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FACTORIZATIONS AND UNIFIED HARDY INEQUALITIES
ON HOMOGENEOUS LIE GROUPS

Abstract
In this note we obtain Hardy and critical Hardy inequalities with any homogeneous quasi-norm in unified way.
Actually, we show a sharp remainder formula for these results. In particular, our identity implies corresponding
Hardy and critical Hardy inequalities with any homogeneous quasi-norm for the radial derivative operator, thus
yielding improved versions of corresponding classical counterparts. Moreover, we discuss extensions of these results
in the setting of Folland and Stein’s homogeneous Lie groups. Such a more general setting is convenient for the
distillation of those results of harmonic analysis depending only on the group and dilation structures, which is one
of our motivations working in the setting. Our approach based on the factorization method of differential operators
introduced by Gesztesy and Littlejohn. As an application, we show Caffarelli-Kohn-Nirenberg type inequalities
with more general weight. Because of the freedom in the choice of any homogeneous quasi-norm, our results give

new insights already in both anisotropic R™ and isotropic R™.
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Introduction

Recall that the Hardy inequality for all functions f € C§°(R™) takes the form

fRn PR = (% 2)2 L.;n "flzﬂ'zdx, n=3, 0

where V represents the standard gradient in R™. Nowadays, there are many works concerning various
versions of Hardy’s inequalities, so we are not able to cover it in this short paper. Let us mention only
classic monographs such as [1], [2], [3], [4] and the recent open access book [5] on this subject and
for its applications.

This note aims to establish more general Hardy inequality unifying both sub-critical and critical
cases on homogeneous Lie groups by employing the factorization method for differential expressions.

In this direction, recently Gesztesy and Littlejohn in [6] gave a simple proof of (1) by using the
non-negativity of T T, on C5° (IR™ \ {0}) and selecting special value for the parameter &, where

T,:=V+alx|?x,
and T its formal adjoint
TF = —div(") + a|x|2x -, x € R* \ {0},
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for « € R, x € R" \ {0} and n = 3. There, the authors also applied the factorization method to
obtain Rellich inequalities with remainder terms. For this method, we also refer to [7], [8], [9] in the
Euclidean setting as well as [10] on stratified Lie groups.

Here, in this note we plan to continue the research from [10] by applying the method to unified
Hardy inequalities on homogeneous Lie groups with any homogeneous quasi-norm. Actually, in
this noncommutative setting we show Hardy identities that implies improved subcritical and critical
Hardy inequalities. For this, let us recall first necessary definitions and notations of homogeneous Lie
groups following Folland and Stein [11] and a recent book by Fischer and Ruzhansky [12].

A homogeneous Lie group @ is a connected simply connected Lie group if its Lie algebra g is
equipped with family of morphisms representing dilations, as follows:

D; = Exp(AIn2) = T, —(n()A)*

Here A is a diagonalisable positive linear operator on the Lie algebra 8, and every D, is a

morphism of the Lie algebra 8. The homogeneous dimension of G is defined by @:= Tr A . In this
context, the standard Lebesgue measure dx on R" is the Haar measure on homogeneous Lie group
G [12, Proposition 1.6.6]).

A homogeneous quasi-norm refers to a continuous non-negative function

G3xw |x| €[0,0)
satisfying:

o |x7'| = |x| forany x € G,
¢ |Ax| = Alx| forany x € Gand 1 >0,
¢ |x| = 0ifand only if x = 0.

Next, the polar decomposition on homogeneous Lie groups defined as follows: there exists a
positive Borel measure ¢ defined on the unit quasi-sphere

S:={x e G:|x] =1}, )
so that for all f € L*(&) we have

L fx)dx = Lm L fy)r?de(y)dr, o)

where | - | is a homogeneous quasi-norm on G. For more details on the polar decomposition, we can
refer to [11]. Throughout this paper, we also use the notation

dlx] (4)
for a homogeneous quasi-norm |x| on the homogeneous Lie group .

Material and methods

As mentioned in Introduction there is a huge literature on the Hardy inequalities, so let us refer
only to classic monographs as [1], [2], [3] and [4] to mention few. As for the factorization method,
we can refer to [6], [7], [8], [9] and [10].
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The main aim of this paper is to derive unified Hardy inequalities with any homogeneous
quasi-norm on homogeneous Lie groups via the method of factorization. Gesztesy introduced the
factorization method to obtain the classical Hardy inequality in [8] then in [9] the radial and logarithmic
refinements. More recently, in the noncommutative setting, the authors in [10] successfully applied
the factorization method to obtain improved Hardy and Hardy-Rellich type inequalities on general
stratified groups and weighted Hardy inequalities on general homogeneous Lie groups.

Results and Discussion

Let By == {y € G:|y| < R} where | - | is a homogeneous quasi-norm on G.

Theorem 1. Let G be a homogeneous Lie group of homogeneous dimensions @ = 2 and let ||
be any homogeneous quasi-norm. Let Bp be a quasi-ball of &z with a radius R. Then, for all complex-
valued functions f € C5°(Bz\{0}) we have

Remark 1. By dropping the last term in (5), we can get the following result:

|R i f () |2dx =

f
B
-2

, Q-2 If( 1 If®PFy R (6)
fB | R fCO)|Pdx = 2 fBH E d:'c+4LH ™E (lnlxl) dx.

Q-2 IfGP , 1( If@P Ry™
7 fB g, e () e

)

-2 -12

2

dx.

1 R
-1 _ -1 1 _
el + 5 Ix] <“|x|)

Q
Rz +

R

R

Here, note that the Abelian case & = (K", +), hence @ = n, of (6) with the Euclidean norm
|x] = x|z was obtained in [9]. So, the identity (5) gives sharp remainder formula for their result.
Moreover, dropping the last term in (6) implies improved version of (1) due to the estimate
[VF| = |Rx1f]. Similarly, but dropping the first term instead of the second term on the right-hand
side of (6) gives improved critical case n = 2 of (1).

Proof of Theorem 1. Let us first introduce one-parameter differential expression

-1

— Q -1 1 -1 R
T i Ry x4 Sl (mm) . -

Now, we find a formal adjoint operator of T on Co~ (Be\{0}) as follows:

J, R0 + =l I FgTIa + ’ J,_ e =) feogmax

||

_fRfi MNgy)redo(y)d +—Q_2f QO
- | | e taeear + 5= | i feogGas

= R

1 B+ ! L R d
+§faﬂ ™ (“‘H) fx)gx)ax = _L Lf (ry) = (gry)re~*do(y)dr
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R —_—
Q-1 f f Fary)gEIre-2da(y)dr

-2 ___. 1 RNV
+ L2 [ g [ e (n) r@aar

. . x|

= f(ﬂ(—%xﬁ(x})dx—% ] |27 F (0 g () dx

+%LH x| (lnl'il) lf(x)mdx. (8)

Thus, the formal adjoint operator of T has the following form

Q 1 Ry\1
T = —Ry, — |x| 14— |x| 1 (lnﬁ) . 9)
Now, let us compute T+T as follows.

Q-2 1 Ry\T
(T T = ~Ryg Ry f0)) — Ry (S5 7))~ Ry (§|x|-1 () f(x))

-1

@ X =2\ i2rery = Lz (m
5 R @) = 5 (5 ) @ - g () F@

-1 -1 -2

+%|x|‘1(1nl%) Ruf () + S (n ) fGo+ g (n ) feo.

x| ||

By the nonnegativity of T*T, introducing the polar coordinate (7, ¥) = (IXI ) € (0,0) X G
on @, where & is the quasi-sphere as in (2), and using (3), one calculates

UéfB |(TH)|*dx = ] FOOTTH(x)dx =

Re T T x)dx=L+L +1,+1, + L, (10)
Br

where

R d(d
I, = —Ref J;f(?“y)a(a(f(?“}')))?“q‘ldff(}’)d?:

.

2 R d ., .
Re [ [ fm) o (rfGm)re-tdowiar,

I, = —%Re LR L f(ry)j—r(r‘l (ln g)‘l f(?'y))?"?‘lda[}f)dr,
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I, = ——Ref f flry)r l—f(’ry e tdo(y)dr

+ EReJ; Lf(ry)r‘ (mg) ;—Tf(T}’)TQ_ldU(}’)dT,

and,
QQ—2 | (0| Q[ IfMIP; R\
‘TSZ_E( 2 )BH X2 dx_EBH X2 (an) dx
If(x)l2 R - If(X)I2 R _Zd
4 x|? n x x. (11)
B

Now we simplify I;,1,, I; and I,. By a direct calculation we obtain

h=—re[ [ roms (dr(f(ry))>r0 tdo(y)dr

- @-vre[ [ o) L (tayyro-rdoyir

+Ref0RL%(f(ry))%r‘?‘lda(y)dr =
- ) | & fary)retdoyydr

o[ [ 15
o Jg ldr

(Q - 1)(Q - 2) R 2..0-3
=— do(y)d
5 fo L [f ) re>da(y)dr

2
r®ldo(y)dr

r%tdo(y)dr

_ gy _@=DQ@=2) [ [FIP
= |R|x|f(x)|d > P dx. (12)

Br Br
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Now, we calculate [, :

Q

-2 R d
b= —5Re || FO9) g () o)

—2 (R
=52 [ irerredowyar

Q-2
2

R d

Re j f fay) o fry)r®?da(y)dr
0 S
—2 (R

-2 | | ironprecasear

Q-2 (R (d 2,.0-2
- | Freneetdotar

—2 (Q-27?\ (R
=<QZ +& )) fo fg fay)IPre-3do(y)dr
Q-2 (Q-27\ [ IfP
_<2 + 7 )LR X2 dx.

For I, one has

I; = —%Re fOR L f(ry)%(r‘l (lng)_1 f(ry)) reldo(y)dr

-1

-3/ ) [ iremere () doyr

2

= ’ [ 1rerre (in) dotar

-1

= ) [ g (in) dotar

-1

= %LRL |f (ry)|?r?3 (1n§) do(y)dr

-2

= ) [L1renEres (i) dowar

-1

22 ) [ 1rerres (in7) - doar
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v3) [ renpre(inl) dowar

-2 | ’ . ey (in2)  doGdr

-2

- | ’ | 1rayypre () doGar

n n
4 |x? |x| 4Jg, IxI? |x|

Finally for J, we obtain:

) -
= —2Re fo L Flry)r S fary)retdo(y)dr

-1

+%ReLRLf(ry)r‘1 (lng) %f(TY)rQ_ldU(Y)dT

Q R d 2 -2
=2 fo f@avwn ro-2dg(y)dr

-1

2 | ) . 2 ipeyire2 () doGdr

_ R
_ae? [ [ ranrreasoar

-1

| ) [ 1rere= (in) dotiar

-2

= ’ [ 1renrres (i) dowar

|x|

_0@-2) 1 If®P, @-2) |f(x)|2(ln R)‘ldx

X
4 Br |x|? 4 Br ||
1 21 R\
M(l ) ax

—— n_
4), 1x|? |x|

_Q [ L, 5)'1 pe [ VL, R ) -

(14)

(15)
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Putting (11)-(15) in (10) we obtain that

fB |73|x|f(X)|2dx—(Q —Z)ZL If(X)Izdx_}fB If(X)|2(1n£>_2 .

4 |x|? 4 |x|? ||
R R R

- [ 1peordx (16)
B

R

that is,

f Ry f () =
B

R

Sadx+ d+ [ |aneords a7)

R R

Caffarelli-Kohn-Nirenberg type inequalities on homogeneous Lie groups

Theorem 2. Let G be a homogeneous Lie group of homogeneous dimension Q. Let | - | be be any

T 2
homogeneous quasi-norm on(G Let 1< qg<o,0<r<oo with2+q =16 € [0,1]N Tq ;]

and b, ¢ € R. Assume that 2 w l1and ¢ =& + b(1 — ). Then for all f € C5"(Bx\{0}) we
have the following Caffarelh Kohn—Nlrenberg type inequalities:

5 _
lofllr@ < ”:R|x|f||L2(G)”wa”iq((s@); (18)
Q= 1wk Y
( 7 +z ln|x|)

Proof of Theorem 2. Case 6 € [0,1]n [?, ;] Recalling ¢ = & + b(1 — &), a direct calculation

gives 1 1
b 5r (1-&)r r
171y, = ([ |w|”|fr:x)|fdx) ([ s a) - a9

¢ ol or

where w =

4 a8

We want to use Holder’s inequality for — =land2+q =r.

Then using Holder's inequality in (19) we get following:

5 [ 1-8
If (0l 2 If&@I1 1
”(UCf"Lr(G) < < Gde lel—_qux (20)

1-6

_ s |
= 1of g | = o
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From Theorem 1 we have
1

fG)(Q@—-2)? 1/ R\?\?
|1Rif ]2 g,y = ( 2 +Z(ln—) ) 12(Bp): @1)

|x| |x]

1
2

2 -2
(5= +3mg) )

x|

Recalling w(x) = we can rewrite it as

2

||fR|x|f||Lz(BR) 2 |loflliz@g- (22)

Using (22) in (20) gives the desired inequality (18)-
Conclusion

Finally, in this note we have established a unified result that contains both the critical and
subcritical Hardy inequalities. Moreover, as a byproduct Caffarelli-Kohn-Nirenberg type inequality
is obtained.
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DAKTOPU3ALUA /KOHE BIPTEKTI JIK TOIITAPBIHAAFbI
BIPTYTAC XAPAU TEHCI3AITT

Anjarna

Byn wmakamama OipTekTi KBa3HMHOpMalapMeH Oipryrac XapIw TEHCI3OIKTepi MEH KPUTHKAJBIK Xapau
TeHCI3miKTepi 3eprreneni. JKyMBICTa OCHI HOTIDKENEP VIIIH HAKTHI KalABIK (hopMynamapsl Oepiiemi. AJBIHFaAH
TeHACYJEP KIIACCHKAIIBIK aHAIOTTapbIH JKeTUIAIPIIreH HyCKalapblH KAMTHABI )KOHE PaAnali/ibl TYBIH/IBI OIIEPaTo-
pBI YIIIH Ke3 KelreH OipTeKTi KBa3WHOPMAaMEH COHKEC KeNeTiH XapIu TEHCI3MIKTepi MEH KPUTHKAIBIK Xapau
TeHci3mikTepiH KamTuasl. CoHbIMeH Katap, Dommana nen CterHHIH OipTekTi JIM TomTaphIHBIH KYPBUIBIMBIHIAFBI
HOTWKEJIep/l KeHeUTyl TanKpuiaiiMbI3. JKambiiama TYXKBIPHIM TEK TONTHIK JKOHE KEHEHTIIreH KypbUIbIMIapFa
TAYeJJIi TApMOHUKAIIBIK TAJIIay HOTHKEIICPIH JKaIIbUIAY YIIiH BIHFAHIB )KOHE OYI1 OaFBITTa JKYMBIC icTey/Ieri 0acThl
MOTHBAIMSUIAPBIMBI3ABIH Oipi. JKymbicTarsl Herisri omic [ecte3n meH JIMTTIIKOH yChIHFaH Iu(dEpeHITHAIIbI
orepatopsl (hakTopu3anusUIay dicine HerizaenreH. KommaHbICH peTiHae, xanmsl canMakrapsl 0ap Kaddapenmu-
Kon-Hupenbepr turti TeHCi3aiKTep KopceTinreH. Kes kenreH 6ipTeKTi KBa3HHOPMAHBI €pKiH TaHIayIbIH apKaChIHIA
01311iH HOTIKEJIePiMi3 MaHbBI3/bl APTHIKIIBUIBIKTApFa Ue, ouTkeHi oiap R™ anusorpontsl keHicririne ne, ™
HM30TPOITHI KCHICTITiHE J¢ KOJITaHBLIAIbI.

Tipek ce3nep: dakropusamms omici, Xapau TeHCi3diri, Oiprekti JIu ToOBI.
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GAKTOPU3ALUA U EAUHOOBPA3ZHBIE HEPABEHCTBA XAPIU
HA OJHOPOJHBIX I'PYIIITAX JIN

AHHOTAIUA
B aT0i1 paboTe MBI ONy4YaeM HepaBeHCTBA XapIu U KPUTHYCCKUEC HEPABEHCTBA Xap/u € JIF0OOU OJHOPOTHON
KBa3HMHOPMOH eIMHBIM criocoboM. Ha camoM Jniesie MBI mokas3biBacM ()OPMyITy TOUHOTO OCTATKa JUIS 3TUX PE3yiib-
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TatoB. B wacTHOCTH, Hallle TOKIECTBO TOPA3yMEBACT COOTBETCTBYIOIINE HEPABCHCTBA XapIi U KPUTHICCKHE He-
paBeHcTBa Xap/u ¢ J1I000i 0OTHOPOHOM KBa3WHOPMOH JUIs OlepaTropa paJuaibHOH MPOU3BOHOM, YTO AaeT Yiayd-
[ICHHBIC BEPCHH COOTBETCTBYIONIMX KIACCHUCCKUX aHAJOTOB. boiee Toro, Mbl 00CyKaaeM pacIIupeHe 3THX pe-
3yJBTAaTOB B KOHTEKCTE OMHOPOIHbIX Ipyrin JIu Domnanna u [lTeiina. Takas 6oiee o0Omasi mOCTaHOBKA yIOOHA JIJIst
000011IeHAS PE3yIIBTATOB FAPMOHMYIECKOTO aHATN3a, 3aBUCSIIIUX TOJIBKO OT TPYIIOBON U PACIIUPSIIONINX CTPYKTYP,
YTO SIBJISIETCS OJJHOM M3 HAIIMX MOTHBAIMK Npu padorte B 3ToM cpene. Har noxxon ocHoBaH Ha MeToje GpakTopu-
3aruu AuQdepeHIatbHBIX OMepaTopoB, MPEAIoKeHHOM [ecTes3n i JIUTTIHKOHOM. B KauecTBe MPHITOKEHHS MbI
nmokasbiBacM HepaBeHcTBa Tura Kaddapemnn-Kona-Hupenbepra ¢ 6onee obmuM Becom. biiarogapst cBodosie BbI-
6opa ¢ 1r000# OMHOPOAHON KBA3MHOPMBI HAIIIK PE3YJIbTATHI YIKE 0T 3HAYHUTEIBHBIC TPEHMYIIICCTBA, TAK KaK OHH
OPUMEHHUMBI KaK K aHU30TpoIHOMY mpoctpancTtBy [R™, Tak u k u3oTpomHomy mpoctpancTsy [R”.

KuroueBble ci10Ba: MeTo/ (hakTOpU3aIiK, HEPABCHCTBO Xap/Iu, OAHOpOaHAasI rpyma JIu.
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