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COMPLETE CLASSIFICATION
OF QUADRATIC IRRATIONALS WITH PERIOD TWO

Abstract

This article presents a comprehensive investigation into the classification of quadratic irrationals with period
two in their continued fraction representations. Building upon foundational results in Number Theory, particularly
in the context of continued fractions and Pell's equation, the study reveals intricate relationships between quadratic
irrationals and their periodic structures. The main object of study is /N and properties of its continued fractions.
While it is well-known that continued fractions of v/N is periodic with periodic part being palindrome, the distribution
of the lengths of the periodic parts are far from being complete. Our main goal will be to focus on the period two
case and provide a complete characterization. The research's proved theorems clarify the conditions under which the
period length is exactly two and give an insight into the underlying algebraic features. Additionally, it delves deeper
by offering numerical analysis and illustrations demonstrating the distribution of period lengths among quadratic
irrationals. This research opens up new paths for future studies on quadratic irrationals and how they're shown as
continued fractions.
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Introduction

The theory of continued fractions is a rich branch of Number Theory that considers the

representation of real numbers X by infinite sequences of fractions:
1

a 3 + o

Continued fractions have a wide range of applications, including in numerical stability and special
function representation [1], number-theoretic computations [2] and special functions in various
fields [3]. They are also used in convergence criteria, three-term recurrence relations, hypergeometric
functions, Pade approximants, and zero-free regions [4]. These applications highlight the versatility
and importance of continued fractions in various mathematical and computational fields.

In this work, we consider quadratic irrationals and study the lengths of their periods when
represented as continued fractions. We say that an irrational numbers is quadratic irrational if it is a
root of a quadratic polynomial with integer coefficients. For simplicity we write [a,; a4,a,,a4, -.. ]
for the continued fraction representation. One of the important results in the theory of continued
fractions is due to Lagrange which states that for any quadratic irrational number, the continued
fraction expansion eventually becomes periodic, for a proof see e.g. [5]. A special case of quadratic
irrationals is the square roots of integers VN. An amazing result due to Galois states that the periodic
parts of such fractions for quadratic irrationals manifest as palindromes [6]. To me more precise, for
any square free positive integer N there exist positive number ag, @y, -.., @, such that

-\fﬁ: [ao,al,az,...,az,al, 2(10],

where the overlined is the periodic part that repeats in the continued fraction representation. One
interesting research direction is to investigate the distributional properties of the quadratic irrationals.
For any square free N we let D (VN) denote the length of the periodic part of the continued fraction
for the quadratic irrational V/N. In this line of research, a recent work [7] shows that that for any

square free d the sequence
D(+d),D(2vd),D(3Vd),D(4Vd), ...

has infinitely many limit points in discrete topology. While this result is a moderate contribution
to the research area, there are still many interesting questions to investigate. In particular, their result
is not constructive in the sense that it is not clear which periods appear infinitely often. This is a
delicate question and to address one needs to classify the numbers with certain periods.

In this work, we aim to classify all the square free positive integers N such that D (m = 2. By
employing the fundamental relationship between the length of the periodic part and Pell's equation,
this research aims to bridge the gap between historical insights and contemporary research. It seeks to
affirm the presence of an infinite set of positive integers for which the period length in the continued
fraction representation of quadratic irrationals is exactly two, thereby contributing to the broader
discourse on Number Theory and the intricate beauty of mathematical structures.

We now state our main results. The core of this work is encapsulated in a series of theorems that
shed a light on the intricate relationship between quadratic irrationals and their continued fraction
representations. The following result provides a criterion for a square root of a number to have
period 2.

Theorem 1. The length of the period for the continued fraction of the quadratic irrational /N is
D(+/N) = 2 if and only if there are positive integers a, bzsatisfying

a

N=a*+—
T

such that b is divisible by @, but 2a # b.
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To illustrate the theorem, for example, we may take a = b = 2, then all the conditions of the
theorem are satisfied and for N = a* + %ﬂ = 6 we see that the continued fraction expansion satisfies
V6 =102;2,4,2,4,2,4,2,4, ...] giving D(v6) = 2. As another example, we may take @ = 4,b = 2
then N = a? + %ﬂ =20and D(20) = 2.

The next result deals with those members of the sequence (ﬂﬁ ) for which the period

length is 2.
Theorem 2. Let d be a square free positive integer. Then, the length of the period for the continued
fraction of the quadratic irrational n/d is D (ﬂﬁ ) = 2 if n satisfies the Pell’s equation
n®—dx* =1
for some integer X. In particular, there exist infinitely many n such that (?‘WE ) = 2.
As a corollary to Theorem 2 we deduce the following distribution result.
Corollary 3. Let d be a square free positive integer. Then, the natural number 7 such that

D(mf&) = 2 satisfies
1
1imsup_wmﬁ|{n |1 =n < N,D(nvd) =2} > 0.

These findings not only deepen our understanding of mathematical properties of quadratic
irrationals but also establish a connection with Pell's equation, highlighting a significant intersection
between different areas of Number Theory.

Collectively, these theorems illuminate mathematical intricacies of continued fractions for
quadratic irrationals, bridging historical insights with contemporary mathematical inquiries. They
demonstrate the rich interplay between algebraic forms, periodicity, and Diophantine equations,
paving the way for future research in the field. Through detailed proofs and illustrative examples, this
research underscores the enduring allure and complexity of continued fractions, inviting a further
exploration into the mysteries of mathematical structures.

In the next section we review background and related works. Section 3 is devoted proving the
main results. The paper ends with conclusion and future directions.

Main Provisions

The study of continued fractions, integral to mathematics, relies on historical achievements
for advancement. Originating over two millennia ago, their formal foundations were laid in the
late 17th and early 18th centuries. The genesis of continued fractions is often linked to Euclid’s
Algorithm, initially devised for finding the greatest common denominator (GCD) of two numbers
but also applicable algebraically to derive the simple continued fraction representation of a rational
number [§].

Euclid’s method, when applied to find the GCD of 27 and 129, reveals a continued fraction
representation through algebraic manipulations. This method highlights the reciprocal relationship
between the fractions in successive equations, leading to a continued fraction representation. This
early connection to continued fractions underscores their historical significance in approximating
quadratic irrationals and contributions by mathematicians like Fibonacci.

During the Renaissance, mathematicians including Rafael Bombelli and John Wallis contributed
significantly to the formal concept of continued fractions. Bombelli, in his treatise "L’ Algebra"
(1572), discussed square roots' representation as infinite continued fractions, providing a foundational
approach later elaborated in his second edition of "L’ Algebra Opera" (1579) [9]. Wallis introduced a
continued fraction notation in "Arithmetica Infinitorum" (1655), using it to approximate square roots
and other irrational numbers, thus coining the term continued fraction [9, 10].

The 18th and 19th centuries witnessed substantial advancements in continued fractions by
Euler, Lagrange, and Gauss. Euler’s work, "De fractionibus continuis" (1737), proved that every
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real number has a unique simple continued fraction representation and explored continued fractions
for rational and irrational numbers, including the representation of ¢ as a continued fraction [10].
Huygens applied convergents in continued fractions for practical uses, like gear ratio approximations
in his mechanical planetarium construction [10, 11].

Lagrange's "Théorie des fonctions analytiques" (1798) established the periodicity of continued
fractions for quadratic irrationals, known as Lagrange’s theorem, which significantly influenced the
development of periodic continued fractions [12]. The 19th century saw applications of continued
fractions in Number Theory and Diophantine approximation by Cauchy and Sylvester, enhancing the
understanding of partial quotients and approximation properties.

In 1972, P. Chowla and S. Chowla explored periodic continued fractions, raising questions
about finding infinite sets of positive integers @ with a given length of the periodic part Dy/d = I
, conjecturing an affirmative answer [13]. Christian Friesen (1988) provided a positive proof,
establishing results on palindromic sequences that led to Friesen's corollary addressing the original
question posed by Chowla and Chowla [14].

Franz Halter-Koch (1989) refined Friesen's theorem, adding conditions related to the prime
factorizations of d, offering a deeper understanding of the integers satisfying the palindromic
sequence condition [15]. Recent studies by Balkova and Hruskovéa compiled findings on continued
fractions for quadratic numbers, investigating equations linking N to values of D N, contributing
to the broader understanding of continued fractions in Number Theory [14].

Rada and Starosta explored the Moebius transformation’s effect on the period length of continued
fraction expansions, setting bounds for D h(ﬁ)) based on D (ﬁ),

enriching the mathematical exploration of continued fractions [16]. Building on the work of
Gawron and Kobos, this dissertation extends the analysis of Moebius transformations applied to
quadratic irrationals, particularly focusing on their limit points in the sequence

D (n—JE ), highlighting the infinite nature of these limit points and posing new research directions.

Materials and Methods

Proof of Theorem 1. Assume that p w’ﬁ) = 2. By utilizing the definition of continued fractions
and leveraging Galois' result which states that the periodic part of continued fractions for quadratic

irrationals is a palindrome, we can represent VN as follows:

VN =[a;b,2a,b,2a,b,?2aq, ..].
We notice that to avoid period 1 case, we must have b # 2a. Now, let's add the integer a to both
sides of the expression and introduce a new equation:

x :==a++N = [2a;b,2a,b,2a,b,2a,..] = [2a,b].
Since x = [2a,b] = [2a,b, 2a, b], it follows that

2a+ - 2a+ *
x=2a+—— =2a :
b+% bx +1

From this equation we can derive the quadratic equation in the following form:
a
2
x*— Z2ax——=0.
b
By solving this quadratic equation, we obtain two roots and derive the formula for the integer N:

2a + ,/4a? — 8Ba/b ,, 2a
X, = > =a+ |a +?,
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2a —./4a? —8a/b l 2a
Xy = 2 X =a— az—l—?.

Since x = a + VN > a, we see that x = x;. Solving for N we arrive at

N =a*+—.
T

Therefore, we deduce that D(+/N) = 2 ifand only if b # 2aand b is a positive integer divisible
by 2a.

We now turn in proving Theorem 2.

Proof of Theorem 2. Let a square free d be given. For N = nvy/d to have period 2 we know from
Theorem 1 that there must exist @, b such that b # 2a and b is a positive integer divisible by 2a and

2a
’d = a® + —.
ek a 5

Let us take @ = dx and b = 2x where ¥ is yet to be determined. Then, the above equation takes
the form n*d = (dx)* + d. Cancelling out d we arrive at

n? —dx? = 1.

This is a well-known Pell’s equation and it has infinitely many solution pairs (1,x) [17].
Therefore, for any such ™ we have that D (mf’E ) = 2. This finishes the proof of Theorem 2.
Proof of Corollary 3. We notice that once the fundamental solution (74, %) to the Pell’s equation

n?—dx?=1

is found, the other solutions (7,%}) can be found iteratively from

k
n;, + x,vd = (n1+x11!d) .
Since x;Vd = nj — 1 we get
k
N <y +x070d = (ny +x,7d) < (2nd)E

Thus, for N = (2n3)¥, there are at least X integers 7 satisfying D (nﬁ ) = 2. Hence,

1 1
limsupﬁﬂn |1=n<=N, D(nﬁ) =2} = T
1

N—oo

Results and Discussion

In this section we carry numerical analysis and visualize distribution of lengths of periods to
certain generality.

In the first instance, we consider all square-free positive integers up to one million and consider
how the lengths of periods of under the square root function is distributed.
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Figure 1 — Distribution of lengths of periods for square root
of numbers up to one million

For most square-free N < 1000000 we have D(N) < 1000. For this reason, we have only
considered those lengths that are at most 1000 to make the graphics readable.

In Figure 2, we consider the distribution of D(ny/d) for various d and values for 7 up to 1000.
The distribution of periods is generated whend = 2,3,5,7,8,10.

The implications of our findings are manifold, extending beyond the immediate scope of
quadratic irrationals to touch upon broader aspects of number theory and mathematical research.
The classification of quadratic irrationals with a period of two offers a glimpse into the symmetry
and patterns inherent in mathematical structures, echoing the palindromic beauty found within the
periodic parts of continued fractions for quadratic irrationals.

Looking ahead, several avenues for future research have been illuminated by this study. For
instance, extending the classification to quadratic irrationals with periods greater than two presents a
challenging yet potentially rewarding endeavor. Additionally, exploring the connections between the
distribution of period lengths and other number-theoretic phenomena could yield further insights into
the underlying principles of number theory.

Another intriguing direction is the investigation of the practical applications of these findings.
The theoretical insights gained from the study of quadratic irrationals and their continued fraction
representations could have implications for numerical analysis, cryptography, and even quantum
computing, where the properties of numbers play a pivotal role.
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Figure 2 — The distribution of D (nv/d) forn = 1,2, ..., 1000 and
d=2,3,56,7,8,10.
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Conclusion

This study delved into the realm of quadratic irrationals with period two, illuminating their
structure through the lens of continued fractions and Pell's equation. Our work not only enriches the
existing body of knowledge but also draws connections between classical and contemporary number
theory, highlighting the intricate dance between algebraic properties and periodicity. The theorems
we've established lay down explicit criteria for when a quadratic irrational will exhibit this unique
periodic behavior, thereby expanding our understanding and appreciation of these mathematical
entities.
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EKI HEPHUOATbBI KBAAPATTBIK UPPAITMOHAJI
CAHIOJAPABIH TOJBIK KIKTEJYI

Anjarna

By makanmama KBaapaTTHIK HPpAlMOHAN CaHIAPABIH JKIKTEIyiH ONapIblH Y3HIKCi3 Oelmiek KepiHicTepiHme
SKIiHII Ke3CHMEH KaH-)KaKThl 3epTTey YChIHBUIFAaH. CaHIap TEOPUSICHIHBIH HETi3T1 HOTMKEICepiHEe CYHEHE OTHIPHIIT
Ti30ekTi Ppaximsiap MeH [lent TeHaeyaepin 3epTTey KBapaTThiK UPPALMOHAT CaHAap MEH OJIap/IbIH EPHOITHIK
KYpBUIBIMIIApbl apachlHAAFbl KypAeli KaTblHACTapabl alKBIHIANIBL. 3epTTEyMiH HEri3ri oOBeKTici — ﬁ JKOHE
OHBIH Ti30eKTi OOIIIEeKTePiHiH KaCHETTEPI. \/ﬁ Y3IKCi3 OeIIeKTepi MepHoATHI XKIHE OJIApIbIH EPHUOATHIK OOTiri
MAJTHHIPOM EKeHi OenTisli OONFaHBIMEH, MIEPHONTHIK OOTIKTEPIiH Y3BIHABIFBIHBIH Tapalybl TOJBIK 3€PTTEIIMETCH.
Bi3miH OacThl MakcaThIMBI3 CKIHIII KE3CHre Hazap ayaapa OTBIPHIN, OJlapFa TONBIK CHIIaTTaMa Oepy. 3eprreyae
JIDJICIJICHICH TeopeMaliap MEPUOATHIH Y3bIHIBIFBI €Kire TeH OONaThIH MIAPTTApAbl HAKTHLIAWIBI JKOHE HEri3ri
anreOpalblk Oenrinep Typaiisl TyciHik 6epeni. COHbIMEH Karap, )YMbIC KBaIpaTThIK HPPAMOHAII CaH/Iap apachiHIa
MEPUOJITHIK Y3bIHIBIKTAPBIH TAPATybIH KOPCETETIH CaH/IbIK TaJ[ay/iap MEH HIUTIOCTPALUSIIAP/IbI YChIHA OTBIPBIIL,
OCBI CaJIaJIaFbl 3epTTeyNep/i TepeHaeTe Tyceai. byt 3eprrey Oonamakra KBaJpaTThiK HPPAHOHAT CAHIAPIbl HKIHE
ONIapABIH Y3/AiKCi3 OOMIIeKTep peTiHIe KOPiHyiH 3epTTEeyTre JKaHa KOJIAap alla bl

Tipexk ce3nep: Cannap TeOpHUsCHI, )KaJIFachIM/IBI O6JIIIeKTep, KBaapaT uppamronaniap, [lemr renaeyi, nepuox
Y3BIH/IBIKTAPBI
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INOJHASA KJACCUPUKALIUA KBAJIPATUYHbIX
HNPPAIIMOHAJIBHBIX YUCEJ C HEPUOJOM /IBA

AHHOTAUMS

B 3T0i1 cTaThe npezcTaBieHO BCECTOPOHHEE UCCIIC0BAHNE KITaCCH(DUKAIIMU KBAIPATHYHBIX UPPAOHAIBHBIX
YHCEJI CO BTOPHIM IIEPHOJIOM B MX MPEICTABICHUIX HENPEepbIBHON qpoOu. OCHOBBIBAsICHh Ha (DyHIaMEHTAIbHBIX pe-
3yJbTaTax TEOPUH YUCEI, 0COOCHHO B KOHTEKCTE LIEMHBIX ApoOei n ypaBHeHus llema, nccinenoBaHue pacKpbIBaeT
CIIO’KHBIE B3aMMOCBSI3H MEXY KBaJApaTUYHBIMU MPPALIMOHAIBLHBIMY YHCIIAMU U UX NIEPUOAUYECKUMH CTPYKTypa-
MU. OCHOBHBIM OOBEKTOM HCCIIEOBAHUS SBISETCS -\/ﬁ U CBOMCTBA €ro HEMHBIX ApoOel. XOTs XOpOIIo U3BECTHO,
YTO HECIPEPBIBHEIC }IpO6I/I m ABJIAIOTCA NMEPUOIUICCKUMHU, a IIEPUOAUYCCKAd YaCTh ABJIACTCA NAJIMHAPOMOM, pac-
npeiesieHue JUIMH MePUOIMYEeCKUX YacTel Janeko He nojHoe. Hamel riaBHOW Henbio OyIeT coCpeIoTOUUTHCS
Ha BTOPOM NEPHUOAC U MPEAOCTABUTH MOJTHYIO XapaKTCPHUCTUKY. 2101<a3aHH1>1e TCOPEMBI UCCICAOBAHUSA PA3BACHAIOT
YCIIOBUSI, IPH KOTOPBIX [UIMHA [1EPUO/Ia PABHA POBHO JBYM, U JIAIOT IPEJICTABICHHE O JIS)KAIINX B OCHOBE ajreopan-
Yyeckux ocodeHHoCTsIX. Kpome Toro, oH yriryOssiercs, pejyiarasi YuCiIeHHbIH aHaIn3 ¥ WUTIOCTPAIMH, IEMOHCTPH-
pYIOIIHE pacipeieieHue JUIMH ePUOI0B CPEAN KBAAPATHYHBIX MPPAIIHOHAIBHBIX YHCET. JTO MCCIEeOBaHUE OT-
KPbIBACT HOBBIC ITYTHU IJIA 6y)1yI_HI/IX HCCJ’[G}IOB&HHI?I KBaJIpaTUYHBIX UPppalluOHAJIBHBIX YUCCII U TOI'0, KAaK OHU 0T06-
pakaroTcs B BUJIE HENPEPBIBHBIX APOOCH.

KuroueBble cj10Ba: TCOpHUs 4YHCEN, ICIMHBIC APOOH, KBaJApaTHYHBIC WpPpAIMOHAIBHBIC YHUCIA, YpaBHCHUC
[Menna, THHBI IEPHOIOB.
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