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GENERALIZED NUMBERING FOR LINEAR ORDERS

Abstract

We study spectre of Turing degrees permitting to construct numbeings for the set of all linear orders isomorphic
to the standard order of natural numbers. It is known that the index set of all linear orders isomorphic to the standard
order of natural numbers is [13-comlete. This mean that this set has no computable numberings. In this work we
show that the set of all linear orders isomorphic to the standard order of naturals has 0'’-computable numbering, and
has no Q'-computable numberings. In the Bazhenov, Kalmurzayev and Torebekova’s work they construct universal
c.c. linear preorder in the structure under computably reducibility. They use the following fact: there is computable
numbering for some subset S of c.e. linear preorders such that any c.e. linear preorder lies in lower cone for some
c.e. linear order from S;;. We show that the similar fact is not hold for the structure of all linear orders isomorphic to
the standard order of naturals. Moreover, for this structure there is no (’-computable numbering with simiral fact.

Keywords: positive preorder, positive equivalence, positive linear preorder, computable reducibility.
Introduction

The work is devoted to the study of numberings for a natural subclass of positive binary relations —
the class of recursive linear orders isomorphic to the least limit ordinal. Further, we will denote this
class as (1.

Recall that a set R © @ X @ is a linear preorder if R is a reflexive and transitive relation, and for
any x,y € w,

(x,y) ERV (y,x) ER.

Let R and S be binary relations on @. We say that R is computable reducible to S (denoted as
R =_ §5) if there is a computable function f(x) such that for all x,y € w,

xRy = f(x)Sf(y).
The systematic research into c-degrees for positive equivalence relations began in [1, 2]. In
recent years, papers [3, 4, 5, 6, 7, 8] have investigated c-degrees of positive preorders.
The work of [9] initiated the investigation into the existence of joins and meets of positive linear
preorders with respect to <.. Furthermore, in the final section of this work, these questions were
explored within the structure (€1, <_). Subsequently, the works of [8] and [10] continued the study of
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this structure. In [10], they measured the exact algorithmic complexities of index sets for all self-full
recursive linear orders in ().

It is well known that there is a computable numbering v for the family of all positive preorders
on w. We denote by P; the positive preorder with index i (i.e., we will consider v(i) = P;). With this
numbering, it is not hard to construct a universal positive preorder under <_: the uniformly join of all
P; is a universal positive preorder. Unfortunately, there are no computable numberings for the family
of all positive linear preorders. Nevertheless, in the paper [14], the authors construct a universal
positive linear preorder. Specifically, they demonstrate that the modification of the uniformly join of
all positive linear preorders L; is universal, where L, is a numbering for the subfamily of all positive
linear preorders satisfying the condition:

for any positive linear preorder L there is ¢ such that L= L (1)

In paper [8], it is established that the structure (£, =) lacks a universal degree. Moreover, within
this structure, no modification of uniformly joins exists. In this study, our focus lies on the spectrum
of Turing degrees capable of computing a numbering v for a certain subfamily of £}, under conditions
similar to (1):

for any recursive order L € Q there is I such that L < v(i) 2)

Section 2 provides the necessary preliminaries. In addition, Section 2 also gives a brief overview
of the known results on the structure Celps. In Section 3, we prove that the family of all positive
linear preorders has no computable numberings.

Materials and Methods

If R is a positive preorder, then a computable approximation of the preorder R is a uniform
sequence of recursive preorders (R*)se,, with the following properties for each § € @:

(1) R® =Id and R € R**1;

(2) any set R***\R* is finite;

(B)R = Ug R®.

As we said in the introduction, by P; we denote positive preorder with the index i. For given
class K € {P.:x € w}, we say that I, = {x: P, € K} is an index set of the class K.

Assume L and R are linear orders on sets 4 and B respectively and A N B = @. Then L + R is
linear order on A U B defined by the following:

(x,yJEL+Re=[x€A& EB]VIx,yeEA&(x,v)EL]V[x,y EB & (x,y) ER].

If L is a partial order on a set A and s € w, then by L ' s we denote partial order on the set
AN {x:x < s} defined as L.

Let us recall some basic notions of the theory of numberings. Let A be a set of natural numbers
and let S be an at most countable family of subsets of @w. A numbering v: @ — 5§ of a family S is
called A-computable if the set {(k,x):k € w,x € v(k)} is A-computable enumerable, i.e. there is
an uniformly effective procedure for numbering the sequence v(0), v(1), v(2), ... of the sets from S.
A family S is A-computable if it has at least one A-computable numbering. A numbering V is said
to be reducible to a numbering K, briefly ¥ = i, if there is a computable function f(x) such that
v(k) = u(f(k)) for all k € w, and numberings v, i are said to be equivalent if v = y and 4 < V.
An A-computable numbering v of a family S is universal if any A-computable numbering of S is
reducible to v.

In paper [1] it was proved that the family Ceers of all positive equivalence relations has a
universal computable numbering. With a similar argument we can show that also the family Ceprs
has a universal computable numbering. In [11] the numberings for the family Celps containing all
positive linear preorders were investigated and the following fact was established.
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Theorem 1 [11]. There is no computable numbering of the family of all positive linear preorders.

Naturally, the following question arises: what are oracles 4 such that the family Celps has an A-
computable numbering?

Recall that the following result was proven in [13].

Theorem 3 [13]. For an arbitrary A € w, the following conditions are equivalent:

(Ho" =, A4

(2) the family of all total recursive unary functions has an A-computable numbering;

(3) the family of all {0, 1}-valued total recursive unary functions has an A-computable numbering.

Using Theorem 3, in paper [12], was established a criterion for the existence of a generalized
computable number for the family of all positive linear preorders.

Theorem 2 [12]. Let 4 be an arbitrary oracle. The family of all positive linear preorders L has an
A-computable numbering if and only if 0" <., A"

The article focuses on a specific order L: we consider the following substructure in the poset
Celps.

Definition. By {1 we denote the following poset:

Q) = ({deg.(L): L is a computable linear order isomorphic to w, }; <.),

where w,, standard order of natural numbers.

Based on the previous discussion, also the following question arises: for which oracles A does
there exist an A-computable numbering of the family 27 We will get the answer to this question in
Theorem 4.

Result and Discussion

Theorem 4. Let A4 be an arbitrary set. The family of all positive linear preorders Q has A-
computable numbering if 4 =, 0”.

Proof: There is a computable numbering of all c.e. preorders. Obviously, ! € {P;:i € w}. The
condition P; € 1 is equivalent to the following: P; is antisymmetric & F; is linear & there is the least
element with respect to P; & any interval with respect to P; is finite. More formally,

P.eQ e Vx,y[xPy&yPx > x=y] &

& Vx,y[xPyV yPx] & dmVx[mP,x] & Vx3yVz[z > y — xP,z]

Note that if P; is antisvmmetric and linear relation, then P; is recursive.
Now for a given t € @ we construct the numbering v(i) as follows: we define

) P Ts, if 3yVz[z = y — sP;z] true
o favvets>y - oR)

- v.(i) +{s+ 1}, if AyVz[z >y — sP.,z] false
i

Vx,y[xP,y &yP.x = x =y] & Vx,y[xP,yV yP,x] & ImVx[mP,x] 3)

is hold and otherwise we consider v(i) = w,,. Here w,; is the standard order on the natural numbers.
Define v(i) =U,, v.(i).

The condition (3) is 0"-computable, because P; is recursive relation when P; is antisymmetric
and linear. So, it is not hard to see that the sequence {v; },c,, is uniformly 0"’-computable.

Assume L € () is arbitrary linear order. It is clear that L = 'Dio for some i, € w. For I, the
condition (3) is hold and moreover the condition 3yVz[z >y — sP; z] is also hold for any s € w.
This mean v(iy) = P;_. So, v € Com*({1). m
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Further, we will discuss questions for existence subfamilies of {1 with the condition (2).
Theorem 5. If A =1 0’ then there is no subfamily Sy of Q and A-computable numbering v for
family S, such that

for any recursive order L € () there is I such that L < v(i). 4)

Proof: By contradiction, assume 4 =0 and there is subfamily S, € Q and 0’-computable
numbering v for family Sy satisfying (4).

Then no hard to show that for any &

P; € (1 & Pi-linear order and P; =, v(n) for some n.

The last is equivalent to

(Vx,y)[xP,y V yP,x] & P, — antisymmetric & (Af — total) (Vx,y)[xP,y « f(x)v(n)f ()]

Here,

(Vx,y)[xP;y v yP;x] is I, sentence;

P, — antisymmetric is I1, sentence;

(3f) —total (¥x,y)[xPy < f(x)v(n)f(y)] is I, sentence; because xP,v < f(x)v(n)f(y)
is 0’-computable. It follows that, I € Z3. Recall that in the work [10] authors showed that I, is T12-
complete set. Contradiction.

Note the following important corollaries.

Corollary 1. There is no A-computable numbering for the family Qif A <7 0’

Corollary 2. There is no A-computable numbering v for any subfamily () satisfying the
condition (4).

Conclusion. We show that the family Q has A-computable numbering if A =7 0", 1f 4 =7 0”
then the condition (2) satisfied for any A-computable numbering of Q. Also, we show that if 4 =7 0,
then the family {2 has no A-computable subfamily satisfying condition (2).
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OBOBIUIEHHASI HYMEPAIIUA NJIS1 JUHEMHBIX MMOPSIJIKOB

AHHOTALMSA

Mzt n3y4acM CIICKTP CTEINEHEN TBIOpI/IHFa, MO3BOJAIOIIUX MOCTPOUTH HYMCpALUIO AJII MHOKECTBAa BCEX
JIMHENHBIX TMOpSAAKOB, I/I3OM0p(1)HI)IX CTaHAApTHOMY IMOPAAKY HaTypaJbHBIX YHCEII. I/I3BeCTHO, YTO HHIACKCHOC
MHOYXECTBO BCEX JIMHEWHBIX TIOPAOKOB, I/ISOMOp(bHBIX CTaH,Z[apTHOMy HOp}IIle HaTypaJ'ILHBIX YHUCCJI, ABIACTCA
HE-HOHHLIM. 3T0 O3Ha4YacT, 4TO JaAaHHOC MHOXCCTBO HC MMCCT BbIYHCIUMMBIX HyMepaHI/Iﬁ. B ,ZlaHHOﬁ pa60Te MBI
IMoKa3bpIBa€M, 4TO MHOXCCTBO BCCX HHHeﬁHLIX TMOPSAAKOB, I/ISOMOp(I)HLIX CTaHAApTHOMY MOPAAKY HaTypaJbHbIX
ynces1, umeer 0''-BbluMcIMMYIO HyMepanuio U He uMeeT ()'-BBIMMCIMMBIX HyMmepauuii. B paGortax Baxenosa,
Kammyp3aeBa, TopeOekoBOl KOHCTPYUPYIOTCSI YHHBEPCAIbHBIC B.II. JIMHCWHBIA MPEANOPSIOK B CTPYKType IPH
BLI‘IHCHI/IMOﬁ CBOAUMOCTH. OHI/I HCIOJIB3YIOT CJ'IC)IyIOH_II/Iﬁ anKTI CYIIECTBYCT BbIYUCIMMAs HyMEpalus HEKOTOPOTro
IOIMHOKECTBA Sy B.I1. JIMHEHHBIX TIPEANOPSAIKOB TAKasl, 4TO JTFOOOH B.I1. TMHENHBIN MPEATOPSIOK JIEKUT B HUKHEM
KOHYCC IJIs1 HEKOTOPOT'O B.II. JIHENHBIN MopsAAA0K OT 50 . MBI IIOKa3bIBa€M, 4TO AHAJIOTUYHBIIA (I)aKT HEC UMECT MECTa
JJIA CTPYKTYPBI BCEX HI/IH@ﬁHLIX TOPSAAKOB, I/I3OMOp(1)HI)IX CTaHAApPTHOMY MOPAAKY HaTypaJIbHBIX YHUCEII. Bonee TOrO,
s 5TOM CTPYKTYpBI He cymecTByeT ()'-BhruncInMoii Hymeparuu ¢ HogoGHbBIM (GakToMm.
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CBI3BIKTBIK PETTEP YLUIH KAJIIIbI HOMIPJIEYJIEP

AHaarna
bi3 Hatypan canaapabIH CTaHIapTThI peTiHe N30MOP(THI OAPIIBIK CHI3BIKTHIK PETTEP/IiH )KUBIHBI YIIIIH HOMIpIIey
KYpyFa MyMKiHIIK OepeTiH ThIOpHHT JopeKeciHH CHEeKTpiH 3epTTeiimi3. Harypan caHnapabH CTaHIapTTHl peTiHe
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H30MOP(THI OApPIBIK CHI3BIKTHIK PETTEPAIH HHACKCTEP YKUBIHBI HB-TOJ'ILIK ekeHi Oenrini. By skubiHAa ecenTenmimui
HOMIpJIep KOK JAereHAi Ourmipemi. by skympicTa 613 HaTypalgapablH CTaHIAPTTH PETiHE U30MOPQTHI OapIIBIK
CBIBBIKTBIK perTepiin skubiabinga 0''-ecentenimai Homipienyi Gap exenin sxome ()'- ecenremimai Hemipnenyi
JKOK CKeHiH kepcereMis. baxenos, Kanmmypsaes, TepeOekoBaHbIH €HOCKTEPIHIC SCENTEIIMIl KOIIyiep Ke3iHae
YHHUBEPCAT €.C. CBI3BIKTBIK KapThl PETTEP KypacThipsutran. Onap keneci daxrini maiinananamsl: e.c. keibip Sy
IIIKI J)KUBIHBI YIIIH €CenTeNeTiMAlI HoMIpIiey TaObIIa bl, CHI3BIKTBIK JKapThl peTTep KeiOip e.c. KelOip ChI3BIKTHIK
peTTep KOHYCBIHIa TOMEH OpHajacKaH . bi3 HaTypaimapaslH CTaHIapTThl peTiHe H30MOP(THI OAPIBIK CHI3BIKTBIK
peTTepaiH KYpBUIBIMBI YVIIiH YKcac (akT OpbIHIAIMANTHIHBIH KepceTreMi3. COHBIMEH KaTap, OYJI KYpBUIBIM YIIiH
yKcac (akrici 6ap ()'-ecenTeneTiH HOMIpIIEY KOK.

Tipek ce3mep: MO3UTUBTI KapThl PETTEp, MO3UTUBTI IKBUBAJICHTTEP, [MO3UTHBTI CHI3BIKTBIK JKapThl pETTep,
ecenTeimMIi Kourysep.
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