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Abstract

In physics, nonlinear equations are applied to characterize the varied phenomena. Usually, the nonlinear
equations are presented by nonlinear partial differential equations, that can be received as conditions for the
compatibility of two linear differential equations, named the Lax pairs. The presence of the Lax pair determines
integrability for the nonlinear partial differential equation. Linked to this development was the realization that certain
coherent structures, known as solitons, which play a fundamental role in nonlinear phenomena as lattice dynamics,
nonlinear optics, and fluid mechanics. One of the famous equations is the nonlinear Schrédinger equation which
is associated with various physical phenomena in nonlinear optics and Bose-Einstein condensates. This equation
allows the Lax pair thus it is integrable. This work investigates nonlocal nonlinear Schrodinger-type equations with
PT symmetry. Nonlocal nonlinear equations arise in various physical contexts as fluid dynamics, condensed matter
physics, optics, and so on. We introduce the Lax pair formulation for the nonlocal nonlinear Schrédinger-type
equations. The method of the Darboux transformation is applied to receive analytical solutions.

Key words: Schrodinger-type equations, Darboux transformation, nonlocal, Lax pair, analytical solution,
symmetry.

Introduction

The nonlinear partial differential equations (NPDE) are studied in several works [1-2]. One of
the famous equations is the nonlinear Schrodinger equation (NLSE). This equation is a universal
model, that describes the evolution of quasi-monochromatic and weakly nonlinear wave trains
in media with cubic nonlinearities. In optics, the NLSE is the main model that characterizes the
propagation of optical waves in Kerr media [3]. Various generalizations and modifications for the
NLSE are studied. For example, in [4] for the unstable NLSE the exact solutions are found by the
improved modified Sardar sub-equation method. The derivative nonlinear Schrodinger hierarchy
is studied in [5]. In work [6] dynamics of optical solitons in the fifth-order nonlinear Schrodinger
equation is investigated.

The most part of NPDEs is local. This denotes that the local solution evolution relies only
on the local solution value and its local space and time derivatives. Latterly, the one-dimensional
nonlocal equations are studied in [7-9]. The primary one-dimensional nonlocal equation was the
PT-symmetric nonlinear Schrodinger equation (NLSE) [10—-12]. At present time there are different
methods to explore the NPDE, such as the method of the Darboux transformation (DT) [13—18], the
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extended tanh method [19, 20], the bilinear Hirota method [21-23], the sine-cosine [24, 25], and
others.
In this research, the nonlocal nonlinear Schrodinger-type equations are studied

iq:(x, y,0) + @y (x, y,8) —v(x, ¥, 0)q(x, y, ) + aq(x,y,t) — ifq,(x,y,t) = 0, (1)

vx(x, Y, t) +2 (q (x, Y, t)q* (—x, ¥, t))y =0, (2)

where q, v are functions, &, § are constants, * means a complex conjugate. Egs. (1)—(2) suppose the
following reductions:
Ifa = 0,8 = 0, and local case r = q”(x,y,t) we get the two-dimensional NLSE:

iq:(x,y,0) + g, (x,3,0) —v(x, 3, 0q(x, y,t) = 0, 3)

vx(x, Y, t) + Z(Q [:xr Y, t)q*(x! Y, t))y =0. (4)

Egs. (3)—(4) are studied in [26] by the sine-cosine method where the researcher found the traveling
wave solutions. The conservation laws are obtained in [27].
Classical (local) case ¥ = q*(x, v, t) of Egs. (1)-(2) has the following form

1g:(x, ¥, 1) + @, (x, 3, 8) — v(x, ¥, )q(x, y,8) + aq(x,y,t) — iBq.(x,y,t) = 0, (5)

v (x,¥,1) + 2(q(x, ¥, )q" (x, 7, 1)), = 0. (6)

Various solutions of Egs. (5)—(6) are obtained in [28] by the bilinear Hirota method and the extended
tanh method. However, nonlocal forms for Eqgs (5)—(6) have not been found in other studies, which
will be the main focus of this paper.

In this work by the Lax pair, we introduce the nonlinear Schrodinger-type equations in nonlo-
cal form with AKNS reduction v = g*(—x,—v,t). Egs. (1)—(2) are called PT- symmetric because
is invariant under the action if the PT operator, i.e. the joint transformation x - —x,y = —y. As a
method to research we use the Darboux transformation which is an effective tool to solve nonlinear
partial differential equations and receive exact solutions for the equations (1)—(2).

Material and methods

In this part, we introduce the Lax pair and the DT for the nonlocal nonlinear Schrédinger-type
equations.

Lax pair
The integrability of the nonlinear equation is provided by the Lax pair. Here, we introduce the

Lax pair for (1)—(2) which can be presented by the next form

v o=U%, (7
¥V, = 2A¥, + VY, (8)

where ¥ = (Y, (x, ¥, £), 9, (x, ¥, t))7 (T define the transpose of the matrix), A is const and the ma-
trices V and U have the next expression
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U = —iday + Uy, ©)
with
-2+ iq, + Bq
W= . ’ ’ . 1':) i | —ip 0
iq", (=%, ~y,0) = Bgy (—x,~y,0) S —— h = ( 0 i,ﬁ')'
0 q 1 0
(ot O -
0 —q [:—x, -V, t) 0 I3 (O —1)

Over some calculations by (9)-(10), it can be verified that the zero-curvature condition:
U —V, — 24U, + UV - VU = 0,
directly gives rise to the equations (1)-(2).

Darboux transformation
The following transformation of the equations (1)—(2) based on the DT for the Ablowitz-Kaup-
Newell-Segur (AKNS) system
pll Ty = (A1 - P)¥,

viamr =22 212G )

The new function w1 satisfies

Wx[l] _ U[l]:p[ﬂj
;_Ptll] — 21{}[}1}1] T V[l]tp'[l],

where V21 i1l rely on q[l],T?[ﬂ and 4. The connection between q[l],I?[l] and U™y s similar
to the connection between @,V and UJ -V. Then, it is clear that the Darboux matrix 7' responds to
the equations

T. + TU = UMt (11)

T, + TV = 24T, + VIIT, (12)

Collecting the different powers of A' of the equations (11)—(12) and making some algebraic calcula-
tion on (11)—(12), we get a relation among functions q ™ and q:

q[l](nyJt:] = Q(xl }’;t:’ - ZEPIEJ (13)
q*[ﬂ (_xl -V, t:] = q* (_xl -V, t:] - lez 1s
vl =p+ 4ipy1y = v — 4ipszy,. (14)
with a constraint py, = —p3,(—x, —y,t).
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Main result

The one-fold Darboux transformation
In this section, we present one-fold Darboux transformation and obtain exact solutions.

Theorem. The one-fold Darboux transformation of the nonlocal nonlinear Schrodinger-type
equations (1)-(2) is

P=(p p2) (15)

1
P11 = E * @11}3’1 (x! Y, f)wf (_x! =¥ t) - ’lsz (x, Y, t:”ﬁ’; (—x, -¥ t))r

where

1

P12 =7+ (A + A (x, v, )5 (—x, —y, t)),
1

D21 = 2 = (A — 2D (x, y, OY1 (—x,—y, 1)),

1
P22 = E * (ﬂ'le {:xl ¥, fm’; {:_xl -V, t) - '1*11)91 [:xl ¥, f)l!f*'; [:_xl -, t));
with 4 = Yy Pi(=x, =y, 1) — Y3 (—x, =y, D).

Proof.
We now assume that
P = HAH™, (16)
with
fi gl) A 0
=3 o) a=(3 o)
£ G- A=y A, (17)

where (fi.f2)7 = (1(x, 3, 6), 9%, (x,y,t))" is a solution to Egs. (7)«(8) by A=24, and
(g1.92)" = W5 (—x, —y, t), i (—x,—y,t))7 is the solution in the case A = —A7 = 4,.

After substitution (17) into (16) and making some calculations, we can obtain the explicit form for
the expression for P (15). This completes the proof. o

Therefore, the new solutions (13) and (14) can be written in the following forms

20y +A50 )5 (—x-yt)

q[l] (x, ¥, t:] = Q(xl ¥, t:] -

A ! (18)
U[l] (x, y, f) _ U(x, y, f) + 4i (ﬁﬂbi(x,y,t}l‘b;(—x,—y,t]—ﬂ;'l‘bz(x,y,t]l'!r;(—x,—y,t]

r )V, (19)

with 4 = 1!5'11)9; (—x, =¥ t) - wE TPE' (—x, ¥, t:]

So, in this section, we obtained the one-fold Darboux transformation of the nonlocal nonlinear
Schrodinger-type equations (1)—(2). Next, we construct the analytical solutions for Egs. (1)—(2).

Example 1. We take trivial “seed” solutions of Egs. (1)-(2)asq = 0,q"(—x,—y,t) = 0,v = 0.
Then by substituting these seed solutions in Egs. (7)—(8) we obtain system in the next form

Ve = —iAY,, (20)
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¥y, = 22, — iABY, + W, 22)
P = 20%,, +iABY, — W, (23)

The system (20)-(23) can have the following solutions

. . . o, ..
;_Pl _ e—1}*'1:l_x+1p1:|__'y+(—1}11,|9+;+21.71:|_;‘1:|_]tJ (24)

) ) ) 1= S
Il!-‘,-2 _ eaﬂzx—1p2y+(1ﬂzﬁ—;—21ﬂzpzjt (25)

r

withd;, =a+biy, =c+id, A, =—a+biy,=—c+idand d, ab,c, are const. By sub-
stitution Egs. (24j—(25) into Eqgs. (18)—(19) the analytical solutions of the nonlocal nonlinear
Schrédinger-type equations can be written as

4aial
qM(x,y, 1) = — e
((a+bi)e®! +{a—b1)e%)
gf1_gbz )J’

vlI(x,y, t) = 4(

b

where
8, = (—4ad — 4bc + 2Bb)t — 2iax + 2icy,
0, = —2iax + 2icy — 2thp,
¥y = (@ + 4ac — 4bd)t — 2axi + 2bx + 2y(ic — d).
Conclusion

Thus, we studied the nonlocal nonlinear Schrédinger-type equations by presenting the Lax pair

formulation. We found the one-fold Darboux transformation, and based on what we received the
analytical solutions. The obtained result is significant and promising in the context of PT-symmetric
systems because the real-valued conserved charges can be given physical meaning.
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JILH. I'ymunieB ateiagarsl Eypasus yiaTteik yauBepcureti, 010000, Actana k., Kazakcran

IPEJUHTEP TUITI JOKAJIBABI EMEC CBI3BIKTBIK EMEC
TEHJE VJIEPIIH AHAJTUTUKAJIBIK IITETM/IEPI

Angarna

®duznkana opTypii KYObUIBICTAp/Ibl CUIIATTAY YILIIH CBHI3BIKTHIK €MEC TEHJEYJIep KOJJaHbLIabl. ONETTe, OChI
TEHJIeYJIep ChI3BIKTHIK eMec iepOec TybIH b Au(depeHInan bk TeHeyaep 0onbin Tadbitaast. Omap Jlake sxynrapst
JICT aTajaThlH €Ki CBI3BIKTHIK TU(PPEpEHIMANIBIK TCHICYICPIIH YHIeCIMIUTIK MapTTapbl peTiHae KaObUITaHybl
MYMKiH. JIakc >KyOBIHBIH OOITYBI CHI3BIKTHIK eMec AepOec TYBIHABI TU(GepeHITHAIIbIK TEHACYiH HHTET A IbLTBIFbIH
aHbIKTaiabl. OChl JaMyMeH OaiiTaHBICTBI TOP TMHAMUKACHI, CBI3BIKTHI €MEC ONTHKA KOHE CYHBIKTBIK MEXaHHKACHI
CHSIKTBI ChI3BIKTBI eMeC KyObIIbICTap/ia Heri3ri peil aTKapaTblH COJIMTOHAAP JeTl aTajaThiH OeNrii O0ip KOrepeHTTi
KYPBUIBIMIAPJIbIH KY3ere achIpbulybl 00Jbl. benrini TeHueynaepiy 0ipi ChI3BIKTHI €MeC ONTHKaAarbl )koHe bose-
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OHHINTEHH KOH/IEHCATHIHJAFBl OpPTYPIli (PM3HMKaNbIK KYObUIbICTApMEH OaiiiaHBICTHI CBI3BIKTHI emec llpenunrep
Tenaeyl 6onmansl. byn tenneyne Jlakc sxyObl Oap, COHIBIKTAH OJ MHTErpajJaHaThlH JIel araiajbl. bys skymbic
PT cummerpusicel 6ap JOKaibabl eMec ChI3BIKTHIK emec LlpeanHrep tunti Tenaeynepai 3eprreiini. Jlokamsast
€MeC CBI3BIKTHIK eMeC TCHIEYICep dpTYpIi (pU3HMKANBIK KOHTEKCTEep/e Maiifa 0oiasl, MBICANBI, THAPOAHMHAMUKA,
KOHJICHCALIMSUTAHFaH KYW (DM3MKAchl, ONTHKA KOHE Tarbl Oacka. JIokampasl emec CHIBBIKTHIK emec lllpemmnHrep
TUNITI TeHaeyIep YiniH JIakc ®yObl YCHIHBIIFaH. AHAIMTUKAJIBIK MIemiMaepai any yiura JapOy TypiaeHaipy omici
KOJIZTAaHBLIAIbI.

Tipexk ce3nep: lllpenunrep Tunti TeHaeynep, JapOy TypraeHaipy, ToKainbasl eMec, Jlake xyObl, aHATUTHKAIBIK
LIEIIIM, CHMMETPHSL.
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AHAJIMTUYECKHUE PEITEHUSA HEJTOKAJIBHBIX
HEJIMHEWHBIX YPABHEHUI TUIIA IIPEJUHTEPA

AHHOTAIUA

B ¢usnke HenmHelHBbIC YpaBHEHUS! NPUMEHSIOTCS JJIsl ONHMCAHMS Pa3iUyuHbIX sBIeHUHA. OOBIYHO HENWHEH-
HBIC YPAaBHEHUS SABIAIOTCS B BHUJIC HEMMHEHHBIX TU(QEepeHINaNbHBIX yPaBHEHUH B YaCTHBIX NMPOU3BOAHBIX. DTN
YPaBHEHHsI MOXHO TPHHATH KaK YCIIOBHE COBMECTHOCTH JBYX JMHEHHBIX Mu(depeHnnanbHbIX ypaBHEHHH, Ha-
3bIBAEMbIX NpejcTaBieHreM Jlakca, CylecTBOBaHHE KOTOPBIX ONPEJeNisieT HHTErPUPYyeMOCTh HEJTMHEHHOTO -
(hepeHIMATLHOTO ypaBHEHHSI B YACTHBIX NMPOM3BOAHBIX. C 9THM pa3BUTHEM OBUIO CBSI3aHO OCO3HAHME TOTO, YTO
OIpe/IeIeHHbIE KOT€PEHTHBIC CTPYKTYPBI, N3BECTHBIC KaK COJMTOHBI, UTPAIOT (DYHAaMEHTAJIBHYIO POJIb B HEJIMHEH-
HBIX SIBICHUSIX, TAKUX KaK JUHAMUKA PEIIETKU, HEIMHEIHAs ONTUKA U MEXaHHKa XKUIKOCTH. OTHUM U3 U3BECTHBIX
HeNWHEHHBIX YpaBHEHUI ABIseTCA HennHeitHoe ypaBHeHne Lpémiarepa, KoTopoe CBSI3aHO C pa3IHIHBIMU (U3~
YECKUMHU SBJICHUAMHU B HEITMHEWHOW ONTHKE M KOHACHcaTax bo3ze-DHHIITEHA. DTO ypaBHEHHE JOIYCKAaeT mapy
Jlakca, mO3TOMY OHO MHTETPHPYeMO. B maHHON paboTe UCCIICAYIOTCS HETMHEHHbBIC HEJIOKAIbHBIC YPABHCHHS THIIA
HIpénuurepa ¢ PT-cummerpueil. HenuHeiiHble HeJOKaJbHBIE ypaBHEHHs BOSHUKAIOT B TaKUX 00JacTsIX (QHU3MKH,
KaK THAPOIMHAMUKa, (U3HKa KOHASHCHPOBAHHOTO COCTOSTHHMS, ONTHKA U T.J1. [Ipeacrasnena nmapa Jlakca s Henm-
HEIHBIX HEJOKAIbHbIX YpaBHeHUH Tumna IlIpénunrepa. [ nonydeHus aHaTUTUYECKUX PELICHUI IPUMEHEH METO]
mpeobpazoBanus JapOy.

KunioueBblie cioBa: ypaBaenus tuna llpémunrepa, npeodbpazoBanue lapOy, HemokalbHOCTh, napa Jlakca,
AHATIMTUYECKOE PEIICHNEe, CHMMETPHSI.
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