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HARDY INEQUALITIES AND IDENTITIES RELATED
TO THE BAOUENDI-GRUSHIN VECTOR FIELDS
AND LANDAU-HAMILTONIAN

Abstract

In this paper, we present a weighted Hardy identity related to the Baouendi-Grushin vector fields and its
applications in the context of differential inequalities. By selecting appropriate parameters, the Hardy identity
related to the Baouendi-Grushin operator implies numerous sharp remainder formulae for Hardy type inequalities.
In the commutative case, we obtain improved weighted Hardy inequalities in the setting of the Euclidean space. For
example, in a special case, by dropping non-negative remainder terms, related to the Baouendi-Grushin operator,
and choosing suitable parameters our identity allows us to derive an improved critical Hardy inequality for the radial
derivative operator with a sharp constant that does not depend on the topological dimension. We employ the method
of factorizing differential expressions, as used by Gesztesy and Littlejohn in [1]. In this paper, we demonstrate the
application of the factorization method in the noncommutative Baouendi-Grushin setting. As an application of the
Hardy identity related to the Baouendi-Grushin vector fields, we establish a Hardy inequality for the generalized
Landau Hamiltonian (or the twisted Laplacian) with remainder terms.

Key words: factorization method, Hardy inequality, Baouendi-Grushin operator, Landau-Hamiltonian.
Introduction

The classical Hardy inequality for functions f € C5°(R™\{0}) is

2

[wreor e ("5 [ R e =

2

where the constant (nTz) is sharp but not attained. Originating from Hardy's work [2] in 1920,
initially focusing on the one-dimensional case, this inequality has since garnered significant attention
from mathematicians and undergone extensive analysis in various directions. The enormous amount
of research that has been done through the years make it unachievable to list all the relevant references
on this subject. Therefore, we only refer to the standard monographs such as [3-8].

Baouendi-Grushin operator

The sharp Hardy inequality (1) arises very naturally in the study of degenerate elliptic differential
operators and it was first extended in [9] by Garofalo to the Baouendi-Grushin vector fields

0

Xi=—, i=1,.. Y ,=xIY—, j=1,..,k
i axll 1 L JmJ -lr le a}}j’ _-’ L L »

where x € R™,y € R with m,k = 1,y = 0. To be explicit, Garofalo in [9] proved the following

Hardy inequality
[ (@p@F + w7, @[ ) @z
Rn
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Q-2 el :
= ( 2 ) J;R“ |x|2+2y + [:1 + "}’)2|}’|2 If(Z)I dz, 2)

for every fe C&(R™ x R¥\{(0,0)}) with n=m+k Q=m+(1+Y)k Here, (V,0)(z) and
(vyf ) (2) are the gradients of f in the variables * and ¥ respectively. Moreover, the inequality (2)
recovers (1) if y = 0.

The corresponding sub-elliptic gradient to the Baouendi-Grushin vector fields is defined as

Vy:: [:X:LJ -..,XmJ Yl:--'JYk) = (Vx’ |x|yvy)

The Baouendi-Grushin operator on R" is

m k
f_‘..r,=ZXf +Z};.2 = A, + XI?YA, =V, -V,

i=1 j=1

where A, and Ay are the Laplacians on R™ and R¥, respectively. The Baouendi-Grushin operator is
a sum of squares of €™ vector fields satisfying the Hormander condition for even positive integers Y
rank Lie[X,, ..., X,,, ¥, ..., ¥, ] = n.
We can define on R™** the anisotropic dilation attached to A, as
8,(x, ) = (ux, A*Yy),
for A > 0, and the homogeneous dimension with respect to this dilation is
Q=m+ (1+vy)k.
A change of variables formula for the Lebesgue measure implies that
d o 8;(x,y) = A%dxdy.
It is easy to check that
X:(8) = 28, (X)), Y (8n) = A8, (Y),
and hence
V, 08, =28,V,.
Let p(2) be the corresponding distance function from the origin forlz = (x,y) € R™:

p = p(2) = (Jx|24) + (1 + y)2|y|?)20+v),

Material and methods

The main purpose of this paper is to derive a weighted Hardy identity for Baouendi-Grushin
vector fields via the method of factorization. Initially, Gesztesy used the method with regards to
the classical Hardy inequality [10] and its logarithmic refinements [11]. In short, let us demonstrate
this method: for any given ™ € N, 11 =3 et us consider the following vector-valued differential
expression

n
T=V+

[x|2x, x € R™"\{0},

with the formal adjoint
n—2

Tt = —div(-) + [x|72x -, x € R™\{0},
such that,

n—2,m-—2
T*T = —&+T(T+2—n) [x] 2.
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Then, using the non-negativity of T* T, for f € Cg" (R"\{0}), one gets

< | ITANGIPdx= | F) (T*T)()dx
) - vE 2 D2 (M2 ~2|f()12d
= | 10p@Prac+ == (55 2-n) [ W If@Pax

As a result, one obtains the following inequality with the sharp constant:

=2 If@P .
e dx::(T) fEn drn fECREN\Q), n=3.

The method was then employed in [1] to demonstrate how factorization of singular, even-order
partial differential operators give elementary approach to classical inequalities of Hardy—Rellich-
type. Lam, Lu and Zhang [12] applied factorizations to obtain Hardy’s type identities and inequalities
on upper half spaces. Furthermore, Ruzhansky and Yessirkegenov [13], using the same technique,
were able to derive Hardy, weighted Hardy, improved Hardy and Hardy-Rellich inequalities on
stratified, on Heisenberg and on homogeneous groups.

Results and Discussion

Theorem 1. Let @, a, b, ¢, d € R. Then the identity

z- (%, f)(z) (log p)d

(loyp)C DT f(2)
L*(R™)
a . (Vf)(Z)
Rn(p (log p))? |~ o dz
c+d 2y+2 (1+y) 2
+°‘f [(logp) + (IJ;L:;;+|3x|y |y| )<a+b+1+y_c_>] DI d
Rn
klx|Y 2d
+a | [—’;L,—in'y(logp)ﬁu (g p) ]lf( )2 dz, 3
Rn
holds for every f € C5° (R™\{0}).
az 1 d 2 1 2c
(oglaly BLE 4 « B )| = [ B o o) s
LZ(]Rn) R"?
(loglz)*¢ [c +d b1 2 4
_afw S gy T @+ b+ D || If I dz
2d
var [ L |g||2|b) F (I dz, @)
R
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Remark 1. Ify = 0in (3), then the following identity is obtained:

where, 9, f = af(Z] z <'f'|f|3(23 is the radial derivative of f with respect to z = (x,y). Now after

=l
dropping the left- hand side of (4), specifying the parameters (g = 2 p="c¢=1andd = 0),and

maximising the constant with respect to @, we derive the followmg crltlcall2 Hardy inequality in g
from [Formula 3.6, 13]:

(log|z[)? 11 If@I?
j |z|n— N, n-2 |6|Z|f( )l dz 4] |z|" dz

(5)

For the sharpness of the constant in (5) we refer to [14]. We also refer to [15, 16, 17, 18, 19] for
such inequalities on homogeneous Lie groups.

Let us now demonstrate an application of the obtained result in the magnetic inequality related
to the Landau-Hamiltonian type magnetic field. First, let us recall from [20] the generalized twisted
Laplacian with Landau-Hamiltgnian type magnetic field defined by

f= Z [(1 2., +w(lzl)}’j)2 + (f 0y, —w(lzl)xj)z]'
j=1

where ¥(|z|) is a radial real-valued differentiable function. Denoting

X, =3, — (12D, and § =0, + wp(lz)x,

1

we write

Vef = (Rof, o, Xuf Vifo o, Vo).

Corollary 1. Let a,a,b,c,d € R. Let ¥ = ¥(|z]|) be a radial real-valued function such that

Y € L7, (C\{0}) with |yy(r)|r? < 1/2, ¥r € (0, ). Then for every f € C5°(C\{0}) we have
where C is the set of complex numbers.
Proof of Corollary 1. We will use the following inequality from [Formula 44, 20]:

L(IZI‘“(IOQIZI)”)Z|V2f|2dz 2 L(IZI‘““(ZOQIZI)”)ZIP(IZI)ZIf(Z)IZdZ

c d 2 c+d
(oglz]) i+a(l°9|2|) f(z)”L —af (oglz]) (a+b+1— C+d) m+tk (loglz])**+® +

lz|*  dlz| |z| |z|a+b+1 log |z| Jzla+b+1

] | ()P d,

|Z|Zb

2
V1] dz}f ! |f|*dz

fl z|*9P(|z])?
c k(lz]) x(lz) dlzl

k(lz)

for all f € C57(C\{0}) and for every radial function x(|z]) # 0 with x(|z[)~* € Li,. (C\ {0}).
Taking x(|z]) = (|z| ~*(log|z])°)~? and substituting (3) when ¥ = 0 into the above inequality
concludes the proof.

Proof of Theorem 1. Let us first introduce the six-parameter differential expression

z-V
Tu,y,a,b,c,d = P_aﬂog P)C p‘r‘—"':l + ap_b (lOg p)d (6)
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Calculating the formal adjoint:

_ (v S
(Tay.abcaf)(@),9(2) = p~*(logp)* L{P(z) +ap~(logp)?f(2) | g(z) dz
n pY

R

—_— m k _
—a l C
- f g(Z)ppvflogp) (Zx 0., (F@) + 121" ) yjayj(f(z))>d2+“ p™ (logp)* f(2)g (2
R? ]':1 R

i=1

m T NA—a 1 c a(] c
=z Rng(z)ppyflogp) 0, (F(2))dz +ZJ g(z)ppyflogp) 1%IY y; 3y, (f(2))dz

i=1

+a f o~ (log ) (D)9 (D) dz
Rn

R g@p~*(logp)* g(@)p~*(logp)*
- _ ; fRn 0y, < v >xl- f(z)dz—m fRn oy f(z)dz

k N A—C c
f ), (g(z)p (logp)°© )|x|y yif@dz — k 9(z)p~*(logp) x| f(2)dz
—! JRn

+1 +1
Y R™ pY

j=
+a [, p (logp)? f(2)g(2)dz.

Since 0, (p"*™) = (v + Dp™Y!|x|*'x; and 0y, (") = (y + D?*p~"'y;, we obtain
<(Ta,y,a,b,c,df) (Z),g(Z)> =

- a2
m o [—g(@p~(ogp)* %
_ z fw o X f(2)dz

i=1

m

d, (1
Zf( @ (pyﬂ(ogp) >) s
Z f ( a(logpzi? (9 >)> .
Rn

[ 9@p"(logp)f(2)
py+1

3

(m + k|x|Y)dz

Rn
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1 2
(—g(Z)p“ (logp)© y’(py%y)

— ) ]y, f (2)dz

2.

j=1

k
(2)9,,(p~*(logp)*)
wa (g - F:/+1 il >|X|yyjf(2)dz

j=1

& p~*(log p)* 9, (9()) . Jppp—
‘Z fR o7 Iy f(dz + o | p™ (logp)” f(2)g(2)dz
=

Now we open the brackets:

- 2[4|2
F@9GpGogpy LV

((Ta,y,a,b,c,df) (Z)' ﬁ) = ; fRn p2y+2 dz

_i f xif ()g(2) 0y, (p~*logp)?)
-

py+1

_i f xif (2)p" (logp)° 95, 9(2) | f 9(@p~(logp)f (2)
R™ R™

py+1 py+1 (m + klxly)dz

yi(L+y)?

k f(@)g(2)p™*(ogp)* “—=71— f(2)g(2) d,,(p~*(lo ))
pY L Yif @2y p~“(logp
+Z Rn|x|y p2v+2 dz—z Wl pv+1
i 2(log p)° @ _
Y[ LR 9D gy v [ a0z F0TDiz
]RTL

=

Simplifying, we get the following:

(T eaf)@.9@)

f(2)g(2)p~ (ogp) ((1 + ) |x?*2 + |x|Y (1 + v)? Iylz)
p3y+3

[RTL

——z-V,p~*(logp)°
- Rnf(z)g(z) ' o dz

(yg)<z) f g@p~(logp)°f(2)
Rﬂ

f(Z)p “(log P2 oY1 o7+ (m + kl|x|")dz

+a f o~ (log ) f(2)g (D) dz
.
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g(@)p~*(ogp) (A +VxI**2 + x|V (1 +V)?ly]*) ——2z-V,p*(logp)*
- [ s@ Charliy )_ gt T loger)
R® Y P
e 2 (%g)@)  g@)p™(logp)° —
+ Rnf(Z) (—p (logp) (pyYH) - e (m + k|x[) + ap™ (logp)?g(2) |dz
_ z-(V,9)(2)
= f@ (—p “(logp)c(yy—H)) dz
R™ p
m+ k(x| (@ +Y) [P+ x|V @+ )2 yH) —
+ Rnf(Z) <—< S e p“(logp)°g(2)
z-V,p~*(logp)* —
- ' py+1 g(z) dz

+a | f(2)pP(logp)ig(z)dz.
IR”.

Thus, the formal adjoint operator of Ty 4. ¢,

_ z-V m+klx]Y @ +YIx2+ x|V +y)? 12\
To_(’,—y,a,b,c,d = —p“(logp)° py+1y _( oY+l - 033 p~*(logp)°©

z-V,p*(log p)*
- py+1

+ ap~(log p)“.

Then, we calculate (T+a’y‘a'b’c’d Tuyabcdf)(@):

_ z-(V,f)(2) _
(T+a’y‘a’b’c’dTa,y,a,b,c,df)(z) = T+a,y,a,b,c,d P a(log p)C(pgi_}.l) + ap b(log p)df(Z)
:[1+12+[3+14, (7)
where
p~*(logp)* _ z-(V,f)(2) _
I1=—T z-V,|p a(IOgP)C(p;/—H)+OLP b(logp)if(2) | |,
Lo (MoK AP AP (o7 (B)@)
2= py+1 - p3y+3 (p (Og p) ) T
m+klx[Y (VP4 Y@+ )2 yP\ _
—a< T SE p~*(logp)*p~"(logp)?*f(2),

z-V,p~®(logp) [ _ z- (W)@ |
ly=——>" pY+1 p~*(log p)c(p\;(—+1)+ ap~”(logp)?f(2) |,
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—a(l c - (V [
-] L E |Yzy] y,< “(logp)c%ﬂf&) , (13)
- V.p b (1
U =~ | FGreogey T WIPIA ,, a0
RTL
m+ kel (V)P + @+ )Py
f f( )( py+1 p3y+3 >
x ((p_“(logp)”)zz(p;/#>d z, (15)
m+ kel L+ PP+ @+ )2yl
Uy = f fz )< Y+ p3v+3 >
x p~*(logp)*p~" (log p) f (2)dz, (16)
» ——2z-V,p?(ogp)° z- (V,f)(2)
s =~ | peCogn F@D ez, (17)
- V.01 c
Uy =~ [ T 0gm e TR g (18)
R™ p
U; =« Wﬁp‘b(log p)¢p~*(log p)f(p+fl)(z) dz, (19)
Us=c? | f(2) (p~"(ogp))2f(2)dz. (20)
Rn

First, we calculate (13):

—a(] c| & -(V

i=1

+|xIYZy] Y, < “(logp)c%ﬂﬁdz

= A, + 4. (21)

For A;, we have

“Qogp)° (N (v __

i=1

—a l c m . v . v -
L s, () 500
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. a c . V
f (z )p(y—ffp)z x; p~*(logp)© 9y, (%) dz

i=1

a(] c (v
-| 7@ )#in%ﬂ)@axi(p-mogpmdz

i=1

m - —a c V
= Z fG Yo —el (yﬁp) x; p~*(logp)° d, <—(pyy{1)( )>d

i=1

m — o] c (v
3| TS 2@ orsogpeyas

——(p~*(logp)* )2 v, f)(2)
Z Rnf( ) Y+1 xi ((p;(—_l_l))d

m - p7%] c (Vv
_Z fRnf @ : gﬁ‘? 2 Xi - (p\:/‘{l)(Z) 0y, (p™*(logp)*)dz

i=1
= Bl + Bz.

We will consider B, first. It will become clear why we did so later.

N [ e tloge) 2 (MA@
B, = - Z RO (pyll) 0., (o™ (logp)°)dz

a(] 2 v
wa f() (p (logp))? z-( yf)(Z)

py+1 L py+1

S ([ Fao, (0o, 2 (N@
+; Rnf(Z)axi( pr+1 >xi (pyyﬂ) p~*(logp)‘dz

—(p~*(logp))*z - (V,f)(2)
i [ Fo Sz U0,

—(p~*(logp))* v, f)(@)
+2fwf( DL w0, (&J—R)d

=Cl+Cz+C3+C4.

For C;:

a(] 2 v
G = me f() (p (logp)®) o (yf)(Z) i

py+1 py+1

For C,:

(22)

(23)

(24)
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[ — p *Uogp)\ z-(V,f)(z) _, .
c, =Z Rnf(z)axi< = )xi (pyll) p=(logp)* dz

—p~*(logp) (L +V)p ¥V x|*Yx; + p*Y 3, (p~*(log p)°)
Z RC v

X Z - (Vyf)(z)

iy p~*(logp)‘dz

——(p™*(ogp))*(L + V|x[**2z - (V, f)(2)

f( ) PR ov 1 dz
L (pe(l v
Zf 0~ (l0gp) T (D) l(p Qogp)) 2 (W)@, 25)
R™ P
For C5:
a1 2 \Y/
C=m f()(p (pfip)) z (pyyfl)(z) 26)
For C,:
m a 1 2 v/
=) fo@—%ﬁﬁﬂﬁx—%QEQM @)

i=1

Putting (24)-(27) to (23), and then (23) to (22) we get

Ay =B+ B,
=B+ C +C, + G5 + Cy. (28)
Since €4, = —Bj, (28) implies that
A =C +C, +Cs. (29)
The calculations for A; are analogous:
A =C+G+G, (30)

where

k
a 2 v/
=ZJ i, (7 ))(p (logp))*  z- "N@

py+1 J py+1 ’

f( )(p “(logp))*|x Y ly* (1 +v)* z - (V,f)(2)
p3y+3 py+1

a (p‘“(logp)) v
+§:W“WﬂW%Mf&)” N %Z(JQ@)L
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a(] 2 v/
G=k[ TG Fo R (pyyfl)(z)

Therefore, substituting (29) and (30) to (21), we obtain

Uy =4+ 4

z- (v f )(Z)

py+1

(p~*(log p)°)? |-

]Rn

f G )(m +klxlY @+ 4 x4+ y)zlylz> ((p—a(l

py+1 p3y+3

(Vyf)(z>>

) py+1

S ! ¢ \Y
+ Rnp‘“(logp)cf(Z) yppy+(10gp) z (pyy{l)(z) dz. 31

Summing (31), (15), and (17), we get

z- (V)@

Up+Us+Us= | (p~*(log P)C)z or 1

Rn

(32)

Now we consider the sum of (14) and (19):

z-(V,p~(logp)?f )(Z)
py+1

U, +U; =—a| f(z)p “(log P)C
Rn

. v
a | f(2)p"(ogp)dp~?(logp)* —( Yfl) 2
R™ Py

R m k
—a 1 Cc
- o [ et inaxi(p-b<logp)df<z>)+|x|vjzly,- 2, (o7 logp)'f () |dz

R" i=1

B v
a| f(z)p~Uogp)ip@(logp) —( pyyfl)( 2
Rn

_ z-V,p?(logp)?
—a | If@)I?p~*(logp)* ! ovH dz. (33)
Rn

Thus, putting (32), (33), (16), (18), (20) to (12), we obtain the following:

0= f |(Ta,y,a,b,c,df)(z)|2 dz
Rn

z- (V)@

py+1

(p~*(log p)c)2 dz

R’I’L

_ z-V,p~P(ogp)t  _ z-V,p~*(logp)°
—afw (p “(logp)* — v +p~?(logp)t — e If (2)|* dz
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m4+klx[" (L +y)x|PYH2 + x|V (1 +y)?yl?
_O‘fw oL 03V 3

X p~@(logp)°p~ (logp)¢|f (2)|*dz
+o? | (pP(logp)D)?If (2)|* dz
RTL

=L1+L2+L3+L4+L5, (34)
where

2

z: (va)(z) dz

py+1

(logp)**
RR pZa

L1=

-V, (p~? (logp)¢
b= (p-a(logp)cz e )> P dz,
Rn

. V —a l c
b= (p-b (logp)* 2 Y(ppyflog P) )> @) dz

mA+klx]Y (1 +Y)|x?Y2 4+ [x[V (1 +v)?[y|?) _ (logp)+d
Ly =—« j}mﬂ( oyt p3v+3 X pa+h If (@)I*dz,

(log p)?
Ls=a | = If @ dz
IRTL

For L, we have

2

z W@, (35)

py+1

(logp)*

le
- p2a

For L,:

.V —b 1 d
b=« (p—“(logp)cz Lo )> P dz
Rn

1 ‘| 1 d k 1 d
o [ [Z o () e Sy, (@)‘ —

i=1 j=1

(log p)° Z’" (log p)*
= _(X Y+1+a xi 6xi b |f(Z)|2 dZ
R P p

i=1

k
(log p)* (log p)*
—a| | W 0 () Jr@r e

j=t

- py+1+a pb+2y+2 logp -

c d +
(logp) ((logp) x| 2( d b)) If (2)|2 dz
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logp) {(ogp)¢(1 +V)|x|¥|yl?/ d
ol ¢ ip+) (logp) (b+2 vzl "1y| ( B b) F(DI? dz
g PYFITE porerE logp
(log p)**(x[**2 + [x[" (1 + VIy|*)
= T (g5~ V@1 (36)
By interchanging a and b as well as d and c in (35), we can immediately get Lj:
_ z-V,(p~"(logp)*)
Ly = —af <p *(logp)? —— If (2)|* dz
R" p
(log p)“ 4 (x[>"** + |x|" (1 + V) y|*)
= T (g5~ @) @R az (37)
Now for L,, we get
m+ k|x|" (log p)¢+¢
Ly = _O‘J-Rn < pr+1 ) path f(@)I*dz
L+ VP2 + x| (1 +v)?lyl* (og p)°+
+0(f < 13 ——If(2)|* dz. (38)
n P p
Finally, for Ls we have
( gp)”
Ls=a® | ——If(2)|*dz (39)
[RTI.
Putting (35)-(39) to (34), we get
_ f)()
0 <j |(Tayabcdf)(z)| dZ—j (,D a(logp) )2 ()1/—+1)
(log p)°** (Jx|*** + |x|" (1 + V) IyI*) c+ d
fRn[ e ( +h+1 +y—— I (2)? dz
rn+l’clxlY a gp)Zd
f [ sy (logp) ™ + f@)I? dz. (40)
Meanwhile, using (6), we have
2 z-(V,f)(2) (10g p)d
”(Ta,y,a,b,c,df)(z)||L2(Rn) = H(log p)c FEaIy-O-)l Ta f( ) (41)
L2(R™)

Putting (40) and (41) together, we obtain (3).

Conclusion

In conclusion, we have successfully derived a weighted Hardy identity associated with the
Baouendi-Grushin operator using the method of factorization. In addition, we were able to apply
our result in the magnetic inequality related to the Landau-Hamiltonian type magnetic field. This
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approach allowed us to extend classical Hardy inequalities to more complex settings involving
degenerate elliptic operators.
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BAOYDHU-TPYIINH BEKTOPJIBIK OPICTEPIHE
"KOHE JJAHJIAY-TAMUJIBTOHUAHFA BAMJIAHBICTHI
XAPIM TEHCI3AIKTEPI MEH TEHJIIKTEPI

Angarna

Byn makamama 613 baoysnau-IpymiuH BEKTOPIBIK epicTepiMeH OaiIaHBICTBI CalMaKThl Xapad TEHIITiH
TaJKbUIAH OTBIPBINT KOHE OHBIH AN(GEpeHINAIIBIK TEHCI3AIKTED KOHTEKCTIHAE OpTYpIi KOJJIAHBICTAPhIH
3eprreiimi3. byn Xapnu tenpuirinen, colikec mapamerpiepii Tanaay apkKpuibl baoysHmu-IpymmH omneparopbiHa
KaThICTBl XapAW THITI TEHCI3MIKTEp YIIiH HAaKTHl KaJAbIK (QopMyialapblH aa amyra Oomambl. KommyTtaTtusTi
JKaFIalIel KapacTeIpFaHaa, 0i3re eBKIMATIK KeHICTIK YUIiH e, baoy»nnu-I'pymuH omepaTopbiHa KaThICTHI JKaK-
CapTBUIFaH CaIMaKTHl XapAu TEHCI3IKTEPiH e aHbIKTay MYMKIH/IT1 Tya Isl. MBIcasbl, HAKTHI XKaraaiaa, baoy>nmau-
['pymimH oneparopbiHa KaThICThI TEPIC €MeC KaJJbIK MYIIENep/i ajblll TacTall KOHE THICTI mapameTpiaepii 1oi
TaHJlay apKbUIbl, O13[[1H TEHJIIKTEH TOTIOJIOTHSJIBIK OJIIIEMIe TOYeI/li eMEC TYPAaKTBIChI 191 aHBIKTAJIFaH PaHal/Ibl
TYBIH/BI OIIEpaTOpblHA apHAJFaH >KAaKCapThUIFaH KPUTHUKAIBIK XapAW TEHCI3MITIH allyFa JAa MYMKIHIIK Oepei.
CoHbIMEH Karap, ochl Makaianga [emre3n mMeH JIuTTmkoH [1] KyMBICEIHIA YCHIHBUIFAH ITUGGEPEHIHAIIB Op-
HEKTepAi (axTopu3anusiay SHiciH ne KommaHambs. byr makamama 6i3 xommyTtatuBTri emec baoy>umu-IpymmH
BEKTOP/IBIK ©piciHe (paKTOpU3aIis o1iciH Komaanyasl kepceteMis. ConsiMeH Oipre, baoysunu-I pymmH BEeKTOPIIBIK
epicrepiMeH OainaHbICThl Xap/au TEHAIrIHIH KOJJAHbICKI peTiHne, kainbuianran Jlannay-I'amuisTon (Hemece
OypasFaH JlalulaCHaH) OIepaTophl YIIIH KaJAbIK MyIienepi Oap Xapau THUITI TCHCI3IIKTI ajlaMbI3.

Tipek ce3mep: dpaxTopusanus oxici, Xapau reHcizairi, baoy>unu-I pymrun oeparopsl, Jlanaay-I'aMuTsToHrAH.
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"MHCTUTYT MaTeMaTHKH U MaTEMaTHYECKOTO MOJISIMPOBaHus, T. Aimarel, Ka3zaxcran
*Yuusepcurer CJ1Y, 1. Kackenen, Kazaxcran

HEPABEHCTBA U TOXJIECTBA XAPIU, CBA3AHHBIE C BEKTOPHBIMU
HOJAMU BAOYOHAU-TPYHINHA U JTJAHAAY-TAMUJIBTOHUAHOM

AHHOTAIUA

B oT0ii cTarbe MBI Mpe/cTaBIsieM B3BEIICHHOE TOXJECTBO Xap/H, CBI3aHHOE ¢ BEKTOPHBIMH MOJIsIMU baoy-
SHAU-] PYIIMHA, U €ro MPUIIOKCHUS C IPUMCHECHUSMH B KOHTEKCTe quddepeHInaNbHBIX HepaBeHCTB. C OMOIIIBO
BEIOOpA COOTBETCTBYIOIIMX ITAPaMETPOB HAIIE MOJMYYCHHOE TOKICCTBO XapiW, CBA3aHHOE ¢ omeparopoM baoy-
SHAW-I pymHa, BIEYET 32 OO0 MHOTOYHCIICHHBIE (DOPMYIBI TOYHOTO OCTAaTKa JJIs HepaBEHCTB Thma Xapmau. B
KOMMYTaTHBHOM CITy4dae MBI ITOJy4aeM YITydIIeHHBIC B3BCIICHHBIC HEPAaBEHCTBA Xapau B MIOCTAHOBKE EBKIIMIOBA
npocTpaHcTBa. HampuMep, B 4acTHOM ciiydae, OTOpachiBasi HEOTPHIIATESIbHbIC OCTATOYHBIC YJICHBI, CBSI3aHHBIC C
omeparopoM baoysunu-I'pyminHa, U BIOMpast MOIXOSIIUE TAPAMETPhI, HAIIIC TOXKICCTBO IMO3BOJISICT HAM BBIBECTH
yIAYUYLIeHHOE KPUTUYECKOE HEPABEHCTBO XapAu ISl paJAualibHOTO POU3BOIHOTO OMEeparopa ¢ TOUHON KOHCTaHTOM,
KOTOpasi, B CBOIO O4Yepe/ib, HE 3aBHCUT OT TOTIOJIOTUYCCKOW pasMEepHOCTH. MBI HCIIONB3yeM METOA (paKTOPU3aAIIUI
M pepeHInaIbHBIX BRIPAKCHAN, HCIIOIB30BaHHBIH [ emTe3n u JIntTmmkonoM B [1]. B marHO# cTarbe MBI 1eMOH-
CTpUpyeM MPUMEHEHHE MeTo/a (haKTOPHU3allii B HEKOMMYTAaTHBHOH mocTaHoBke baoysuau-Ipymmnaa. B xagectse
MMPUMEHCHUA TTOJTYYECHHOI'O TOXKIECTBA XapI[I/I, CBA3aHHOT'O C BEKTOPHBIMH ITOJIAMU BaOyi)HL[I/I-prIHPIHa, MBI yCTa-
HABJIMBACM HEPABCHCTBO Xapiu Jjisi 0000IIeHHOrO raMuibToHnana Jlanaay (MM MCKPUBIICHHOTO JIallIacHaHa) ¢
OIPEIICIICHHBIMU OCTAaTOYHBIMH YJICHAMH.

KuaroueBble ciioBa: mMeroqn (hakTopH3alni, HEpaBEHCTBO Xapaw, omeparop baoysuam-Ipymmnaa, Jlanmay-
T'amunbTOHMAH.
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