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STRONGLY MINIMAL PARTIAL ORDERINGS OF HEIGHT TWO

Abstract

In the present paper, we study strongly minimal partial orderings in the signature containing only the symbol of
binary relation of partial order. We use for partial orderings such characteristics as the height of a structure that is the
supremum of lengths of ordered chains, and the width of a structure that is the supremum of lengths of antichains,
where an antichain is a set of pairwise incomparable elements. We also differ trivial width and non-trivial width.
Recently, B.Sh. Kulpeshov, In.I. Pavlyuk and S.V. Sudoplatov described strongly minimal partial orderings having
a finite non-trivial width. Here we study strongly minimal partial orderings having an infinite non-trivial width. The
main result of the paper is a criterion for strong minimality of an infinite partial ordering of height two having an
infinite non-trivial width.

Key words: strongly minimal structure, partial ordering, connected component, maximal element, minimal
element.

Introduction

Recall [1] that an infinite structure M is said to be minimal if for any formula ¢@(x) of the language
of M, with parameters from M, either (M) or —¢@(M) is finite. A theory T without finite models is
said to be strongly minimal if any model M of T is minimal. Models of a strongly minimal theory are
said to be strongly minimal, too.

Recall that a partial order on a set is a binary relation < satisfying:

Asymmetry VX Vy[x<y—>—=(y<Xx)];

Transitivity VX Vy Vz[(x<yAy<z)—>x<2z)].

A set equipped with a partial order on it is a partially ordered set or partial ordering.

Let M = (M, <) be an infinite partial ordering. Assuming that M is strongly minimal we have only
finite <-chains and the lengths of these chains are bounded, since unbounded lengths imply existence
of structures N that are elementarily equivalent to M with infinite chains {a [i € Z}, a, < a, fori<j,
that violate the strong minimality by any formula x <a.. Thus, the height h(M), that is the supremum
of lengths of <-chains in M, must be finite for a strongly minimal structure M. Therefore, further we
consider here only infinite partial orderings with finite <-chains.

Also, since M is infinite, it has an infinite width w(M) that is the supremum of cardinalities of
<-antichains.

For any infinite partial ordering with finite <-chains M = (M, <) we can consider the corresponding
graph structure MR = (M, R2), where R(a, b) iff either a is an immediate predecessor of b or a is an
immediate successor of b with regard to the partial order < for any a, b € M. We say a subset A of a
partial ordering M = (M, <) is a connected component if A is a connected component in M, = (M, R*)
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We say a connected component is trivial if it is a chain. We say a trivial connected component
is an n-component if it is a chain of length n, where 1 <n < ®. We say a 1-component is a singleton.
The value w(M) is witnessed by both trivial connected components and collections of maximal
antichains in non-trivial connected components. Indeed, let M consist of both U A. and U B, where
each A, is a trivial connected component, and each B, is a non-trivial connected component. Then
obviously
W(M) = w,(M) + w,(M),

where w (M) is the width of trivial part U A, (trivial width) and w (M) is the width of non-trivial part
U B, (non-trivial width).

The following theorem describes strongly minimal partial orderings with finite non-trivial width:

Theorem 1. [2, 3] An infinite partial ordering M = (M, <) with a finite non-trivial width is
strongly minimal iff M has infinitely many singletons and additionally can have only finitely many
finite connected components which are not singletons.

Thus, any strongly minimal partial ordering M with a finite non-trivial width is represented as a
disjoint union A(M) U B(M) of the following two parts:

1) A(M) is a disjoint union of infinitely many singletons;

2) B(M) is a disjoint union of finitely many, possibly zero-many, finite connected components
which are not singletons.

In the recent paper [3], strongly minimal partial orderings having a finite non-trivial width were
completely described. Here we study strongly minimal partial orderings having an infinite non-trivial
width. In the present time, the class of strongly minimal theories is an object of active investigations.
In [4], rank properties for families of strongly minimal theories were studied. In [5], some interesting
results on strongly minimal structures were obtained that lead to a finer classification of strongly
minimal structures with flat geometry.

Materials and Methods

Here we study partial orderings in the signature containing only the binary relation of partial
order. Methods using for studying are classical methods of Model Theory, in particular, methods of
studying strongly minimal structures.

Results and Discussion

Recall that an element a of a partial ordering M is said to be minimal if there is no element
in M that is less than a. Also, an element a of a partial ordering M 1is said to be maximal if there
is no element in M that is greater than a. Observe that any singleton of a partial ordering is both
maximal and minimal element of the ordering. Also, any maximal (minimal) element of a non-trivial
connected component of a partial ordering is not minimal (maximal).

Example 2 Let M = (M, <) be a partial ordering consisting of exactly one infinite non-trivial
connected component of height two having exactly one maximal element. Then, obviously, M is a
strongly minimal structure having an infinite non-trivial width.

Example 3. Let M = (M, <) be an infinite partial ordering consisting of exactly one infinite
non-trivial connected component of height two having both infinitely many maximal elements and
infinitely many minimal elements.

Consider the following formulas:

yOX=yEX A (Y<X)A = (X<Y),
Min(x):=Vyly#x—>y>xVvydx],
Max(x):=Vy[y#x > y<xvy?{x].
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Obviously, Min(x) defines all minimal elements, and Max(x) defines all maximal elements of
the structure. Both Min(M) and Max(M) are infinite, and Min(M) N Max(M) = &, whence M is not
strongly minimal.

Example 4. Let M = (M, <) be an infinite partial ordering consisting of two infinite non-trivial
connected components B, and B, of height two, both components contain exactly one maximal
element.

Let a be the maximal element of B,.

31 B‘.’

Figure 1 — Example 4

Consider the following formula: @(x, a):=x < a.

Obviously, both (M, a) and — @(M, a) are infinite, whence M is not strongly minimal.

We say that an element a of a partial ordering M has up-degree (down-degree) m for some m €
o if there exist exactly m elements of M being an immediate successor (predecessor) of a. If there
are infinitely many elements of M being an immediate successor (predecessor) of athen we say a
has infinite up-degree (down-degree). Obviously, a has both up-degree 0 and down-degree 0 iff a is
a singleton.

Example 5 Let M = (M, <) be an infinite partial ordering being a non-trivial connected component
of height two and having exactly two maximal elements: both maximal elements have an infinite
down-degree, and there exist both infinitely many minimal elements of up-degree 1 and infinitely
many minimal elements of up-degree 2.

Figure 2 — Example 5

Consider the following formulas:
SX,y)=x<yAVt[x<t<y—->t=xvt=y],
D,(x):=Min(x) A3y [S(X,y) A V 1 (S(x, t) > t=Yy)],
D,(x):=Min(x) A3y, Iy, [y, 2y, AS(X, y,) AS(X, y,) A
Vi, ) >t=y vt=y)]

Obviously, both D (M) and D,(M) are infinite, and D (M) N D,(M) = &, whence M is not
strongly minimal.

Example 6. Let M = (M, <) be an infinite partial ordering being a non-trivial connected component
of height two and having exactly two maximal elements: both maximal elements have an infinite
down-degree; there exists a unique minimal element having up-degree 2, and the remaining minimal
elements have up-degree 1. Let a be one of the maximal elements:
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Figure 3 — Example 6

Consider the following formula: o(x, y):=x <y.

Obviously, both (M, a) and — @(M, a) are infinite for any maximal element a of M, whence M
is not strongly minimal.

Theorem 7. Let M = (M, <) be an infinite partial ordering of height two having an infinite non-
trivial width. Then M is strongly minimal iff the following holds:

(1) M contains exactly one non-trivial connected component of height two having both an infinite
set of maximal (minimal) elements and a non-empty finite set of minimal (maximal) elements;

(2) If M contains exactly m minimal (maximal) elements of infinite up-degree (down-degree)
for some 1 <m < ® then almost all maximal (minimal) elements have down-degree (up-degree) m;

(3) M contains only finitely many finite connected components of height at most two.

Proof of Theorem 7. (=) Let M be a strongly minimal structure. Since M has an infinite non-
trivial width, we have that M contains infinitely many non-trivial connected components or at least
one infinite non-trivial connected component. If M contains infinitely many non-trivial connected
components then we obtain that M contains both infinitely many minimal elements and infinitely
many maximal elements. This contradicts the strong minimality of M. Consequently, M contains
only finitely many non-trivial connected components.

Further, since M has an infinite non-trivial width, at least one of non-trivial connected components
is infinite. Denote it by B1. Since M has height two, B1 also has height two, and consequently B1
must contain either infinitely many maximal elements or infinitely many minimal elements. Suppose
the first. Then Max(B1) is infinite, whence Max(M) also is infinite, where Max(x) is defined in
Example 3. We assert that B1 contains only finitely many minimal elements. If this would be not true,
then we would obtain that —-Max(M) is infinite contradicting the strong minimality of M.

Prove now that M contains exactly one infinite non-trivial connected component of height two.
Assume the contrary: let B1 and B2 be infinite non-trivial connected components of height two of the
structure M. Suppose that B, contains infinitely many maximal elements. Then B1 contains finitely
many minimal elements. Consequently, there exist a minimal element b having an infinite up-degree.
Then we consider the following formula:

o(x, b):=b<x.

Obviously, both ¢(M,b) and — @(M, b) are infinite, whence M is not strongly minimal. Thus, M
contains exactly one infinite non-trivial connected component of height two.

Let B be a unique infinite non-trivial connected component of height two, and suppose that B
contains only finitely many minimal elements. Then we have that at least one of them has an infinite
up-degree. If there exists exactly one minimal element having an infinite up-degree, the condition (2)
holds. Suppose that there exist at least two minimal elements a, b € B having an infinite up-degree.
Consider the following formula:

o(x, y)=y <x.

Obviously, both ¢(B, a) and ¢(B, b) are infinite. If at least one of the following sets ¢(B, a) \ (B,
b) and @(B, b) \ ¢(B, a) is infinite then we have that M is not strongly minimal. Therefore, both ¢(B,
a) \ (B, b) and @(B, b) \ ¢(B, a) are finite, i.e. almost all (except finitely many) maximal elements
have the down-degree m.
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If M contains infinitely many singletons then by using the fact that M contains at least one
infinite non-trivial connected component we again obtain a contradiction with the strong minimality
of M. We have similar reasons if M contains infinitely many 2-components. If M contains infinitely
many finite non-trivial connected components then we obtain that M contains both infinitely many
maximal elements and infinitely many minimal elements contradicting again the strong minimality
of M. Thus, M can contain only finitely many finite connected components of height at most two.

(<) It can be proved that any infinite partial ordering M satisfying the conditions (1)-(3) is
strongly minimal.

Recall that a first order theory is said to be totally categorical if it has exactly one model in each
infinite power.

Corollary 7. Any strongly minimal partial ordering of height two having an infinite non-trivial
width is totally categorical.

Conclusion

Thus, we obtained a complete description of strongly minimal partial orderings of height two
having an infinite non-trivial width. As a corollary, we have that such strongly minimal partial
orderings are totally categorical.
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CUWJIBHO MUHUMAJIBHBIE YACTUYHBIE ITIOPAJIKHA BBICOTHI /IBA

AHHOTaLUSA
B HaCTOHH.[eﬁ CTaThC MbI Hccne;:[yeM CUJIBbHO MUHUMAJIBHBIC YaCTUYHBIC HOpf{)IKI/I B CI/IFHaType, COI[Cp)KaH.[efI
TOJIBKO CHUMBOJI 6I/IHapHOFO OTHOIIICHUA, BLIpa)KaIOHIeFO qaCTI/I‘IHLIﬁ HOpHI[OK. Mpsr I/ICHOJ'IL3yeM JJIsT YaCTUYHBIX
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MOPSJIKOB TaKHE€ XapaKTEPUCTUKH, KaK BBICOTA CTPYKTYPBI, 03HAYAIOIIAs CYTPEMYM JIJTUH YIOPSTOUYEHHBIX IIeTeH,
W IIUPUHA CTPYKTYPHI, O3HAYAIOLIasl CyNpeMyM JUIMH aHTULENEH, [Je aHTUIENb — 3TO MHOMXECTBO IOIMapHO
HECpPaBHUMBIX AJIEMEHTOB. MBI Takke pa3inyaeM Kak TPUBHAJIbHYIO MIMPUHY, TaK U HETPUBHAIBHYIO LIUPUHY.
Henasuno Kynnemos B.11, IMasmox .M. u Cynonnaros C.B. onucanu cuibHO MUHHUMAJbHBIE YACTUYHBIE I10-
PSIKH, IMEIOIIIE KOHSYHYI0 HETPHBHAIBHYIO IIUPUHY. 31€Ch MBI UCCIIEAYEeM CIIIPHO MHHHMAIIbHBIC YaCTHIHBIC
TIOPSJIKYA, UMEIOIIHe OECKOHEUHYIO0 HETPUBUATILHYIO MUpUHY. OCHOBHOU pe3yNbTaT CTaThl — KPUTEPUI CUITBLHON
MUHHMAJIbHOCTH OCCKOHEYHOT'O YaCTUYHOTO MOPSIKA BHICOTHI JBa, HMCIOIIUEC OCCKOHCUHYIO HETPUBHAIIBHYIO IITH-

pUHY.

KuroueBble cjioBa: CHIFHO MUHUMAIbHAS CTPYKTYpa, YaCTHUIHBIN TOPSIIOK, CBsI3HAsT KOMITOHCHTA, MaKCH-
MaJIbHBIN 3JIEMECHT, MUHUMAJIbHBIA 3JICMCHT.
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BUIKTLIITT EKI KYIITI MUHAUMAJIIBI )KAPTBLJIAN PETTLIIKTEP

Anjarna

By 3eprreyzne 6i3 xapTeutail peTTi OimmipeTiH OMHAPNBIK KAaTHIHACTHIH TaHOACHIMEH FaHA AHBIKTANATHIH
KostagOamapiarsl KYIITI MUHUMAJABI JKapThUIaid PEeTTUTIKTEepAi TammaiMer3. JKapTeiaidl peTTUTIKTep YIIiH Ky-
PBUIBIMHBIH, OMIKTIT (peTTENreH Ti30eKTep/iH Y3bIHABIKTAPbIHBIH JKOFAPFBI LIET1) KOHE KYPbUIBIMHBIH €Hi (aHTH-
Ti30EKTEpiH Y3bIHABIKTAPbIHBIH KOFAPFbI IIETi) CHAKTBHI CHUIaTTaMaiap KoJJaHbulaabl. MyH/ia aHTUTI30eK aem
©3apa CaJBICTBIPBUIMANTBIH 3JIEMEHTTEp >KUBIHTBIFBI TYCIHAIpineni. 3epTrey OapbIchiHAa 013 TPHUBHAIIBI KHE
TPUBHAIIBI €MEC CHII >KapThUIai perTimikTepai axeipatambld. byran neitin B.III. Kymmemos, Wu.W. TlaBmok
xkoHe C.B. CymommaToB meKTi TPUBHAIABI eMec eHi 0ap KYIITI MUHUMAIIBI )KapThUIail PEeTTUTIKTEP/Ii CHITaTTaraH
6omateiH. OcChI JKyMBbICTa 0i3 IIEKCi3 TPUBHAIABI eMec €Hi 0ap KYIITi MUHUMAJABI JKapThUlall PeTTLTIKTEp.i
KapacTblpambl3. MakajaHblH HETi3r1 HOTHXKEC] — IIEKCI3 TPUBHUAIIIBI €MeC eHi 0ap »oHe OUIKTIr eKire TeH IeKci3
JKapThUIal PETTITIKTEP/IH KYIITI MUHUMAJIBUIBIFBI YIIIH KaXKETTI JKOHE JKETKUTIKTI MIAPTTHIH aHBIKTATYBI.

Tipek ce3mep: KymTi MHUHUMaNIbl KYPBUIBIM, JKapThbUlai PETTUIIK, >KaJFaHFAaH KOMIIOHEHT, MaKCHMaJl/Ibl
9JIEMEHT, MUHUMAJIJIbI JIEMEHT.

Article submission date: 09.02.2025

228



