proof. Choose  in (5): 
	 	

(6)

Estimate each term in (6). Using Lemma 3, we obtain:

	 	
(7)

Further, it is obvious that . The right-hand side is estimated as follows: 

	 	
(8)

Taking into account these estimates, we obtain from (6) that 

Sum the last inequality over  from 1 to  and consider that  to obtain 

which yields the statement of the theorem. 
Convergence of the Scheme. Let us proceed to investigate the convergence of the method. 

Theorem 2.  Let , where  be the solution to Problem 4. Then, under the as-
sumption (A1) and for , the following inequality holds for : 

where  is a positive constant independent of mesh parameters.
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 Proof. We introduce the decomposition: 
	 	

(9)

where  is the projection error and  is the discretization error. Consider the difference of identi-
ties (3) and (5), take into account (9) and choose  to obtain 

	 	
(10)

Estimate the terms in (10) as follows: 

	

	
Then it follows from (10) that 

which yields the assertion of the theorem. 
Computational Experiments. In this section, we present numerical experiments to verify the 

theoretical estimate. To validate the theoretical convergence estimate established in Theorem 2, a 
series of computational experiments were conducted using a model problem. 

Example 1. Consider the equation: 
	 	

(11)
where

with initial and boundary conditions: 
	 	

(12)
	 	

(13)

where  The exact solution is 
The goal of this computational experiment is to determine the actual order of convergence with 

respect to the fractional derivative order . Several combinations of fractional derivative orders from 
the set  were considered in the experiment.
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To analyze the dependence of the error order on the spatial step, the time step was fixed as , 
 while the spatial step  varied from  to , decreasing by a factor of two at each stage.

The errors were evaluated using the -norm for the solution  Table 1 presents the error values 
for different fractional derivative orders  and corresponding parameters  and . Figure 1 shows 
the convergence plot of the finite element method in a log-log scale. The results exhibit a straight 
line, indicating a clear algebraic convergence. The slope of the line corresponds to an empirical 
convergence rate, consistent with the theoretical prediction for the method and problem considered.

Table 1 – -errors and convergence orders for Example 1 for cases  and 
 

Figure 1 – Convergence plots for Example 1 for cases  
and 

As seen from Table 1, the convergence order strongly depends on the value of . Higher values of 
 yield the best accuracy and convergence order. Lower values of  result in a reduced 

τ = h 
α = 0.1 α = 0.5 α = 0.9 

L2-error Order L2-error Order L2-error Order 
1

10
 1.0297 ⋅ 10−2 - 8.2755 ⋅ 10−3 - 7.2457 ⋅ 10−3 - 

1
20

 5.1843 ⋅ 10−3 0.99 (≃ 1.05) 3.6021 ⋅ 10−3 1.20 (≃ 1.25) 2.7266 ⋅ 10−3 1.41 (≃ 1.45) 

1
40

 2.5922 ⋅ 10−3 1.00 (≃ 1.05) 1.5571 ⋅ 10−3 1.21 (≃ 1.25) 1.0190 ⋅ 10−3 1.42 (≃ 1.45) 

1
80

 1.2694 ⋅ 10−3 1.03 (≃ 1.05) 6.5923 ⋅ 10−4 1.24 (≃ 1.25) 3.7817 ⋅ 10−4 1.43 (≃ 1.45) 

1
160

 6.1308 ⋅ 10−4 1.05 (≃ 1.05) 2.7717 ⋅ 10−4 1.25 (≃ 1.25) 1.3842 ⋅ 10−4 1.45 (≃ 1.45) 
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convergence order, confirming the sensitivity of the method to the fractional derivative order. Overall, 
the experiment confirms the theoretical conclusions regarding the convergence of the method and 
its dependence on . The computational experiments verified the theoretical convergence estimates 
established in Theorem 2. The results demonstrate that the method exhibits the expected convergence 
rate for higher values of α α and a decrease in accuracy for lower fractional derivative orders.

Example 2. Let us consider a more realistic example. In this numerical test, the goal is to predict 
the dynamics of the  in the atmosphere based on the proposed fractional differential model on the 
example of the city of Ust-Kamenogorsk during one day, January 1, 2024. 

a) Concentration field after 1 hour b) Concentration field after 2 hours

c) Concentration field after 3 hours d) Concentration field after 4 hours

Figure 2 – Simulation results of  distribution for 
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Unlike Problem 1, the boundary conditions of the first kind are replaced by boundary conditions 
of the second kind, and the right-hand side is selected as the sum of two sources. Computational 
experiments were carried out for orders of fractional derivatives . The modeling 
results for the case of  are shown in Figure 2.

The results show that  spreads more slowly compared to classical diffusion which is suitable 
for modeling pollution in urban areas with obstacles and complex wind patterns. Therefore the order 

 controls the degree of temporal memory: smaller values of  correspond to stronger memory ef-
fects and subdiffusive behavior, leading to slower pollutant spread and prolonged atmospheric reten-
tion. This is consistent with observed pollutant dynamics in complex urban environments.

Moreover, the proposed scheme has proven itself to be stable for a wide range of time steps.

Conclusion

This study proposed a numerical solution of the convection-diffusion equation with fractional-
order derivatives for assessing air quality in urban environments. The developed model takes into 
account the influence of linear sources of pollutants, transport processes, turbulent mixing, and 
the memory effect modeled using the Caputo fractional derivative. This approach enabled a more 
accurate description of the dynamics of pollutant dispersion in complex urban conditions. 

The theoretical analysis of the stability and convergence of the proposed finite element scheme 
confirmed its efficiency and reliability. Numerical experiments demonstrated a high degree of 
agreement with theoretical results, validating the correctness of the chosen approach.

The developed model proved its applicability for forecasting atmospheric pollution under 
various weather and infrastructural conditions. It effectively identifies pollutant accumulation zones 
and helps in planning measures to reduce pollution levels. This makes the model a valuable tool for 
environmental monitoring and for developing strategies to improve air quality in urban areas.

The obtained results can be used in future research for more complex modeling scenarios, 
including the consideration of nonlinear pollutant sources, as well as integration with real-time 
monitoring systems for air quality assessment. Further development of the model will enhance its 
accuracy and broaden its application in environmental and engineering tasks.

Information on funding

This research has been funded by the Science Committee of the Ministry of Science and Higher 
Education of the Republic of Kazakhstan (Grant No. AP19679550).

REFERENCES

1	 Manisalidis I., Stavropoulou E., Stavropoulos A. and Bezirtzoglou E. Environmental and Health 
Impacts of Air Pollution: A Review // Frontiers in Public Health. – 2020. – Vol. 8. http://dx.doi.org/10.3389/
fpubh.2020.00014

2	 Piracha A., Chaudhary M.T. Urban Air Pollution, Urban Heat Island and Human Health: A Review of 
the Literature // Sustainability. – 2022. – Vol. 14. – No. 15. – P. 9234. http://dx.doi.org/10.3390/su14159234.

3	 Zhang X., Han L., Wei H. and  et al. Linking urbanization and air quality together: A review and a 
perspective on the future sustainable urban development // Journal of Cleaner Production. – 2022. – Vol. 346. – 
P. 130988. http://dx.doi.org/10.1016/j.jclepro.2022.130988.

4	 Abbaszadeh M., Azis M.I., Dehghan M. and Mohammadi-Arani R. Reduced order model 
for simulation of air pollution model and application in 2D urban street canyons via the meshfree 
gradient smoothing method // Computers &amp; Mathematics with Applications. – 2023. – Vol. 140. –  
P. 195–210. http://dx.doi.org/10.1016/j.camwa.2023.03.009.

5	 Leelőssy Á., Molnár F., Izsák F. and  et al. Dispersion modeling of air pollutants in the atmosphere: a 
review // Open Geosciences. – 2014. – Vol. 6. – No. 3. http://dx.doi.org/10.2478/s13533-012-0188-6.

6	 Dong G., Guo Z. and Yao W. Numerical methods for time-fractional convection-diffusion problems with 
high-order accuracy // Open Mathematics. – 2021. –Vol. 19. – No. 1. – P. 782–802 http://dx.doi.org/10.1515/
math-2021-0036.



287

ҚАЗАҚСТАН-БРИТАН  ТЕХНИКАЛЫҚ 
УНИВЕРСИТЕТІНІҢ  ХАБАРШЫСЫ № 2(73) 2025

7	 Alimbekova N.B. and Oskorbin N. M. Study of the initial boundary value problem for a two-dimensional 
convection-diffusion equation with a fractional time derivative in the sense of Caputo-Fabrizio // Journal of 
Mathematics, Mechanics and Computer Science. – 2021. – Vol. 110. – No. 2. http://dx.doi.org/10.26577/
JMMCS.2021.v110.i2.10.

8	 Kamran, Kamal R., Rahmat G. and Shah K. On the Numerical Approximation of Three-Dimensional 
Time Fractional Convection-Diffusion Equations // Mathematical Problems in Engineering. – 2021. – P. 1–16. 
http://dx.doi.org/10.1155/2021/4640467.

9	 Aniley W.T. and Duressa G.F. Uniformly convergent numerical method for time-fractional convection–
diffusion equation with variable coefficients // Partial Differential Equations in Applied Mathematics. –  
2023. – Vol. 8. – P. 100592. http://dx.doi.org/10.1016/j.padiff.2023.100592.

10	 Jung C.Y. Numerical approximation of convection–diffusion equations in a channel using boundary 
layer elements // Applied Numerical Mathematics. – 2006. – Vol. 56. – No. 6. – P. 756–777. http://dx.doi.
org/10.1016/j.apnum.2005.06.005.

11	 Liu F., Anh V. and Turner I. Numerical solution of the space fractional Fokker–Planck equation // 
Journal of Computational and Applied Mathematics. – 2004. – Vol. 166. – No. 1. – P. 209–219. http://dx.doi.
org/10.1016/j.cam.2003.09.028.

12	 Chabokpour J. Integrative multi-model analysis of river pollutant transport: advancing predictive 
capabilities through transient storage dynamics and fractional calculus approaches // Acta Geophysica. –  
2024. – Vol. 73. – P. 2835–2849. http://dx.doi.org/10.1007/s11600-024-01496-z.

13	 Barrios-Sánchez J.M., Baeza-Serrato R. and Martínez-Jiménez L. Fractional Calculus to Analyze 
Efficiency Behavior in a Balancing Loop in a System Dynamics Environment // Fractal and Fractional. –  
2024. – Vol. 8. – No. 4. – P. 212. http://dx.doi.org/10.3390/fractalfract8040212.

14	 Esmaeili S., Shamsi M. and Luchko Yury. Numerical solution of fractional differential equations with 
a collocation method based on Müntz polynomials // Computers &amp; Mathematics with Applications. –  
Vol. 62. – No. 3. – P. 918–929. http://dx.doi.org/10.1016/j.camwa.2011.04.023.

15	 Daraghmeh A., Qatanani N. and Saadeh A. Numerical Solution of Fractional Differential Equations // 
Applied Mathematics. 2020. – Vol. 11. – No. 11. – P. 1100–1115. http://dx.doi.org/10.4236/am.2020.1111074.

16	 Alsidrani F., Kılıçman A. and Senu N. On the Modified Numerical Methods for Partial Differential 
Equations Involving Fractional Derivatives // Axioms. – 2023. – Vol. 12. – No. 9. – P. 901. http://dx.doi.
org/10.3390/axioms12090901.

17	 Alimbekova N., Berdyshev A., Madiyarov M. and Yergaliyev Y. Mathematics. – 2024. – Vol. 12. –  
No. 16. – 2519. http://dx.doi.org/10.3390/math12162519.

18	 Baigereyev D., Alimbekova N., Berdyshev A. and Madiyarov M. Convergence Analysis of a Numerical 
Method for a Fractional Model of Fluid Flow in Fractured Porous Media // Mathematics. – 2021. – Vol. 9. – 
No. 18. – P. 2179. http://dx.doi.org/10.3390/math9182179.

19	 Zhang W., Capilnasiu A., Sommer G. and et al. An efficient and accurate method for modeling 
nonlinear fractional viscoelastic biomaterials // Computer Methods in Applied Mechanics and Engineering. – 
2020. – Vol. 362. – P. 112834. http://dx.doi.org/10.1016/j.cma.2020.112834.

20	 Zhang Y., Sun Z. and Liao H. Finite difference methods for the time fractional diffusion equation on 
non-uniform meshes // Journal of Computational Physics. – 2014. – Vol. 265. – P. 195–210 . http://dx.doi.
org/10.1016/j.jcp.2014.02.008

REFERENCES

1	 Manisalidis I., Stavropoulou E., Stavropoulos A. and Bezirtzoglou E. Frontiers in Public Health 8 
(2020). http://dx.doi.org/10.3389/fpubh.2020.00014.

2	 Piracha A., Chaudhary M.T. Sustainability 14 (15), 9234 (2022). http://dx.doi.org/10.3390/su14159234.
3	 Zhang X., Han L., Wei H. and  et al. Journal of Cleaner Production. 346, 130988  (2022). http://dx.doi.

org/10.1016/j.jclepro.2022.130988.
4	 Abbaszadeh M., Azis M.I., Dehghan M. and Mohammadi-Arani R. Computers &amp; Mathematics 

with Applications 140, 195–210 (2023). http://dx.doi.org/10.1016/j.camwa.2023.03.009.
5	 Leelőssy Á., Molnár F., Izsák F. and  et al. Open Geosciences 6 (3), (2014). http://dx.doi.org/10.2478/

s13533-012-0188-6.
6	 Dong G., Guo Z. and Yao W. Open Mathematics 19 (1), 782–802 (2021). http://dx.doi.org/10.1515/

math-2021-0036.



288

HERALD  OF  THE  KAZAKH-BRITISH 
TECHNICAL  UNIVERSITY          No. 2(73) 2025

7	 Alimbekova N. B. and Oskorbin N. M. Journal of Mathematics, Mechanics and Computer Science 110 
(2) (2021). http://dx.doi.org/10.26577/JMMCS.2021.v110.i2.10.

8	 Kamran, Kamal R., Rahmat G. and Shah K. Mathematical Problems in Engineering 2021, 1–16 (2021). 
http://dx.doi.org/10.1155/2021/4640467.

9	 Aniley W. T. and Duressa G. F. Partial Differential Equations in Applied Mathematics 8, 100592 
(2023). http://dx.doi.org/10.1016/j.padiff.2023.100592.

10	 Jung C. Y. Applied Numerical Mathematics. 56 (6), 756–777 (2006). http://dx.doi.org/10.1016/j.
apnum.2005.06.005.

11	 Liu F., Anh V. and Turner I. Journal of Computational and Applied Mathematics 166 (1), 209–219 
(2004). http://dx.doi.org/10.1016/j.cam.2003.09.028.

12	 Chabokpour J. Acta Geophysica (2024). http://dx.doi.org/10.1007/s11600-024-01496-z.
13	 Barrios-Sánchez J. M., Baeza-Serrato R. and Martínez-Jiménez L. Fractal and Fractional 8 (4), 212 

(2024). http://dx.doi.org/10.3390/fractalfract8040212.
14	 Esmaeili S., Shamsi M. and Luchko Yury. Computers &amp; Mathematics with Applications 62 (3), 

918–929 (2011). http://dx.doi.org/10.1016/j.camwa.2011.04.023.
15	 Daraghmeh A., Qatanani N. and Saadeh A. Applied Mathematics 11 (11), 1100–1115 (2020). http://

dx.doi.org/10.4236/am.2020.1111074.
16	 Alsidrani F., Kılıçman A. and Senu N. Axioms 12 (9), 901 (2023). http://dx.doi.org/10.3390/

axioms12090901.
17	 Alimbekova N., Berdyshev A., Madiyarov M. and Yergaliyev Y. Mathematics 12 (16), 2519 (2024). 

http://dx.doi.org/10.3390/math12162519.
18	 Baigereyev D, Alimbekova N, Berdyshev A. and Madiyarov M. Mathematics 9 (18), 2179 (2021). 

http://dx.doi.org/10.3390/math9182179.
19	 Zhang W., Capilnasiu A., Sommer G. and et al. Computer Methods in Applied Mechanics and 

Engineering 362, 112834 (2020). http://dx.doi.org/10.1016/j.cma.2020.112834.
20	 Zhang Y., Sun Z. and Liao H. Journal of Computational Physics 265, 195–210 (2014). http://dx.doi.

org/10.1016/j.jcp.2014.02.008.

1Бакишев А.К.
докторант, ORCID ID: 0009-0004-7847-1926,

e-mail: b.aibek86@mail.ru
1*Мадияров М.Н.

қауымдастырылған профессор, т.ғ.к., ORCID ID: 0000-0002-9890-0589,
*e-mail: madiyarov_mur@mail.ru

1Алимбекова Н.Б.
қауымдастырылған профессор, PhD, ORCID ID: 0000-0002-1078-0480,

e-mail: nalimbekova@vku.edu.kz
1Байгереев Д.Р.

қауымдастырылған профессор, PhD, ORCID ID: 0000-0003-4396-9914,
e-mail: dbaigereyev@gmail.com

2Байшемиров Ж.Д.
қауымдастырылған профессор, PhD, ORCID ID: 0000-0002-4812-4104,

e-mail: zbai.kz@gmail.com

1Сәрсен Аманжолов атындағы Шығыс Қазақстан университеті, Өскемен қ., Қазақстан
2Қазақстан-Британ техникалық университеті, Алматы қ., Қазақстан

АУАНЫҢ ЛАСТАНУЫН БОЛЖАУ ҮШІН БӨЛШЕКТІ РЕТТІ 
КОНВЕКЦИЯ-ДИФФУЗИЯ ТЕҢДЕУІНІҢ САНДЫҚ ШЕШІМІ

Аңдатпа
Бұл мақалада қалалық ортадағы ауаның ластануын модельдеу үшін Капуто мағынасындағы бөлшекті 

ретті туындылары бар конвекция-диффузия теңдеуін шешудің сандық әдісі ұсынылады. Есептелген ақырлы 
элементтер сұлбасы жады әсерін ескере отырып, ластаушы заттардың таралуын дәлірек сипаттауға мүмкіндік 
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береді. Әдістің орнықтылығы мен жинақтылығы теориялық тұрғыда дәлелденіп, сандық тәжірибелер арқылы 
расталды. Ұсынылған модель түрлі метеорологиялық жағдайларда ауа сапасын болжауға мүмкіндік береді. 
Зерттеу нәтижелері экологиялық мониторинг жүйелерін жетілдіруге және ауаның ластануын төмендетуге 
бағытталған шараларды жоспарлауға практикалық үлес қоса алады.

Тірек сөздер: конвекция-диффузия теңдеуі, бөлшекті ретті туындылар, ластаушы заттардың таралуы, 
ақырлы элементтер әдісі, сандық модельдеу, жинақтылық, орнықтылық 
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ЧИСЛЕННОЕ РЕШЕНИЕ УРАВНЕНИЯ КОНВЕКЦИИ-ДИФФУЗИИ 
ДРОБНОГО ПОРЯДКА ДЛЯ ПРОГНОЗА ЗАГРЯЗНЕНИЯ ВОЗДУХА

Аннотация
В работе представлен численный метод решения уравнения конвекции-диффузии с производными 

дробного порядка в смысле Капуто для моделирования загрязнения воздуха в городской среде. Разработан-
ная конечно-элементная схема учитывает эффекты памяти, обеспечивая более точное описание переноса 
загрязняющих веществ по сравнению с классическими моделями. Теоретически доказаны устойчивость и 
сходимость метода, что подтверждено численными экспериментами. Модель эффективно определяет зоны 
накопления загрязнений и позволяет прогнозировать качество воздуха при различных метеоусловиях. Ре-
зультаты исследования имеют практическое значение для совершенствования систем экологического мони-
торинга и планирования мер по снижению загрязненности воздуха.

Ключевые слова: уравнение конвекции-диффузии, производные дробного порядка, распространение 
загрязняющих веществ, метод конечных элементов, численное моделирование, сходимость, устойчивость. 
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